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FOREWORD

Thisbook givesyou fully worked solutionsfor every question in each chapter of theHaese & Harris
Publicationstextbook Mathematics SL whichisone of threetextbooksin our series‘ Mathematics
for the International Student’. The other two textbooks are Mathematics HL (Core) and
Mathematical Studies SL, and books of fully worked solutions are available for those textbooks
also.

Correct answers can sometimes be obtained by different methods. In this book, where applicable,
eachworked sol utionismodel ed ontheworked exampl ein thetextbook.

Beawareof thelimitationsof cal culatorsand computer modelling packages. Understand that when
your calculator gives an answer that isdifferent from the answer you find in the book, you have not
necessarily madeamistake, but the book may not bewrong either.

We have alist of errata for Mathematics SL on our website. Please contact us if you have any
additionstothislist.

RLD PMH
RCH SHH

e-mail: info@haeseandharris.com.au
web: www.haeseandharris.com.au
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Background knowledge

EXERCISE A
1 a V3 x5 b (v/3)? < 2v2xv2 d 3v2 x 2v/2
=35 =v3x+3 =2(v2x2) = (3x2)(V2 xV?2)
=15 =3 =2x2 =6x2
=4 =12
e 3/ix2A g Y2 g V2 h g
— 3x2)(VTx V) v2 v ’
=6x7 _ /12 2 -8
— 4 2 6 3
=6 =2 =6
2 a 2v2+3v2 b 2/2-3v/2 ¢ 5v/5 —3v5 d 5v5 + 35
=(2+3)V2 —(2-3)V2 =(-3)V5 =(G+3)V5
—5v2 -2 —2V5 =8v5
e 35-5/5 f  TW3+2v3 g 96126 h V242402
=(3-55 = (7+2)V3 =(9-12)v6 =3x+2
=-2V5 =93 =-3V6 =32
3 a NG b V12 c V20 d V32
=4x2 =V4x3 =V4x5 =16 x 2
=VAx\2 =V4x3 =V4x5 =16 x V2
=2V2 =2v3 =25 =42
e VI t Vi s VE h V5
=v/9x3 =v9%x5 =16 x3 =v/9x6
=v9xV3 =v9xV5 =16 x V3 =v9x V6
=33 =3v5 =43 =3v6
i V50 j V380 k V9% 1 V108
=25 x2 =16 x5 =16 %6 =36x3
=25 x 2 =116 x /5 =116 x V6 =36 x V3
=52 =45 =46 =6v3
4 a 4/3-V12 b 3v2+50 ¢ 3/6+V24
=4v/3-/1x3 =3v2+ 25 x2 =3V6+V1x6
=4V/3-2x3 =3v24+5x2 =3V6+2xV6
=4v/3-2V3 =3v2+5V2 =3V6+2V6
=23 =82 =5V6
d 2V27+2/12 e Vi5-V12 f V2+v8-32
=2/9x3+2V/4x3 =25x3-Ex3 =2+ VEIx2—/16x2
=6v3+4V3 =5V3-2V3 =V2+2v2-4/2

=103 =3V3 =—V2
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EXERCISE B

259

~
= 2.59 x 102
= 2.59 x 102

0.259

= 0259 = 10
=259 x 107!

4070

— 4%070 x 10°
=4.07 x 10®

407 000 000

— 407000000 x 10

=4.07 x 103

149 500 000 000 m

(WYYYYYYYY\
= 1.49500 000 000 x 10!

=1.495 x 10" m

15 million degrees
= 15000000 °C
=1.5000000 x 107 °C
=1.5x 107 °C

4% 103
=4 x 1000
= 4000

7.8 x 10*

— 7.8000 x 10*
= 78000

4.33 x 107

= 43300000 x 107

= 43300000

Sl

e

k

b

e

\
o oh sh
SIS

|
f, <k 5k
S5

259000

(WVV\
=2.59000 x 10°
=259 x 10°

0.000 259

— 00002'59 + 10*
=259 x 107*

0.0407

— 00407 + 102
=4.07 x 1072

0.0000407

— 000004.07 = 10°

=4.07 x107°

b 0.0003 mm
— 0003, x 10~

=3x10"* mm

e 300000 times
=3 x 100000
=3 x 10° times

5 x 102
=5 x 100
= 500

3.8 x 10°

— 3.80000 x 10°
— 380000

6 x 107
=6 x 10000000
= 60000000

10 10
V5 e
10 o E _ 10 V2
VAR R AR
105 _ 10v2
5 2
25 =52
14 P23
V7 U
14, VT _ 2, V2
Vi T R IR
14y/7 _ 26
7 2
207 =6
2.59
=259 x 1
=2.59 x 10°
40.7
I
=4.07 x 10
=4.07 x 10!
407000
— 407000 x 10°
=4.07 x 10°
(4 0.001 mm
— 00T x 1073
=1x10"% mm
2.1 x 10®
—2.100 x 10°
= 2100
8.6 x 10!
—86'% 10
=86
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730.5 days
730.5 x 24 hours
= 17532 hours

i.e., missile travels

h a 4x10°° b 5x10°? ¢ 21x10°3 d 78x10*
=004. = 10 =5. = 10? =102.1 + 10 =10007.8 +~ 10*
= 0.004 =0.05 =0.0021 = 0.00078
e 38x107° f 86x107! g 433x1077 h 6x1077
—00003.8 = 10° =86+ 10 —0000004.33 = 107 — 0000006. + 107
= 0.000038 =0.86 = 0.000000 433 =0.0000006
5 a 9% 107" m b 6.130 x 10° people < 1 x 10° light years
—0000009. = 107 — 6.130 000000 x 10° =1 x 100000
=0.0000009 m = 6130000000 people = 100000 light years
d 1% 107° mm
—0000T. = 10°
= 0.00001 mm
6 a (3.42 x 10°) x (4.8 x 10%) b (6.42 x 1072)2
= (3.42 x 4.8) x (10° x 10%) = (6.42)% x (1072)?
=16.416 x 10° =41.2164 x 107*
=1.6416 x 10'° =4.12164 x 1073
=1.64 x 10" (2dp.) =412x107% (2dp)
3.16 x 10710 s 6
_316 107" - —57"2 X 1876
G 107 e .
=0.526 x 10717 _ 98 1076
=5.26 x 1071 T2 10
=527x107"® (2dp) = 1.361 x 10
=1.36 x 10> (2dp.)
1 3\3
e T I f (1.2 x 10%)
) =(1.2)% x (10*)3
=33 X 107° =1.728 x 10°
' _ 9
=263x107% (2dp.) =173 x107 (2dp)
7 a 1 day = 24 hours b 1 week = 7 days
i.e., missile travels 5400 x 24 = 7 x 24 hours
= 129600 = 168 hours
= 1.296 x 10 i.e., missile travels 5400 x 168
= 1.30 x 10° km = 907200
¢ 2 — 2 % 365.25 d =9.072 x 10°
years = -0 qays = 9.07 x 10° km

5400 x 17532

= 94672800
= 9.46728 x 107
=9.47 x 107 km
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8 a distance = speed X time b distance = speed x time
time = 1 minute = 60 seconds time = 1 day = 24 hours
so, light travels (3 x 10%) x 60 = 24 x 60 x 60 seconds
=180 x 108 = 86400 seconds
=1.80 x 10" m = 8.64 x 10" seconds

ie., lighttravels (3 x 10%) x (8.64 x 10*)
=3 x 8.64 x 10*2

=25.92 x 10*2

=259 x 1013 m

¢ distance = speed X time
time = 1 year = 365.25 days
365.25 x 8.64 x 10* sec {from b}
3155.76 x 10*
= 3.16 x 107 sec

ie, light travels (3 x 10®) x (3.156 x 107)

=3x3.156 x 10"°
=9.468 x 10"
=9.47 x 10" m

EXERCISE C

1 a {z: z>5} reads ‘the setof all z such that x is greater than 5’
{z: © <3} reads ‘the set of all z such that x is less than or equal to 3’
{y: 0<y<6} reads ‘the set of all y such that y lies between 0 and 6’

O n O

{z: 2 <z <4} reads ‘the set of all z such that x is greater than or equal to 2, but less
than or equal to 4’
{t: 1<t<5} reads ‘the set of all ¢ such that ¢ lies between 1 and 5’

f {n: n<2 or n>6} reads ‘the set of all n such that n is less than 2 or greater than or

[\

equal to 6’
2 a {z: z>2} b {z: 1<z<5} € {z: < -2 or >3}
d {z: z€Z, -1<2<3} e {z:z€Z 0<z<5} f {z: z<0}
3 a -l L s " " s s " L > b < N S U S S >
2 3 45 6 7 8 9 10 -6 -4 -2 0 2 4 6
€ < b d > d —— s 4 e e e e s s -
=5 4 -6 -4 -2 0 2 4 ____
e ® >
EXERCISE D
1 a 3z + Tz — 10 b 3z +Tx—x < 2z + 3z + 5y
=10z — 10 =9z =5z + 5y
d 8 — 6z — 2z e Tab + 5ba f 32 4 72
=8— 8z = Tab + 5ab = 32° + 72°
= 12ab i.e., cannot be simplified
2 a  3(20+5)+4(5+4) b  6-23z-5)
= 62 + 15 4 20 + 16z =6—62+10

=22x 4+ 35 =16 — 6z
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4 5(2a — 3b) — 6(a — 2b)
= 10a — 15b — 6a + 12b

d 3z(z? — Tz +3) — (1 — 2z — 5z°)

=32 — 2122 + 92 — 1 4 22 + 522

=4a —3b = 32° — 162° + 11z — 1
2 3a’b® 2\3 4
3 a 2z(3z) b 9ab ¢ Vi16z*t d (2¢°)° x 3a
= 2z x 922 TR A _ 93 213 4
71:,31’ XA XaxHBXEXH 16 x vz 2><ga)>i3a
= lsx T X3 xAXExBEXEXD —4x (xz)z =8 X a’ X 3a
a — 42 = 244"
ED)
EXERCISE E
1 a 2245=2 b 32-7>11 ¢ 5z+16=20 d %—7:10
o2z =20 3z > 18 . br =4 x
— - =17
z =51
3x — 2 1 2
e 6zx+11 <4x—-9 f z =8 g 1—-2z > 19 h sz+1 =322
2c < =20 3 9 — 40 —2x > 18 %a:— %m -3
z < —10 e 2z < —18 .
3z = 42 z < -9 -5z = -3
x =14 z =18
2 3z 1 C
i 371 - 5(2x —1)  Multiplying each term by . 8 — 9z = 6(2z — 1)
the LCD of 12 gives — 9z =12z —6
14 = 21z ie, z=2
2 a rT+2y=9 .. (1) b 2zx+5y=28 .. (1)
r—y =3 .. 2) r—2y =2 .. 2)
Multiplying (2) by 2 gives Multiplying (2) by —2 gives
r+2y =9 2x + 5y = 28
20 — 2y = 6 —2zr+4y = —4
3z 15 {adding} 9y = 24 {adding}
EE=s . y=3%-=%
Substlt;tlng * :35 into (2) gives Substituting y = % into (2) gives
—y =
Y= 2 r—2(8) =2 r—2 =2 andso z=22
Lo 22 8
r=25 and y=2 ce=7F and y=3
< Te+2y = -4 .. €))] d by —4dy =27 .. (@))
3z+4y =14 ... 2) 3r+2y =9 .. 2)
Multiplying (1) by —2 gives Multiplying (2) by 2 gives
—14x —4y =8 Sr — 4y = 27
3x+4y = 14 6x + 4y = 18
—1lz =22  {adding} 11z = 45 {adding}
r = -2 T = %
Substituting = —2 into (2) gives Substituting = — % into (1) gives
3(=2)+4y = 14 i .
—6+4y = 14 5(17) —4y = 27 25 _o7=4y
s 4y =20 and . y=5 4y = -2 and y=—-2
r=—-2and y=>5 r=% and y=-18
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e T+ =5 . (1) f §+%=5 ..... (1)
2:v.+ 4.y =1 ) v, o
Multiplying (1) by —2 gives 3 4
—2z — 4y = —10 Multiplying (1) by 18 and (2) by —24 gives
2 + 4y = 1 9z +6y = 90 ... 3)
0=-9 {adding} —8x — 6y = —24
which is absurd z = 66 {adding}
there are no solutions Substituting = = 66 into (3) gives

9 x 66 + 6y = 90
6y = 90 — 594 = —504
cooy = -84
r =066 and y = —84

EXERCISE F
1 a 5—(—11) b |5] — |—11] C |5 — (—11)|
=5+11 =5-11 =15+ 11]
=16 = —6 = |16]
=16
d (-2 +11(-2)] e | =6 — 8| f |=6 — (=8)|
—4- 22 =638 =648
= |-18] =2 = |2|
=18 =2
2 a o =[-2 b b = [3] ¢ Jalfp] = [-2[]3]
=2 =3 =2x3
d fab = |-2x 3] e fa—b =|-2-3] t fal— b = -2/ -3
= |—6] = |-5| =2-3
=6 =5 = -1
8 la+d] =|-2+3 h  a|+ o] = [-2[ + 3] i of* = |2
= |1 =2+3 = 22
1 =5 — 4
c 4 c —4 4
i o= (-27=4 k|5 =|5]-r=2 1 %—ﬁ_z_g
3 a lz] =3 b |z] = =5 < |z =0
z =43 but |z| > 0 forallz ooz =0
(property of modulus)
no solution
d e —1] =3 e 3—z| =4 f |z +5] = —1
z—1=43 S 3—xz =44 but |z+5] > 0 forallz
r=1+£3 ST = —=3+4 (property of modulus)
r = —2or4 S =3F4 .. no solution

=—lor?7
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g |3z —2| =1 h [3—2z| =3 i |2 — 5z = 12
3r—2 = +1 S 3—2c = 43 S 2—5r = 12
3r =241 . 2 =3F3 S Br=2T12
3z =3 or 1 c. 2x =0o0r 6 ;. bxr = —10 or 14
z=1orl sz =003 o= —2or &
EXERCISE G
1 a (22 +3)(x+1) b  Bz+4)(z+2) ¢ (bzr—2)(2z+1)
=222 422+ 32+ 3 =32% 4 62 + 42 + 8 = 102% + bz — 4o — 2
=222+ 52+ 3 =322+ 10z + 8 =10z +2 -2
d (z+2)3z-5) e (7 —22)(2 + 32) f (1—3z)(5+ 22)
=32% — bz + 62 — 10 =14 + 21z — 4z — 62° =54 2z — 15z — 62>
=32 +2-10 =62 + 17z + 14 =622 —13z+5
g 3z +4)(5x — 3) h (1-3z)(2—52) i (7—12)(3 —22)
= 152% — 9z + 20z — 12 =2 — 5z — 6z + 152> =21 — 14z — 3z + 222
= 15z% + 11z — 12 =15z% — 11z + 2 =227 — 17z + 21
J (5 —2z)(3 — 2x) k —-(@+1)(z+2) 1 —2(z —1)(2z + 3)
=15 — 10z — 6x + 42 = —(2®+2x+x+2) = —2(22% + 3z — 2z — 3)
= 4z” — 16z + 15 = (22432 +2) =-2(22° + 2 — 3)
e ) = —42® -2z +6
2 a (z +6)(z—6) b (z +8)(z —8) < 2z —1)(2z + 1)
=z - 6° =2% -8 = (2z)% — 12
=236 =% — 64 — 422 1
d Bz —2)(3z +2) e (4 + 5)(4x — 5) f (52 — 3)(5z + 3)
= (3x)% — 22 = (4z)? — 52 = (52)% - 3?
=9z% — 4 = 16x? — 25 =252 -9
g 3—z)(3+1x) h (7—2)(7T+ 2) i (7+2z)(7 — 22)
=3 —a" =7 -2’ =7 - (2z)°
=9—z? =49 — z? =49 — 422
i (z +V2)(z — V2) k (z +V5)(z — V5) | (2z — V3)(2z + V/3)
=2 - (V2)? =a? - (V5)? = (22)® - (V3)?
=z2-2 =22-5 =422 -3
3 a (z+5)? b  (z+7)? c (x —2)2
= 2% +2(x)(5) + 52 = 2% +2(2)(7) + 7* = 2% —2(x)(2) + 22
=22 + 10z + 25 =22 4 142 + 49 =g?—4dx+4
d (x — 6)? e (3 +x)? f (54 z)?
=22 —2(z)(6) + 62 =32+ 2(3)(2) + 2 =52 4+ 2(5)(z) + =2
=22 — 122+ 36 =z24+6z+9 =224+ 10z +25
g (11 — z)? h (10 -2)? i (22 4 7)?
=112 — 2(11)(z) + 22 =10% — 2(10)(z) + 2? = (2z)% 4 2(2z)(7) + 7*
=22 — 22z 4+ 121 =22 — 20z + 100 = 422 + 28z + 49
i (3z +2)? k (5-22) I (7 —32)?
= (3z)? +2(3z)(2) + 2° = 5% —2(5)(2x) + (2x)? =172 - 2(7)(3z) + (3z)?

=922+ 12z +4 =42? — 20z + 25 =922 — 42z + 49
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a y=2x+2)(z+3) b y=3@-17+4
2(z? + 3z + 2z + 6) 3(x? —2(x)(1) +1%) + 4
2(z% + 5z + 6) 3z —22+1)+4

= 22 + 10z + 12 =32 —6x+3+4
¢ y=—-(z+1)(z-7) = 32" — 6z +7
= (2 —Te+ax-T) d y=—-(z+27°-11
= —(2*—6z—7) = —(z® +2(x)(2) +2°) - 11
= 2 +6x+7 = —(¢® +4z+4) - 11
e y=4(z—1)(z—5) = e —dr—d-1l
= 4(z* = bz — 2 +5) = 2 —dw—15
— 4(2? — 62 + 5) foy=—3@+4-
= 42® — 242 + 20 = —2(2*+2(= )()+42) 6
g y=-5x—-1)(z—-6) = —1(2*+8x+16)—6

:—5(x276x7x+6) =f%x2f4x7876
:—5(3; — Tz +6) -l ae-1a
= —bz" + 35z — 30 h oy— l(ac—|—2) 6
i y:—%(m—4)2 f )
:f%(xsz(m)(4)+42) = §(w +2(2)(2)+2%) -6
5, o = (@ +4z+4)—6
= —3(z* — 8z +16)
s =32’ +224+2-6
= —32° + 20z — 40
:%w2+2w—4
a 1+ 2(x+3)2 b 2+ 3(z —2)(x +3)
=1+2(z* +2(x)(3) +3%) =2+ 3(x* + 3z — 22 — 6)
=1+2(z* +6x+9) =2+3(z* +2 —6)
=1+22% 4122 + 18 =2+3z% + 32— 18
=22% 4 12z + 19 =3z>+ 3z — 16
c 3—(3—x)2 d 5—(z+5)(z—4)
=3—(9-2(3)(z) + z?) =5— (2? — 4z + 5z — 20)
=3— (2> —6x+9) =5— (2% + 2 —20)
=3-22+6x—9 =5—2?—x+20
=—224+6x—6 =—22—z+25
e 1+2(4—x)2 f 2?2 =3z — (z4+2)(z — 2)
=1+2(4% —2(4)(x) + %) =2? -3z — (2% — 27)
=1+2(z* — 8z +16) =2 -3z —2%+4
=1+ 222 — 16z + 32 =-3z+4
=2x% — 16z + 33
g (z+2?%—(z+1)(z—4) h (22 +3)*+3(x+1)2
=22 +22)2) +22 — (2 — 4+ —4) = (22)%+2(22)(3) + 3% +3(z* +2(2)(1) +1?)
=2? +4x+4— (22 - 3z —4) =42® + 122+ 9+ 3(2* + 22+ 1)
=z’ 44 +4—2*+3z+4 =422 4+ 1224+ 9+ 322+ 62 +3

=T7r+8 =722 + 18z + 12
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i z? + 3z — 2(x — 4)2
= 2% 4+ 3z — 2(2? — 2(z)(4) + 4?)
=22 4 3z — 2(z? — 8z + 16)
= 2% + 3z — 222 + 162 — 32

= —2% 419z — 32
EXERCISE H
1 a 322 4+ 9z b
= 3z(z + 3)
d 622 — 15z e
= 3z(2z — 5)
g 2% — 8 h
=2(z? — 4)
= 2(a? - 2%)
=2(z+2)(z — 2)
i z? — 8z + 16 k
=a? —2(z)(4) + 4?
= (z—4)?
m  162% + 40z + 25 n
= (4z)? + 2(4z)(5) + 5°
= (4z + 5)?

a 2?49z + 8
— (@ +1)(@+8)
{as sum =9, product = 8}

i (3z —2)* —2(z+1)?

= (32)? — 2(32)(2) + 2° -

2(x? + 2(x)(1) + 1)

=922 — 12z +4 —2(z* + 22 4+ 1)
=922 — 122 +4— 222 —dx — 2

= Tz° — 16z + 2
22% + Tz C 4z% — 10z
=z(2z+7) = 2z(2z — 5)
9z* — 25 f 162% — 1
= (32)? — 52 = (42)* —1?
= (3z +5)(3z — 5) = (dz +1)(4z — 1)
32 -9 i 4”-20
= 3(z? - 3) =4(z? - 5)
=3(2” — (v3)?) = 4(a” - (V5)?)
=3(z + V3)(z — V3) z +/5)(z — V5)
z® — 10z + 25 | 22 — 8z +8
=z? - 2(2)(5) + 5 =2(:c2—4a:+4)
= (z—5)? =2(z” — 2(x)(2) + 2%)
=2(x—2)?
9z% 4 12z + 4 o 2*-—22z+121
= (3x)% + 2(3x)(2) + 2° = 2% —2(x)(11) + 112
= (3¢ +2)° = (z —11)?
b 2?4 Tx 4+ 12
=(z+3)(z+4)
{as sum =7, product = 12}
C z? —Tx — 18 d x? 4 4o — 21
=(z—-9)(x+2) =(z+7)(z—3)
{as sum = —7, product = —18} {as sum = 4, product = —21}
e 2?9418 f 2’ +z—6
= (z—6)(z—3) =(z+3)(x—2)
{as sum = —9, product = 18} {as sum =1, product = —6}
g —? 442 h 3% — 422 4+ 99
=—(2* -z —2)
=—(z-2)(z+1)
{as sum = —1, product = —2}
i —22° — 4x — 2

= —2(z? 4+ 2z 4+ 1)
= —2(z* +2(z)(1) +
=—2(z+1)?

1%)

= 3(z? — 14z + 33)
=3(z — 3)(z — 11)
{as sum = —14, product = 33}

222 + 6z — 20
= 2(2® + 3z — 10)
=2(z+5)(z —2)

{as sum = 3, product = —10}
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k 22 — 10z — 48 I —22% + 14z — 12
=2(z® — 5z — 24) = —2(z® — Tz +6)
=2(z — 8)(z+3) =—-2(z—6)(z—1)
{as sum = —5, product = —24} {as sum = —7, product = 6}
m —32°+6x-3 n —2?-22-1 o —5z% 410z +40
= 3(z* -2z +1) = (2 +22+1) = —5(z? — 2z — 8)
= —3(2* — 2(2)(1) + 1?) = —(2® +2(z)(1) + 1?) = —5(z —4)(z +2)
=-3(x—1)° =—(z+1) {as sum = —2, prod. = —8}
a 222 + 5z — 12 has ac=2x —12=-24
=222 4+ 8z — 3z — 12 Factors of —24 which add to 5 are 8 and —3.

=2z(x +4) —3(z+4)
= (2z — 3)(z +4)
b 322 —bx —2 has ac=3x —2=—6
=322 —6zx+x—2 Factors of —6 which add to —5 are —6 and 1.
=3z(x —2) + (z —2)
=Bz +1)(xz—2)

c T2? — 9z +2 has ac=7x2=14
=72 —Tx —2x+2 Factors of 14 which add to —9 are —7 and —2.
=Te(x—1)—2(z—1)
= (Tz—2)(z —1)
d 62> —x — 2 has ac=6x —2=—12
=62°+ 3z —4x —2 Factors of —12 which add to —1 are 3 and —4.

=3z(2z +1) —2(2z + 1)
=3z —-2)(2z + 1)
e 4z? — 4z —3 has ac=4x -3 =—-12
=42° + 22 — 62 — 3 Factors of —12 which add to —4 are —6 and 2.
=2z(2x+1)—-32x+1)
= (2z—-3)(2z + 1)
f 102° —z — 3 has ac=10x —3 = —30
= 10?4 5z — 62 — 3 Factors of —30 which add to —1 are —6 and 5.
=5x(2r+1)—-32x+1)
= (bz — 3)(2z + 1)
g 22% — 11z — 6 has ac=2x —6=—12
=222 — 12z 4+2—6 Factors of —12 which add to —11 are —12 and 1.
=2z(x —6) + (z — 6)
= (2z+1)(z —6)
h 32 — b — 28 has ac=3x —28 = —84
=322 — 12z 4+ Tz — 28 Factors of —84 which add to —5 are —12 and 7.
=3z(z—4)+7(x —4)
=Bz +7)(xz—4)
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82% 4 2z — 3
=8z —dz+6x—3
=4dz(2e — 1)+ 32z —1)
= (4dz +3)(2z — 1)

102 — 9z — 9
=10z% — 15z + 6z — 9
= 5z(2z — 3) + 3(2x — 3)
= (5z + 3)(2z — 3)

32?2 423z — 8
=32% —x+ 24z — 8
=28z —1)+8Bx—1)
=(z+8)(3z —1)

62> + Tz + 2
=62+ 3z + 4z +2
=3z(2z + 1) +2(2z + 1)
=Bz +2)(2z+1)

—42° — 2246
=-2(22* +x—3)
= —2(22% — 2z + 3z — 3)
= —22z(z — 1)+ 3(z — 1)
=—-2(2cx+3)(z—1)

1222 — 16z — 3
=122% — 18z + 2z — 3
=6x(2z —3) + (22 — 3)
= (6x + 1)(2z — 3)

—62% — 9z + 42
= —3(22% + 3z — 14)
= —3(22% — 4z + Tz — 14)
= =3[2z(z — 2) + 7(z — 2)]
=302z +7)(z—2)

21z — 10 — 922
= —(92°% — 21z + 10)
= — (922 — 62 — 15z + 10)
= —[3z(3z — 2) — 5(3z — 2)]
= -8z —5)(3z —2)

8% — 6z — 27
=8z% + 12z — 18z — 27
=4z(2x+3) —9(2x + 3)
= (4= — 9)(2z + 3)

1222 + 13z + 3
=12z> +4z+ 9z + 3
=48z +1)+3Bx+1)
= (42 +3)(3z + 1)

has ac=8 x -3 =-24
Factors of —24 which add to 2 are 6 and —4.

has ac=10 x —9 = —90
Factors of —90 which add to —9 are —15 and 6.

has ac=3x —8=—-24
Factors of —24 which add to 23 are 24 and —1.

has ac=6x2=12
Factors of 12 which add to 7 are 4 and 3.

has ac=2x —-3=—-6
Factors of —6 which add to 1 are 3 and —2.

has ac=12x -3 =—-36
Factors of —36 which add to —16 are —18 and 2.

has ac=2x —14 = —28
Factors of —28 which add to 3 are 7 and —4.

has ac=9x10=90
Factors of 90 which add to —21 are —6 and —15.

has ac =8 x —27 = —216
Factors of —216 which add to —6 are —18 and 12.

has ac=12 x 3 =36
Factors of 36 which add to 13 are 9 and 4.
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s 122% + 20z + 3 has ac=12 x 3 =36
=12z% + 2z + 18z + 3 Factors of 36 which add to 20 are 2 and 18.
=2z(6x + 1) + 3(6x + 1)
= (2z + 3)(6z + 1)

t 1522 — 22z + 8 has ac =15 x 8 = 120
=15z% — 10z — 12z + 8 Factors of 120 which add to —22 are —10 and —12.
= 5z(3z — 2) — 4(3z — 2)
= (bz —4)(3z — 2)

u 142 — 11z — 15 has ac =14 x —15 = —210
= 142> — 21z + 10z — 15 Factors of —210 which add to —11 are —21 and 10.
=Tx(2cx — 3) + 52z — 3)
= (Tz +5)(2z — 3)

a 3@+ +2@+4a)(z—1) b 82-2)-3x+1)(2-1)
[

=(z+4)3+2(z—1)] =(2-2)B8—3(z+1)]
= (z+4)(3+ 22 —2) =(@2-z)(8— 33:—)
=(x+4)(2z+1) =(2—z)(5—3x)

< 6(x+2)* +9(z +2) d 4(z +5) + 8(z +5)?
= (z+2)[6(z+2)+9] (m+5)[4+8(w+5)]
= (z +2)(6x + 12 +9) z +5)(4 + 8z + 40)
= (z +2)(6z + 21) ( +5)(8x + 44)
=(z+2)x3(2x+7) = (z+5) x 4(2z + 11)

=3(x+2)(2z+7) =4(x +5)(2z + 11)

e (z+2)(z+3)—(z+3)(2—2) f (z+3)°+2(z +3) —z(z +3)
=@+3)[(z+2)-(2-2)] =(z+3)[(z+3) +2 -]
=(@x+3)(z+2—-2+12) =(z+3)(z+3+2—2x)

= (z+ 3)(2x) = (z+3)(5)
= 2z(z + 3) = 5(z + 3)

g 5(x—2)—=32—x)(z+7) h 3(1—z)+2(x+1)(z—1)
=5(x—2)+3(z—2)(z+7) =-3@—-1)+2x+1)(z—1)
=(@-2)B+3(x+7)] =@ -D[=3+2(z+1)]
= (z—2)(5+ 3z + 21) = (z—1)(—3+2z+2)
= (z —2)(3z + 26) =(z—1)(2z — 1)

a (x+3)*—16 b 4—(1-2)
= (z+3)% — 42 =22 (1 —x)?
=(z+3+4)(z+3-14) =24+ (1 -2)]2-(1—-2)
=(z+7)(xz—1) =2+1—-2z)(2—-1+=z)

¢ (z+4)% - (z—2)* =@-2)(z+1)
—[@+4) +(@-2)(e+4) - (-2)] d  16-4(z+2)°
=(z+4+2—-2)(z+4—z+2) = 4[4 — (z + 2)?]
= (2z + 2)(6) =42+ (z+2)][2 - (z +2)]
=2(z +1)(6) =4(x +4)(—x)

=12(z +1) = —4z(z +4)
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2z +3)? — (z — 1)?
=[2z+3)+ (z — 1)][(2z +3) —
=2z+4+3+z—-1)2z+3—z+1)
=Bz+2)(z+4)

32° = 3(z +2)°
=3[z — (z +2)’]
=3[z + (z + 2)][z — (z + 2)]
=3x+z+2)(z—z—-2)
=3(2z +2)(—2)
= —6(2z +2)
=-12(x + 1)

i 1222 — 27(3 + x)?
= 3[42® — 9(3 + )%
(20)° = 323 + 2
(22)* = (3(3 +x))?]
2z + 3(3 + z)][2z — 3(3 + z)]
(22 4+ 9 + 3z)(2z — 9 — 3z)]
b5z +9)(—z—9)
—3(5z 4+ 9)(xz +9)

e

=3

=3
[
3
3]
3

EXERCISE 1

1 a atzx=

xT

axr

0

ct+zxr =1
xr =

Tr 4 3y
T =

ISHRS IR S

I\

2mr

2

5z 4 2y
. bz

ax + by

Rl &

(z —1)]

U

aule -

f (z+h)? —
=[(z+h)+z][(z+ h) — ]
=(x+h+2z)(z+h-—2)
= (2z + h)(h)
= h(2z + h)

h 527 —20(2 — z)?
=5[z? — 4(2 — z)?]
=5[2% - 2%(2 — x)?]

— 522 — (2(2 - 2))?]
=5z + 2(2 — 2)][z — 2(2 — 2)]
=5(z+4—2x)(x—4+2z)

=5(—z+4)(3z —4)
—5(z —4)(3xz — 4)

€ 2zx+4+a=4d
2r =d—a
v d—a
2
20 f 2z+3y=12
20 — 2y o2z =12 -3y
20 — 2y m:12—3y
5 2
c 1 Yy = mx+c
=c—by mr =y—c
c—by s Yy—c
a m
¢ 3_2
d  z
3z = 2d
2d
z = —=
C V = ldh d b
= ¢ =%
d= — KA =
lh b
_ 0!
A
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Il Il
Sy
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3 o

ﬂ
I

]
o
Y
I

&
e o 3
Il

o
S

1=

(%)

42

Y

w

BN

b

SRS

—
Qu
S

=

©

SY
)

3
o

I Il
Q Ql~ Q@|=~ l:\f
Q |~

~
=

d2
2ab
k(2ab)

2ab

2kb

Q |~

N

alN

r =

5

T

a

8

5

n
c VZ%ﬂ"r‘S d D:F
vV =’ . Dz®=n
3V 3 n
N oV _ 3 = —
4 -7 v D
_ 5/3V z = 3/2
"= 47 D
T =1Vl c a? — b2
5T:\/Z CQZGQ—bQ
1 = (57)> soat =2+
I = 2577 Soa= Vbl
P =2(a+b) f A = 7r? 4 2nrh
Efa—i—b A—7r? = 2nrh
2 h A—7r?
P = ——
= —_p 27r
“T3
E B
I = —— h A= ——
R+r p—q
E=I1IR+r) Alp—q) =B
E B
Z —R —qg = =
Fi +r p q A
E B

b When k=112, d=24, b=2,
242
T 2x112x2

576
448

= 1.29

b When V =40,

3/3 x40
4t

= 2.122 cm

b 10m = 10 x 100 cm = 1000 cm
i.e., we need to find ¢ when a = 8,
S = 1000

. [2x1000
- 8

t = 15.81 seconds
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o al_1,1 1 1_1
f u w f o u w
u—f 1
7 o and so
b i When u=50 f=38 ii
‘o U_50><8
T 50-8
v = 9.52 cm
10 a m = 4Ly
()
c
2
m 1—(2) = mpop
c
1,(2)2@
c m
- - ()
c m
(2)2_ _mg
c o m?
v [mT—mg
c m?
= & mZ —m?
v —y/m? —mg
EXERCISE J
1 a 342 b 142
5 T
5 «x z 3
= —_ — =1 — —
3X5+5 Xm+:c
_L5,z _z,3
5 5 Tz oz
x+ 15 _x+3
n 5 Tz

4

When m

C

V8mo

3m0

VB
3

C
3Om0,

3 x 108
30m0

c=3x 108,

(30m0)2 -

107
— X
mo
107 x /899

2.998 x 10% m/s

899 X myg
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-2 24 x—4 2c+5 x—1
d 3-2 e f —
4 3 + 5 4 6
4 x—2 24x 5 x—4 3 2c+5 3 x—1
=3 X - — = X = + X — = x 2 — %
4 4 3 5 5 3 4 3 6
_12_=z-2 _52+a) | 3@ —4) 32z+5) 2z—1)
4 4 T 15 15 12 12
_12-z+2 1045z + 3z — 12 6z 415—20+2
4 - 15 o 12
:144_‘” 8z —2 Az 417
T 15 D)
3 3 2
2 a 1 b -2+ — C -3 -
+x+2 +x74 rz—1
T+ 2 3 x—4 3 r—1 2
=1 - _9 - _ _
Xw+2+w—|—2 Xx—4+x—4 3Xm—1 r—1
_r+2+3 2 —-4)+3 3z —1)—2
T+ 2 - T —4 o r—1
_ac+5 2z +8+3 =3z +3-2
42 o r—4 o r—1
_11-22 13z
T oz —4 T ox—1
2¢ — 1 T
d 3 e 3— f -1+ —
m+1+ T+ 1 +1—ac
2¢ — 1 rz+1 rz+1 T 1—=z 4
x—|—1+ X:c—l—l ><a:—|—1 r+1 Xl—x+1—x
2z —-1+4+3(x+1) 3+ 1)—2 _ —(1—x)+4
o x+1 - T+ 1 o 11—z
_2xr—1+3x+3 _3rx+3-—=x r—1+4
N z+1 N T+ 1 T l-z
b +2 2z +3 _x+3
Tz +41 Tz +1 T l-=x
3x 2x +5 1 1
3 a b -
2:1:—5+ac—2 r—2 x—3
3z Xw—2 2m+5x2x—5 1 Xac—37 1 Xw—2
T 2-5"x—-2 x-2  22-5 T rx—2"2-3 -3 -2
_ 3z(x —2) + (22 4+ 5)(2x — 5) _(x—-3)—(xz—2)
2z —5)(z — 2) T (z—2)(xz—3)
_ 32° — 6z + (42 — 5%) _x—=3-x+2
T (2 -5)(z—2) (z—2)(z - 3)
327 —6x+42° — 25 v
T 2z -5)(z—2) (z —2)(z—3)
T2? — 6z — 25

(2z —5)(z — 2)

NN
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5z 3z —2 20+1  z+44
z—4 z+4 z—3 20 + 1
o X:E+4 3x72xx74 _2z+1 2x+l_m+4xx73
T x—4 z+4 r+4 r—4 T z—3 20 +1 2241 x-3
_bz(z+4)+ Bz —2)(z—4) 22+ 1)—(z+4)(z—3)
(z+4)(z—4) (z—=3)2z+1)
_ 52 420z +32° — 120 — 20 + 8 ~(22)2 +2(22)(1) + 12 — (2® — 32 + 4o — 12)
(x+4)(z—4) o (z—3)(2z+1)
_ 8z’ +6x+8 4z +dr+1— (2% 42— 12)
(@+4)(@—4) - @32+ 1)
AP +dr+1-2°—z+12
N (x—3)2z+1)
_ 32% + 3z + 13
T (z—-3)2z+1)
EXERCISE K.1
1 E D £LECA = £DCB {opposite angles}
Also, EC=CD and AC =BC {given}
C
As AEC and BDC are congruent (SAS)
AE = BD
A B
2 MP =NP {given} M _B
AP is common to both AAMP and AANP
As AMP and ANP are congruent (RHS) A p

AMAP = ANAP {corresponding angles}
ie., AP bisects 4BAC N~C
P lies on the bisector of £4BAC

3 OA = OB {both radii of circle}
£OPA = £OPB = 90°

{since AB is a tangent to inner circle}

B OP is common to both AAOP and ABOP
s As AOP and BOP are congruent (RHS)
A . AP = BP {corresponding sides}
P is the midpoint of AB
EXERCISE K.2
1 a «£ABC = {ADE {corresponding angles} A
£ACB = LAED {corresponding angles} 2em
i.e., As ABC and ADE are equiangular (AAA) B . C
and hence similar. xcm 3em
T 6 6
2213 5 D -
6cm
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b b £PRQ = LTRS {opposite angles}
As PQR and TSR are equiangular (AAA)
5cm and hence similar.
0 xcm g .5 _2
.
7cm R L‘ 2em ‘ - 554
T .. 52',' = ]i4
€ AVUZ = £YXZ {corresponding angles} U
As UVZ and XYZ are equiangular (AAA)
and hence similar. X
z 6 6cm
6 5+6 xcm
x 6
5 11 vV 5cm Y 6cm Z
r = % = 3%
d A D £ABE = «DBC {opposite angles}
As ABE and DBC are equiangular (AAA)
B and hence similar.
4cm xem r 4
3cm 5 3
5cm 20 9
e «XYZ = £XUV {corresponding angles} X
£AXZY = £XVU {corresponding angles}
As XYZ and XUV are equiangular (AAA) 5cm
and hence similar.
5 2 ch y
2+5 5 0 Vv
Z_-1 andso z=7 xem
7
f S 10em £SQR = APQT {opposite angles}
As SQR and PQT are equiangular (AAA)
8cm R and hence similar.
Q .z _ 8
xcm 9 10
T
=) 9cm T = % =72
2 ABAC = £STC {corresponding angles} A
As ABC and TSC are equiangular (AAA) T
and hence similar.
x 1.8 1.8m
24 32 xm
v = % = 1.35 - 24m
' B S

i.e., the sonis 1.35 m tall 32 mM—>



Chapter 1

FUNCTIONS

EXERCISE 1A

1 (1, 3), (2,4), (3, 5), (4, 6) is a function since no two ordered pairs have the same x-coordinate.
(1, 3), (3, 2), (1, 7), (—1, 4) is not a function since two of the ordered pairs, (1, 3) and
(1, 7), have the same x-coordinate of 1.
(2, —1), (2, 0), (2, 3), (2, 11) s not a function since each ordered pair has the same
xz-coordinate of 2.
(7, 6), (5, 6), (3, 6), (—4, 6) is a function since no two ordered pairs have the same
x-coordinate.
(0, 0), (1, 0), (3, 0), (5, 0) is a function since no two ordered pairs have the same x-coordinate.
(0, 0), (0, —2), (0, 2), (0, 4) isnot a function since each ordered pair has the same z-coordinate
of 0.
2 AN i.e., each line b i.e., each line
cuts the graph /T\ cuts the graph
- ey no more than - ey no more than
once .. it / J \ once .. it
is a function is a function
volIN
y i.e., each line d i.e., the lines
cuts the graph TN cut the graph
«t— L, no more than - X more than
// * once .. it Y once .. itis
V{ is a function not a function
i.e., each line f N i.e., the lines
N cuts the graph N cut the graph
) - no more than - \::_—,,_ﬁ more than
x once .. it | ol once .. itis
is a function Y not a function
Y
/V i.e., the lines h i.e., each line
1 cut the graph cuts the graph
- ,/ 3 more than a f, no more than
.. X .
once .. 1t 1S once .. 1t
P ! not a function v l \' is a function
Y i.e., one line
| cuts the graph
more than once
X s, itisnota
‘ l’ ‘ ‘ ‘ function X=a
3 The graph of a straight line is not a function if the ( ‘
graph is a vertical line, i.e.,  =a for all a. - -
The vertical line through = = a cuts the graph at I l )
every point .. it is not a function.
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22 4+y* =9
Now z?+4+4y?> =9
g2 = 9 — 22
y = +vV9 — x?

EXERCISE 1B

is the equation of a circle, centre (0, 0) and radius 3.

Hence y has two real values for any value of  where —3 < z < 3.

a Domainis {z: z> -1} b Domainis {z: —1 <z <5}
Range is {y: y < 3} Range is {y: 1<y <3}
¢ Domainis {x: z # 2} d Domainis {z: z € R}
Range is {y: y # —1} Rangeis {y: 0 <y <2}
e Domainis {z: z € R} f Domainis {z: z€ R}
Rangeis {y: y > -1} Rangeis {y: y <63} ie, {y: y< 2}
g Domainis {z: > -4} h Domainis {z: z€ R}
Range is {y: y > —3} Rangeis {y: y > —2}
i Domainis {z: z# +2} Rangeis {y: y<—1 or y >0}
a Domain is b Domain is
{z: = >0} {z: = #0}
Range is Range is
{y: y=0} {y: y>0}
X
c Domain is d Domain is
{z: =z <4} {z: z € R}
Range is Range is
. v y=0 {v: y>-23}
e ‘ Domain is f 1y Domain is
1 y=x+=
; {z: z€ R} X {z: = #0}
_ Range is - » Range is
D : . -2 2 X .
L X {yy< 2 s {y: y< -2
e or y>2}
i y=5x—-3x
g A Domain is h y Domain is
{z: = #£2} / {z: z € R}
P — » Range is - » Range is
— > X
4}2 2 X {y: y#1} / l \/ {y: ye R}
_x+4
X g x-2

y=x3—3x2—9x+10
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Domain is i ¥ Domain is
{z: = # -1, {z: = #0}
v # 2} Range is
Range is y=x2+x_2 {y: v>2}
{v: y< 3 - ; i
or y >3}
Domain is | Domain is
{z: = #0} Y {z: =z € R}
Range is Range is
{y: y< -2 {v: y>-8}
or y > 2} = I\/ 19
y=x4+4x3—16x+3
EXERCISE 1€
1 a f(0)=3(0)+2 b f(2) =3(2)+2 ¢ f(—=1)=3(-1)+2
=2 =38 —1
d f(-5) =3(-5)+2 e f(—3) =3(—3)+2
- —13 1
2 a g1)=1-1% b g(4)=4-3 ¢ g-1)=-1-=%
=1-4 =4-1 =—-1+4
-3 =3 =3
1 4
d ga=-4-% e g-}=-2-%
2 (=3)
= 4+1 .
-3 =—-5+8
= 7%
3 a f(0)=30—-02+2 b f3)=3B8)-324+2 € f(-3) =3(-3)—(-3)%+2
2 =9-9+2 = -9-9+42
=2 = —16
d f(=7) =3(-7)—(-7)*+2 e f(2)=35-()2+2
= —-21-49+2 =2_-242
= —68 17
Iy
4 a fla)=7-3a b f(—a) =7-3(~a) € f(a+3)=7-3(a+3)
=T+ 3a =7—-3a—-9
= —3a—2
d fb-1)=7-30b-1) e f(z+2)=7-3(x+2)
=7-3b+3 =7-3z—-6
=10-3b =1-3z
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5 a F(z+4) b  F(2-a2)

=2(z+4)*+3(z+4) -1 =22-2)*+32-2)—-1
=2(z® +8x+16) +3z+12 -1 =2(4—4x+2*)+6 -3z -1
=222 + 16z + 32+ 3z + 11 =8—8x+2z?+5—3z
=222 4+ 19z + 43 =222 — 11z + 13

c F(—x) d F(z?)
=2(—2)® +3(-x) -1 =2(2?)? +3(2?) -1
=22 -3z -1 =22 +32% -1

e F(wz—l)

=22 - 1)*+3(z*-1) -1
=2(z* =222 + 1)+ 322 -3 -1
=2zt — 42?2 +2+ 322 -4

=2zt — 22 -2
_2(2)+3 . ~2(0)+3 o 2(=3)+3
6 a i G2 = 5 4 ii G0) = 0_4 i G(—3) = 15
- T - 3
== = 143
E— - _3 9
- 2 - 4 2
2
- 7_9y
b G(z)= 2; +43 is undefined when = —4 =0 (=2)
ie, when z =14 = -3
So, when z =4, G(z) does not exist.
2243 B
¢ Gx+2) = w12 -1 d G(z) = -3
. 2z +3
_ 2e+4+3 e, ——r =3
vz S 2243 =-3(x—4)
_ 247 s 2043 = -3zx412
z =2 o bz =9 andso z=2
7 f is the function which converts z into f(x) whereas
f(z) is the value of the function at any value of z.
8 If f(z)=2% f(a)f() =2"%x2° and f(a+b)=2%""
— 2a+b
ie, when f(z)=2% f(a)f(b)=f(a+D).
o o [@-B) o3 b SQEN —J@) _ @tn)? -2
z—3 z—3 h h
2?9 _44+4h+h*—4
- z-3 h
2
_ (@ +3)(—3) - bt
N z—3 h
=c+3, #3 - @

h+4, h#0
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10

1

13

14

a  V(4) = 9650 — 860(4) b If V(t) = 5780,
= 9650 — 3440 then 9650 — 860t = 5780
= 6210 860t = 3870

i.e.,, the value of the photocopier 4 years St =45

after purchase is $6210.

¢  Original purchase price is when ¢
V(0) = 9650 — 860(0)
= 9650

ie.,

£

i.e., the value of the photocopier
4% years after purchase is $5780.
=0,
i.e., the original purchase price was $9650.
First sketch the linear function which passes through
the two points (2, 1) and (5, 3).
Then sketch two quadratic functions which also pass
through the two points.

f(z) =ax+b where f(2)=1 and f(-3)=11
ie, a(2)+b=1 and  a(=3)+b=11
2a+b=1 —3a+0b=11

b=1-2a ... (1) b=11+3a ... ©)

Solving (1) and (2) simultaneously, 1 —2a = 11+ 3a
5a = —10
a = —2
Substituting a = —2 into (1) gives b=1—-2(-2)=5 ie, a= -2, b=5
Hence f(z)=—-2z+5
f(z)=azx+— where f(1)=1 and f(2)=5
. b b
ie, a(l)+ 1= 1 and a(2) + 5 = 5
atb=1 2w+l =5 . @
a=1—-b .. (1N 2
o . . b b
Substituting (1) into (2) gives 2(1 —b) + 5= 5 2—2b+ 5= 5
3b
-5 = 3
b= -2
Substituting b= —2 into (1) gives a =1—(-2)=3 e, a=3, b=-2

T(z) = az® + br +c where T(0) =
ie, a(0)?+b(0)+c= —4
oc=—4

Also, a(1)?+b(1)+c= -2 and

a+b+c= -2 and

—4, T(1)=-2 and T(2)=6

a(2)> +b(2) +c =6
4da+2b+c =06
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Substituting ¢ = —4 into both equations gives
a+b+(—4) = -2
a+b=2
a=2-b .. (@)
4(2-b)+2b =10

and

Substituting (1) into (2) gives

da+2b+(—4) = 6
da+2b=10 ... @)

8§ —4b+2b = 10

—2b =2
b= -1
Now, substituting b= —1 into (1) gives a =2—(-1)=3 e, a=3, b=-1, ¢c=—-4
EXERCISE 1D
1 a (foglw) b (g90/)(=) ¢ (fog(=3)
= f(g(x)) =g(f(x)) = f(9(=3))
=f(1—=2) =92z +3) =f(1-(=3))
=2(1-2z)+3 =1—(2z+3) = f(4)
=2—-2x+3 =1—-2x—-3 =2(4)+3
=5—2z =-2x—2 =8+3
=11
2 (fog)(z) = flg(x)) (gof)(x) = g(f(x))
= f(2-x) = g(z?)
= (2-2) =222
3 a  (fog)(w) b (g90/)(@) < (9o f)(z) = f(x)
~ H(9()) ) ie, —2?+2 = f(z) {fromb}
=f3-1z) 29(932+1) ie, —x22+2=2%2+1
=(B-z)?2+1 =3— (22 +1) 222 = 1
=9—6z+2°+1 =3-z2-1 2 =1
=% —6z+10 =—z’+2 v=+
b a ar+b=cr+d istrueforallxz {given}
Let =0, Let z=1,
a(0) +b = ¢(0) +d a(l)+b=c(l)+d
b=d ... ) a+b=c+d
but b =d (from (1))
a+d=c+d
a=c
b (fog)(x) =z forallz {given}
flg(x)) = =
flax +b) =z
2(ax +b)+3 ==
2ar +2b+3 =2
When z =0, When z =1, 2a(1)+20+3 =1
2a(0) +20+3 =0 2a +2b = —2
. 2b= -3 L 2a=-2-2-3)=1
b — —% a = %
ie, a= % and b= —% as required.
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< If (gof)(z)

then g(f(z)
g(2z + 3)
a(2e +3)+b =
2ax +3a+b =

|
8 8 8 8 8

ie.,

ie.,

When z =1,
2a(1)+3a+b=1
2a+3a+b=1
5a+b =1
5(—2b)+b =1
—2b=1

(from (1))

b= —

wjw

EXERCISE 1E

When z =0,
2a(0) +3a+b =0
. 3a = —-b
a = —%b ..... €))

3

Substituting b = —3 into (1) gives

_ _1/.3y_1
a=—-3(-3)=3
ie, a = % and b= f% as required.

. the result in b is also true if
(go f)(z) ==z forall z.

f(z), g(z) and h(z) are all reciprocal functions
which are all asymptotic about the z- and y-axes.
The graphs all lie in the 1st and 3rd quadrants.

The smaller the numerator, the closer is the graph to

the axes. Thus the graph of f(x) = é is closer to the

2 .
axes than g(x) = = for corresponding values of z,
x

and g(z) = % is closer to the axes than h(z) = %

f(z), g(z) and h(z) are all reciprocal functions
which are all asymptotic about the z- and y-axes.
The graphs all lie in the 2nd and 4th quadrants.

The smaller the numerator, the closer is the graph to

1.
the axes. Thus the graph of f(z) = - s closer
; to the axes than g(z)= 22 for corresponding val-
i x
i 2 .
\ ues of z, and g(z) = —= is closer to the axes
x
4
than h(z) = ——.
an h(x) -
EXERCISE 1F
1 a y 7 b f(z) passes through (0, 1) and (—3, 0)
1 f(z) passes through (1, 0) and (0, —%)
1 1
) ~l_0 -1
1 . f~%(x) has slope 03_ T = _—i =3
1 . 0 1
ft 3 So, its equation is - -
—1 3
y=x i ie., y::r;l ie., f_l(a:):x;1
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C fis y=3zx+1
so f7lis x=3y+1
r—1=3y
oz —1
Y= 73
2 a \
y
L
2
— 1 X
f 2
-2
y=x
=4y
. T+ 2
C =
Fis oy =
—1 . _y+2
so f is ===
4 = y+2
cooy=4x—2
ie, fl(z) =4z -2
3 a i fisy=2z+5
so f7lis o =2y+5
rT—5 =2y
=95
Y=
_1 =5
Le., f (x)i 2
. 3—-2x
b i isy =
[isy ==
1. 3—2y
1 f—
so f is x 7
coodr =3—-2y
dr —3 = =2y
y:—2w+%
ie, f'(z)=—22+%2
c i fisy=xz+3
so flis 2 =y+3
y=z—3

ie, fl'(z)=2z-3

ie, fl(z)

rz—1
3

f(z) passes through (0, 3) and (-2, 0)

f~(z) passes through (3. 0) and (0, —2)

So, its equation is L =

-0 —2

f7(z) has slope 2 = —=

0—

=

l=

o

IS

1

M)

e, y =4x —2
ie, fl(x) =4z -2

Iy f f(z) passes through
/ A (0, 5) and (-2, 0)

f () passes
through (5, 0) and

50 * o 0.-3)
i 2
3
1o y=x f(:vg passes Zhrough
e 0, %) and (2, 0)
> f~ () passes
%*\i X through (%, 0) and

3 \ . %)

f(z) passes through

(0, 3) and (-3, 0)
f () passes

through (3, 0) and

(05 _3)



Mathematics SL, Chapter 1 - FUNCTIONS 31

e
7 a
b
fis y=2a% z<0
so f7lis z=142% y<o0
Sy = =z
ie, fl(z)=—-V&
by
x=2
f
3
X
1\/3 ”
v (2’_1)

y=

(3,-06)

bV y=f@)end t
y=f)

2 .- have the same
" graph

=y

Using the ‘horizontal line test’, f does not have
an inverse function as a horizontal line through
y =2 —4 cuts it more than once.

¢ For x > 0, any horizontal line cuts it only once,
i.e., f does have an inverse function for x > 0.

If y = f(z) has an inverse function, then the inverse function
must also be a function. Thus, it must satisfy the ‘vertical
line test’, i.e., no vertical line can cut it more than once. This
condition for the inverse function cannot be satisfied if the
original function does not satisfy the ‘horizontal line test’.
Thus, the ‘horizontal line test’ is a valid test for the existence
of an inverse function.

i This graph satisfies the ‘horizontal line test’ and therefore
has an inverse function.

IL Il These graphs both fail the ‘horizontal line test’ so

neither of these have inverse functions.

b R

=Y

f—l

f:x— x> —4x+3 satisfies the ‘vertical line test’ so
is therefore a function. It does not however satisfy the
horizontal line test as any horizontal line above the vertex
cuts the graph twice. Therefore it does not have an in-
verse function.

b For x> 2, all horizontal lines cut the graph no
more than once. Therefore f has an inverse function
for = > 2.
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C
d
10 a
b
11 a
C
12 a
13 a

fiis y
so flis =z

Le., x =
x+1

y—2
Sy =
ie, f ()
i domain of f

{y:

range is

ii  domain of f1 is

range is

{y:

y:%m—l

fis

x2—4$+3, T

> 9
v —4y+3, y=2

(y—2)2—4+3, y=>2 {completing the square}

(y—27-1 y>2
(y—27° y=2
Ve+1, y>2
2+V1+w, y>2
2++I+ 2z as required
is {z: x>2},
y=>—1}

{z: z> -1},

y =2}

WV

so flis =z

12z+2)—-1
r+1-—1

=T

. _ b
g1y B
_ 88—y
1 —
0 g7 i @ = —
S 2 =8-y
Sy =8—-2z
ie, ¢g7'(z) =8—-2z
Now g '(—1) =8—-2(-1)=10
i fis y=05" ii g is
so, f(2) = 52 so g~'is
25

Ay

f—l
(-12) ¢ 12
-k X
Y
3y -1
2x + 2
2x + 2
i (flof)@) = f(f(2)
= fﬁl(%x—l)
=2(3z-1)+2
=xz—2+2
=

(fog )(x) =9
flg™ (=) =9
f(8—2z) =9
28 —2z) +5 = 9
16 —4x+5 =
o4 = —12
Lo 3
y =z Ly =2’
r =y ie., _l(m =z >0
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b ( of)(z) =25 and so 527 = 52
L g (f@) = 25 2z =2
) =2 s
(5“”)2 =25 {asg '(z)=2% x>0}
14 Show: (flog Y)(@) = (go ) ()
fis y=2z gis y=4z-3 (g0 f)(@) = g(f())
so f7lis z =2y so g7lis oz =4y—3 = g(2z)
- y:f o dy=xz+3 = 4(2z) — 3
2 _z+3 ie, (gof)(z) = 8z—3
ie, fl(z)= g Y= "1 ie, gofis y=8x—3
e, g l(z) = T3 so (gof)™t is & =8y—3
4 z+3
Y= 78
e, (g0 f) M) = L5
Now, (ftog™)(z) = f'(g7"(2))
(=)
z+3
_ (=)
N 2
(Fog @) = 252 = (g0 ) () as required
15 a fis y=2 b fis y== C fis y=—=x
so f7lis xz =2y so flis z =49 so fTlis = —y
2
:c ie, fHz) ==z ie, flz)=—=z
e, fT@) =572 So, 7M@) = f(x) So, 7M@) = f(x)
So, f7l(x) # f(z)
d fis y= 1 e fis y= _S
x x
so f! z=1 so flis o =——
Y
1 6
Yy== Yy=—=
x x
e, flx) = % e, fl(x) = —g
So, f7l(z) = flx) So, fTH(z) = f(z)
ie, f7'(x)= f(xz) istrue for parts b, ¢, d and €
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EXERCISE 1G

1 fis y=3x+1
so flis oz =3y+1
y:w;l i f_1<$)::c;1
(fof™(x) = f(f 1 (2)) (fH o)) = FH(f(@)
_ oz = '3z +1)
f( 3 ) 3z 41-1
. z—1 - 3
o ( 3 >+1 _31’
=z—1+1 -3
ie, (fof M) == ie, (flof)(z)=x=(fof *)(z) asrequired
2 fis y::cl—?) so f71is x:yT—i_g
dr = y+3
oy =4z —3
ie, f'(z) =42z -3
(fof M=) = F(f 7' (2) (fto @) = f(f(2))
= f(4z —3) _ 1 (zt3
dz —3+3 d ( 4 )
N 4 . z+3\
4z - ( 4 ) ’
-4 =z+3-3

e, (fof () =u ie, (fTfof)(x) =x=(fof !)(x) asrequired

3 fis y=y& for >0 so flis z =4y

ie, f'x) =2% for >0

(fof (@) = f(f(2)) (f o)) = f7(f(2)
= f@@*) = (Vo)
= Va? - (V@7
ie, (fof () =2 ie, (fof)(x) =x=(fof ")(x) asrequired

& a f(x) passes through A(z, f(x)), so f~'(z) passes through B(f(z), z)
b Substitute the coordinates of B(f(z), ) into y = f~'(z):
ie, == f'(f(x))
= (f o f)(2)
€ B has coordinates (x, f~'(z)) since it lies on y = f~*(x),
so A has coordinates (f~'(z), ) as f(z) is the inverse of f~*(z).
Substitute the coordinates of A(f™'(z), z) into y = f(x):

ie, == f(f ' ()
ie, f(f ' (x)) =z asrequired
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REVIEW SET 1A
1

Awater level

1 2 3 4 5 6 7

2 a f(x)=2zr—2a? b f(—3) =2(-3)—(-3) ¢ f(—3) =2(-3

2) = 22) - 22

=0 = —15 _ _5
1
3 a 1 rangeis {y: y> —5}, domainis {z: =z € R}
il z-intercepts are —1 and 5; y-intercept is —22
iii The graph passes the “vertical line test’ so is therefore a function.
b i rangeis {y: y=1 or =3}, domainis {z: z € R}
ii there are no z-intercepts; y-intercept is 1
iii The graph passes the ‘vertical line test’ so is therefore a function.
4L a domainis {z: z> -2}, rangeis {y: 1<y <3}
b domainis {z: r € R}, rangeis {y: y=—1, 1 or 2}
5 a h(z) = 7—3z b h(2z—1) = -2
h(2z —1) = 7—3(2z — 1) 732z —1) = —2
=7—-6x+3 s T—6x4+3 = -2
= 10 — 6 o —br = —12
Lo =2
6 f(r)=azx+b, where f(1)=7 and f(3)=-5
When f(1) = 7, When f(3) = —5,
7T=ua(l)+0b -5 =a(3)+0b
7T=a+b S =5 =3a+b
a=T-b . (l) s =5 =3(T—b)+b {using (1)}
. =5 =21-3b+b
S, 2b=26 andso b=13
e, a=T7—13=—6
ie, a=—6 and b=13
7 f(x)=ax®+bx+c, where f(0)=5 f(—2)=21 and f(3)= —4
When f(0) = 5, When f(—2) = 21,
5 = a(0)® +b(0) +c 21 = a(—2)2 +b(—2) +c¢
5=c =4a—2b+c
c=5 .. (1) =4a—2b+5 {using (1)}
4a — 2b = 16
2a—b=8 andso b=2a—-8
When f(3) = —4, —4 = a(3)2+b(3)+c

—4 =9a+3b+c
=9a+3b+5 {using (1)}

|
W~
|

Il
|
ISy
I
©
\
I
_
I
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—4 =9a+3(2a—8)+5 {using (2)}
. =9 = 9a+ 6a—24
. 15 = 15a
oa=1
Now, substituting a =1 into (2) gives b=2(1) —8 = —6
ie, a=1, b=-6, c=5

a b
8 depth depth

time time

1 . .
9 a f(x)= pral meaningless when z? = 0

ie., when x =0

b y ¢ domain of f(z) is {x: x #0}
’yj ‘ \\ range of f(z) is {y: y > 0}
x

X

10 a [f(g(z) = f(z®+2) b g(f(z)) = g(2z—3)
=22 +2)-3 = (2z—-3)2+2
=2024+4-3 =422 - 1204+ 9+2
=2z2+1 = 42% — 122 + 11
11 a (fog)(x) = fg(x)) b (90 f)(z) = g(f(x))
= f(/x) = g(1 —2z)
=1-2Vz %
1 8 SO =T b o) = (22) =9(23)
= 1-— 22 . )
e, f(@) =z, v gl =
g(w)zl—mz f(:c):$+1
REVIEW SET 1B
1 f(z)=5-2z
a (0 b /(5 < (=3 d (3
=5—2(0) =5—2(5) 5—2(—3) =5-2()
—5 -5 11 —4
2 g(x)=1x>-3z
a gxz+1) = (x+1>-3x+1) b g(z?—-2) = (2 —2)* - 3(2*> - 2)
22 +2c+1—-3z—3 =t 422 +4—-322+6

22—z —2 =z 722+ 10
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a fl@) = T— 4 b flz) = 3+52"”
ie, y=7—4x
1 . _3+2ZB
so fTi(x) is z=T7T—-4y Le., y B
7T—x
Y= so fl(z) is x=3+52y
ie., f‘l(x):7;$ 5z = 342y
bz —3
Y=
5 — 3
ie., z) =
a y=(x—1)(z—-5) I @) 2

i.e., x-intercepts are x =1 and 5

vertex isat z =3, y = (3—-1)(3-05)
2 x (—=2)
= —4

i.e., vertex is at (3, —4)
domainis {z: z € R}, rangeis {y: y > —4}

b From the graph, domainis {z: = #0, 2}, rangeis {y: y< —1 or y >0}

a T y b Vi
= :x
5 -1 y . x f y .
21
2 3 P —
f k 2 :
_ N f_
Y 2v s S

a f(z) = 4z +2 b fa) = 222
ie, y=4r+2 ' 352
so flx) is x=4y+2 e, ¥ ="
z—2 .
V=" so fliz)is z = 3 45y
_ r—2
ie, fl(e) = — 4z = 3 -5y
3 —4x
Y¥=73
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8 flx) =2z +11 g(x) = ?
e, y=2z+11 (9o f7 () = g(f ' (2))
so fiz)is z=2y+11 T —11
z—11 = g( 2 )
Yy = 2
1 B (x - 11)2
iﬂ,f*@):wQ T2
_ 3—11\?
(9013 = (=5)
= (-4
= 16
9 a b f(z) =2z —7 passes through (0, —7) and (%, 0)
f~(z) passes through (—7, 0) and (0, o)
1 % —0 %
- > ““(x) hasslope ——— = =
- [ (@) P 7
F! ~ 1
2
so its equation is y-0 _1
d z—(-7) 2
T+
L
ie, fli(z) = x;”
< flz) =20 -7
ie, y=2zr—7
so fl(z)is x=2y—7
_x+7
Y=
e, fa) = 2T
2
10 ad b b If x < —3, we have the graph to the left of
x =‘_3 r Y= x = —3, and any horizontal line through the
g P graph cuts it no more than once.
Therefore it has an inverse function.
- < g(z) = 2> +62+7, =<3
L ie, y=a>+6z+7 x<-3
il g so g '(x)is z =1y +6y+7 y<-3

=(y+3)°-9+7
z+2 = (y+3)°

y+3 ==EVr+2
y=-3EtVr+2

but y< -3, so y=-3—+vVzr+2
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11

12

h(z) = (z—4)* + 3,
ie, y = (z—4)*+3,
so hl(z) is = = (y—4)>*+3,
L z—3=(y—4)°
y—4 =+Vr—3
y=4+z -3
but y >4, so y=4++z—3
ie, h7l(z) =4+ Vz -3,
f(z) =3z+6

ie, (floh ™ H(x)

= (ho f)7'(z)

r >4
T >4
y=>4
xr >3

T

h = =

() = 2

ie —_——

) y_3

so h7l(z) is z=12

3

y = 3x

as required




Chapter 2

SEQUENCES AND SERIES

EXERCISE 2A
1 a 4,13,22,31,... b 4539,33,27,... € 2,6,1854,.... d 96,48, 24,12, ...
2 a The sequence starts at 8 and each term is 8 more than the previous term. The next two terms

are 40 and 48.

b The sequence starts at 2 and each term is 3 more than the previous term. The next two terms
are 14 and 17.
¢ The sequence starts at 36 and each term is 5 less than the previous term. The next two terms
are 16 and 11.
d The sequence starts at 96 and each term is 7 less than the previous term. The next two terms
are 68 and 61.
e The sequence starts at 1 and each term is 4 times the previous term. The next two terms are
256 and 1024.
f The sequence starts at 2 and each term is 3 times the previous term. The next two terms are
162 and 486.
g The sequence starts at 480 and each term is half the previous term. The next two terms are 30
and 15.
h The sequence starts at 243 and each term is one third of the previous term. The next two terms
are 3 and 1.
i The sequence starts at 50 000 and each term is one fifth of the previous term. The next two
terms are 80 and 16.
3 a 79,75 b 1280, 5120 ¢ 81,90
L a Each term is the square of the number of the term. The next three terms are 25, 36 and 49.
b Each term is the cube of the number of the term. The next three terms are 125, 216 and 343.
€ Eachtermis n x (n+ 1) where n is the number of the term. The next three terms are 30, 42
and 56.
5 a 625, 1296 b 13 21 ¢ 9,11 d 13,17 (primes) e 16,22 f 14,18
EXERCISE 2B
1 a {2n} generates the sequence 2, 4, 6, 8, 10, ...... (letting n=1,2,3,4,5, .....)
b {2n + 2} generates the sequence 4, 6, 8, 10, 12, ...... (letting n =1, 2, 3,4, 5, ......)
¢ {2n —1) generates the sequence 1, 3,5, 7,9, ... (letting n=1,2,3,4,5, ... )
d {2n — 3} generates the sequence —1, 1, 3,5, 7, ...... (letting n=1,2,3,4, 5, ... )
e {2n+ 3} generates the sequence 5, 7, 9, 11, 13, ...... (letting n=1,2, 3,4, 5, ... )
f {2n+ 11} generates the sequence 13, 15, 17, 19, 21, ...... (letting n=1,2, 3,4, 5, ...... )
g {3n+ 1} generates the sequence 4, 7, 10, 13, 16, ...... (letting n=1,2,3,4,5, ...... )
h {4n — 3} generates the sequence 1, 5, 9, 13, 17, ...... (letting n=1, 2, 3,4, 5, ...... )
i {bn+4} generates the sequence 9, 14, 19, 24, 29, ...... (letting n=1,2, 3,4, 5, ...... )
2 a {2"} generates the sequence 2, 4, 8, 16, 32, ...... (letting n=1,2,3,4,5, ... )
b {3 x 2"} generates the sequence 6, 12, 24, 48, 96, ...... (letting n=1,2,3,4, 5, ...... )
¢ {6x (%)”} generates the sequence 3, %, %, %, %, ...... (letting n=1,2, 3,4, 5, ...... )
d {(—2)"} generates the sequence —2, 4, —8, 16, —32, ...... (letting n=1,2,3,4, 5, ...... )
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3 {15—(—2)"} generates the sequence with first five terms:
tr =15 —(=2)' =17, ta=15—(=2)2=11, t3=15—(-2)%=23,
ts =15 —(=2)* = —1, t5=15—(-2)> =47

EXERCISE 2C
1 a 17-6=11 So, assuming that the pattern continues, consecutive terms differ by 11.
28—17 =11 the sequence is arithmetic with u; =6, d=11.
39 —-28 =11
50—-39 =11
b Un =ur+(n—1)d € uso = 11(50)—5 d Let up =325 =1ln—5
=6+ (n—1)11 = 545 o330 = 11n
ie, U, = lln—>5 s.oon =30
So, 325 is a member, i.e., uso.
e Let u, =761 =1ln—-5
766 = 11n
n = 691—71, but n is an integer, so 761 is not a member of the sequence.

2 a 83-87=-4 So, assuming that the pattern continues, consecutive terms

79 - 83 = —4 differ by —4.

H—-79 = -4 the sequence is arithmetic with w; =87, d = —4.

b Un = u1 + (n—1)d € ugo = 91—4(40) d Let up =—143 = 91 —4n
=87+ (n—1)(—4) = 91 — 160 oo 4dn = 234
=87 —4dn+4 = —69 oo on =583

ie, u, = 91 —4n but n is an integer, so
—143 is not a member
of the sequence.

3 a u,=3n-2 u=3(1)—2=1
unt1 = 3(n+1) -2 So, assuming that the pattern continues,
=3n+1 consecutive terms differ by 3.
Unt1 —Un = (Bn+1) — (3n —2) the sequence is arithmetic with w3 =1
=3 which is constant and d=3.

b u =1, d=3 C U57:3(57)—2

= 169

d Let u,=450=3n—2

ie, 3n = 452
n = 1502

So, try the two values on either side of n = 150%, ie., for n =150 and n = 151:

U150 = 3(150) -2 and U1 = 3(151) -2

448 = 451

ie., wuis1 =451 is the least term which is greater than 450.
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71— Tn 7 n1-71)
L a u,= 5 =35; —1In u1=#:32
71 —7(n+1)
Upt] = —————
2
M1 —Tn -7
B 2
64— Tn
2
_39_1, So, assuming that the pattern continues,
2 consecutive terms differ by —%.
Unt1 — Un = (32— %n) - (35% - %n) the sequence is arithmetic with
= f% which is constant ur =32, d= —%-
1—
b uy = 32, d:—% C urp = 777(75):—227
1-— .
d Let u, =200 = _ 5 m ie, —400 = 71—7n
. Tn = 471
_ a2
So, try the two values on either side of n = 67%, ie, for n =67 and n =68:
1-— 1-—
usr = %7(67) =-199 and wues = %7(68) = —2021
i.e.,, terms of the sequence are less than —200 for n > 68.
5 @ Since the terms are consecutive, b Since the terms are consecutive,
k—32=3-k T—k=10—-7
{equating common differences} {equating common differences}
2k = 35 . T—k=3
k=171 S k=4
€ Since the terms are consecutive, d  Since the terms are consecutive,
2k+1)—(k+1) =13—(2k+1) (2k+3)—(k—1) = (T—k) — (2k + 3)
{equating common differences} {equating common differences}
. k=12-2k s k+4=4-3k
3k = 12 S 4k =0
k=4 k=0
e Since the terms are consecutive, f Since the terms are consecutive,
kK —k =k>+6—k° k—5=kK -8-k
{equating common differences} {equating common differences}
kK —k=6 Sk —2k-3=0
kK —k—-6=0 o (k=3)Ek+1) =0
(k=3)(k+2) =0 s k= -1or3

k=—-2o0r3
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41
7

©ooup+6d =41 ...
up+12d = 77 .

ur =

(M
2

u13

Solving simultaneously,

—u1 —6d = —41
ui +12d = 77
6d = 36  {adding the
d=6 equations}
Soin (1), w1+ 6(6) = 41
w1 +36 = 41
° Uy = 5
Now u, = u1+ (n—1)d
un = 5+ (n—1)6
Up = 5+ 6n—6
Up, = 60 —1
u7:1 c. U1+6d:1
Uy = -39 LUl + 14d = -39 ...

Solving simultaneously,
—u; — 6d = —1
w1 + 14d = -39
8d = —40 {adding the

d = —5 equations}
Soin (1), wui+6(=5) =1
u —30 =1
: uy = 31

Now u, = u1+ (n—1)d

up = 31+ (n—1)(=5)

Un, = 31 —5n+5

Up = —5n + 36

e

2

b

= -2
_ 1.
—121

oul+4d = =2

U12

Solving simultaneously,
—Uu1 — 4d = 2
u 4 11d = —12%

7d = —10% {adding the
d = _% equations}
Soin (1), wi+4(—32) = -2
u —6 = —2
u = 4
Now u, = ui1 + (n—1)d
un = 44 (- 1)(=3)
Uy = 4 — %n—l—%
Up = f%nJr 1—21
un = —16 . ug +10d = —16
usg = —11% - w +7d = —113 ..

Solving simultaneously,
—u1 — 10d = 16
uy +7d = —11%

—3d = 43 {adding the
3 equations }
d= -3
Soin (1), wui+10(—%) = —16
uy — 15 = —16
. Uy = —1
Now un = u1 + (n—1)d
wn = 1+ (n—1)(-3)
Up = —1 — %n + %
Up = f%nJr%

Let the numbers be 5, 5+ d, 5+ 2d, 5+ 3d, 10.

Then 5+ 4d = 10
4d = 5
d=3=11

So the numbers are 5, 61, 71, 82, 10.

Let the numbers be

Then —1+7d = 32
7d = 33
d= 3 =42

So the numbers are —1, 32

1, —1+d, —1+2d, —1+3d,

—1+4+4d, —1+5d, —1+ 6d, 32.

- (D)
u 4+ 11d = —12% ..

@)

e

@
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8 a u =36 35;-36=-2
342 - 351 = -2, so d=-2
b Un = u1 + (n—1)d
—30 =36+ (n—1)(—2) {letting wu, = —30, the last term of the sequence}
—66 = —2n+ 2
2n = 662
n = 100 ie., the sequence has 100 terms
9 w =23 36-23=13 oo Un =ul+ (n—1)d
49 -36 = 13 ie, un =23+ (n—1)13
62 —49 = 13, so d=13 =23+ 13n—13
Let wu, = 100000 = 13n + 10 un = 13n 410
99990 = 13n
n = 76915

So, try the two values on either side of n = 76911—73, ie., for n="7691 and n = 7692:

ie.,

ie., the first

EXERCISE 2D
6
1 a —=3
2
5 1
Y
10 2
¢ S__
12
10
2 a — =2
5
20
= —9
10
40
) ]
20
b Un
Un
SO Uis
—6
3 a — =
12
3 _
-6
—1.5

ureor = 13(7691) + 10 and wreon = 13(7692) + 10

= 99993 = 100006
term to exceed 100000 is w792 = 100 006.

r=3, u =2 S, b=6x3=18 and c=18x3=54

r:%, ur = 10 b:5><%:2% and c:2%x%:1i
Lo =) =12 . b=-6x—-23=3 and c=3x—3=—13
5 r=-—3, ur= . =-0b0X—3= and c=95X —35=—1l3

So, assuming the pattern continues, consecutive terms have a common ratio
of 2.

the sequence is geometric with w1 =5 and r =2.
— ulrn—l
=5x2n7!
=5x21
= 81920
= f% So, assuming the pattern continues, consecutive terms have a
common ratio of —%.

1

T2 the sequence is geometric with w; =12 and 7= —%.
3

(_ 5) 1

3 - 2



Mathematics SL, Chapter 2 — SEQUENCES AND SERIES

45

1
Up = urr"

un, = 12(27H"!

=12 x 27"
=3x2? x27nt!
=3x2 "
—6 3
R
45 (B _ s
—6 6 4
27
=337 (%) _ s
4.5 (2) 1
Up = urr™ L =8 x (7%)”*1
W2 V2
8 2 V2
4 _
W2 V2
2v2 V2
4 2 V2
Up = wrr™ L=
I_n
ie, wu, =2°"7

Since the terms are geometric, b  Since the terms are geometric,
k_ 28 k? = 196 3k _ 20—k
7Tk k= +14 E 3k
Since the terms are geometric, 20—k = 9%
. 20 = 10k
k+8 9k k- 9
k. k+8 -
(k +8)% = 9k?
k? + 16k + 64 = 9k?
8k* — 16k — 64 = 0
k> —2k—8=0
(k+2)(k—4) =0 andso k= —2or 4
g =24 L uwxri=24 .. (1) b u; =38 Curxr:=8
wr = 192 - wp x 7% =192 ... (2) ug = —1 . ug x1° =
6 5
uir’ 192 . uir’ 1 .
So. = =5r (@) So. =3 @)
i =38 r =2 1"3:—% r =
Soin (1), uy x2° =24 Soin (1), uix(—1)? =38
up X8 =24 ulx%:8
ur =3 ur = 32

Up = 3 x 2771

SO w1z = 3 X 27

13+3

=3x2710

1

= 3 X —

3

1024

common ratio of —%.

1024

So, assuming the pattern continues, consecutive terms have a

the sequence is geometric with uw; =8 and r = f%.

ie, w0 = 8x(—2)? = -0.60067749

p 1
common ratio of 7

n—1 1
8 (%) =23 x (2—5

the sequence is geometric with uw; =8 and r =

-

So, assuming the pattern continues, consecutive terms have a

bntd

=22x2

1
75

-1 ..

e

@



46  Mathematics SL, Chapter 2 — SEQUENCES AND SERIES

C

wr =24 wxr®=24 .. () d u =5 uxri=5 ..()
uis = 384 . wp xr't =384 ... (2) ur =2 L uxr® =32 (2
14 6 5
uLr 384 uir (1)
So, = = 2) = (1 — 4/ -
O s o {@® + D} So, P 5 {@ + D}
Lort=16 ot =42 Lort=1 Lr=3%
. 6 __ .
Soin (1), w1 x (v2)® = 24 Soin (1), w x ()2 = 5
ur X8 = 24 1
w = 3 SomxXg =9
U = 10
Now wp = uir™ ! N o
wn = 3% (ﬁ)"*l oW  Up = uULT o
: Up = 10 x (E)
un = 10 x (v/2)"
2, 6, 18, 54, ...... ie, w1 =2 and r=3
Up = urr™ ! coup = 2x 3771
Let un, = 10000 = 2 x 3"~1 ie, 5000 = 37!

n = 8.7527 {using technology}

So, try the two values on either side of n = 8.7527, ie., for n =8 and n=9:
ug = 2x 37 and  wg = 2x3%
= 4374 = 13122

i.e., the first term to exceed 10000 is w9 = 13122.

4, 4v/3, 12, 12V/3, ...... ie, ui1=4 and r=+3
Up = urr™ "t cooun =4 X% (\/g)n_l
Let un=4800  ie, 1200 = (V3)"
n = 13.91 {using technology}
So, try the two values on either side of n = 13.91, ie., for n =13 and n=14:

Uz = 4 X (\/5)12 and w14 = 4 X (\/5)13
= 2916 5050.66

i.e., the first term to exceed 4800 is w14 = 5050.66 .

12, 6, 3, 1.5, ...... ie, up=12 and r=13

Un = urr™ ! Sooup = 12 % (%)"71

Let 0.0001 =u, = 12 x ()"

ie, 0.0000083 = ()"

n = 17.87 {using technology}

So, try the two values on either side of n = 17.87, i.e., for n =17 and n =18:

U7 = 12 x (%)16 and uig = 12 x (%)17
= 0.000 1831 = 0.000091 55

i.e.,, the first term of the sequence which is less than 0.0001 is w1g = 0.000091 55.
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10

12

13

14

15

16

a Upt1 = up X717, where u; =3000, r=11, n=3
ie, ws = 3000 x (1.1)3
= 3993

So it amounts to $3993.

b Interest = amount after 3 years — initial amount
$3993 — $3000

= $993
Unt1 = up X717, where w1 =20000, r=1.12, n=4
ie, wus = 20000 x (1.12)*
= 31470.39

Interest = 31470.39 — 20000 Euro
= 11470.39 Euro

a Unt+1 = U1 X 17, where u; =30000, r=1.1, n=4
ie, us = 30000 x (1.1)*
= 43923, i.e., the investment amounts to 43 923 Yen.

b Interest = amount after 4 years — initial amount
= 43923 — 30000 Yen

= 13923 Yen
Un+1 = U1 X 7", where w3 =80000, r=1.09, n=23
ie, w4 = 80000 x (1.09)
= 103602.32

Interest = amount after 3 years — initial amount
= $103602.32 — $80 000
= $23602.32
0.08

up X r", where w; = 100000, r=1-+ — = 1.04, n=10

Un+1
ie, w11 = 100000 x (1.04)°
= 148024.43, i.e., it amounts to 148 024.43 Yen.

Un+1 = U1 X 1", where wu; =45000, r=1+ &;5 = 1.01875,
i, wio = 45000 x (1.01875)7 n=7
= 51249.06

i.e., itamountsto £51249.06

Un+1 = U1 X 17, where  un+1 =20000, r=1.075, n=4
20000 = u; x (1.075)*
oup = 14976.01

So, $14976.01 should be invested now.

Unt1 = wa X 7", where wupy1 =15000, r=1.055, n=52=5
15000 = up x (1.055)°
©owy = 11477.02

So, the initial investment required is £11477.02.
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17 Upt1 = ur X 71", where  un4+1 = 25000, r:l—&—%ﬁzl.OQ, n=3x4=12
25000 = u; x (1.02)'2
up = 19712.33
i.e., should invest 19712.33 Euro now.
N 0.09
18 Upt1 = u X 1", where  u,11 = 40000, T:1+ﬁ:1'0075’ n=8x12=96
40000 = u; x (1.0075)%
up = 19522.47, i.e., initial investment should be 19522.47 Yen.
19 wupi1 =ur x 7", where wu; =500, r=1.12
a i w = 500x(1.12)"° il w2 = 500 x (1.12)%°
= 1552.92 = 4823.15
= 1550 ants = 4820 ants
b For the population to reach 2000,
Uny1 =500 x (1.12)" = 2000
(1.12)" = 4
. n = 12.23 {using technology}
ie., it will take approximately 12.2 weeks.
20 w,41 =wu; xr", where wu; =555 r=0.955

= 555 x (0.955)*°
= 278.19

a uis

ie.,

the population is approximately 278 animals in the year 2000.

b For the population to have declined to 50,

Unt1 = 555 x (0.955)"
(0.955)"
) n

50
0.0900
52.3 {using technology}

So, after approximately 52 years the population is 50, i.e., in the year 2037.

EXERCISE 2E.1
1 a i 3, 11,19, 27, ... so u1 =3, d=S8§, ie, up =3+ (n-—1)8
=8n—-5
ie, S, =3+114+19427+..... + (8n —5)
i S5=3+11+19427+35=095
b i 42,37,32,27, ... so up =42, d=-5 ie, un =42+ (n—1)(-5)
=47 -5n
e, Sn=42+37+32+27+ ...+ (47— 5n)
i S5 =42+37432+27+22=160
¢ i 12,6314, .. so w =12, r=3 e, u,=12x ("""
ie, Sn=12+46+3+15+ ... +12(3)""

Ss=124+6+3+ 15+ 2 =233
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2, 3,43, 62, s0 up =2,

ie, Sp=2+3+43+62+

Ss=2+3+445 +65 + 103 = 262

. de, un=2x ()"

e i 1,1 1% ... so ur=1 r=32 ie, u,=1x(3)""
:21—11
ie, Sp=14+3i+3+%1+.... 427"
oSs=1+3+i+d+s=18
f i 1,827,64, ...
ie, Sp=1+8+27+64+.....+n> {since 1 =13 8=23 27=3% 64=4%}

ii S5;=1+8+27+64+125=225

EXERCISE 2E.2

1 @ The series is arithmetic with
ur =3, d=4, n=20
Sn = %(ml + (n—1)d)
So, Sa0 = & (2x3+19x4)
= 10(6 + 76)
= 820
€ The series is arithmetic with
up =100, d=-7, n=40
S, = g (2u1 + (n — 1)d)
So, Sio = 2 (2x 100+ 39 x (—7))
= 20(200 — 273)
= —1460
2 a The series is arithmetic with

uy =5 d=3, u, =101
Since wu, = 101,
then w1+ (n—1)d = 101

5+43(n—1) = 101
5+3n—3 =101
3n—3 = 96
3n = 99
n = 33

So, Sp, = g(ul + Un)

32(5+ 101)
1749

b The series is arithmetic with
u =3, d=23, n=50
Sp = g (2u1 + (n — 1)d)
So, Sso = 5—20(2><%+49><%)
= 25(1+1221)
= 30871
d  The series is arithmetic with
up =50, d=-13, n=280
S, = %(ml + (n—1)d)
So, Sso = 8 (2x50+79x (%))
= 40(100 — 27)
= —740
b The series is arithmetic with
ur =50, d=—1, un=-20
Since u, = —20,
then w; + (n—1)d = —20
50+ (—3)(n—1) = —20
f%nJr % = —-70
g -
n = 141
So, Sp = %(ul +up)

L1(50 + (—20))
2115
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€ The series is arithmetic with
u =8, d=23, u,=283

Since u, = 83,

then w4+ (n—1)d = 83

8+%(n—1):83 3 wi=5 n=7, 4 uw, =6 n=11,
%n—%=75 Un = 53 Up = —27
n
%n = 1_25 Sp = g(ild + Un) Sn = 5(1!1 + un)
n=3l = Z(5+53) = 5 (6+ (=27
So, Sn = g(ul + un) — 203 = —115%
= 31(8+83)
= 14103

5 The total number of bricks can be expressed as an arithmetic series:
14+2+34+4+...... +n
We know that the total number of bricks is 171, ie., S, = 171.

Also, w1 =1, d=1 and we need to find n, the number of members (layers) of the series.
n

Sn =5 (u1+ (n—1)d) =171 sonn—342 =0
g(2><1+(n—1)><1):171 w (n=18)(n+19) =0

n(2+n—1) = 342 o= s
but n >0, . n =18

n(n+1) = 342
So, there are 18 layers placed.

6 The total number of seats can be expressed as an arithmetic series:
224+23424+ ... + Un,

Row 1 has 22 seats, so u; = 22. Row 2 has 23 seats, so d=1.
n

Sn = 5 (2u1 + (n — 1)d)
n
Sp = 5(2><22+1(n—1))
= %(44 +n—-1) . Sp = g(n +43) which is the total number of seats in n rows.
@ Number of seats in row 44 = total no. of seats in every row — no. of seats in 43 rows

= Saa — Sas
= 4(44+43) — (43 +43)
= 1914 — 1849
= 65

b Number of seats in a section = Sqq = 1914 (from a)
¢ Number of seats in 25 sections = S x 25 = 1914 x 25 = 47850

7 a The first 50 multiples of 11 can be expressed as an arithmetic series:
114+224+33+ ...... +uso where w; =11, d=11, n =250

S, = g(Zul + (n—1)d) s Ss0 = F(2x 11411(50 — 1))

= 25(22 + 539)
= 14025
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b The multiples of 7 between 0 and 1000 can be expressed as an arithmetic series:
T+14+21+28+...... +u, where w1 =7, d=17
To find w,, we need to find the largest multiple of 7 less than 1000, i.e., 1000 = 142.9,
SO Un = 142 X 7 =994
Now un, = u1+ (n—1)d
994 = 7+ 7(n—1)

987 = Tn—7
™ = 994
n = 142 So, Stz = %(7+994) =71071

€ The integers between 1 and 100 which are not divisible by 3 can be expressed as:
1,2,4,5,7,8, .. , 100 where w1 =1, wu,=100.
Alternatively, these integers can be expressed as two separate arithmetic series:
ie, S1=1+447+ ... +97+4+100 where w1 =1, d=3, wu,=100
and Sy = 2+5+8+...... + 95+ 98 where u; =2, d=3, u, =098

Now for S1, un = ui + (n—1)d and for S2, un = u1 + (n—1)d
100 = 1+3(n—1) S 08 =2+3(n—1)
99 = 3n—3 c. 96 =3n—3
3n = 102 S 3n =99
n =34 c.oon =33

e, S1 = 2(14100)=1717 and Sy = 3(2+ 98) = 1650
ie., total sum = S; + S = 1717 + 1650 = 3367
n(n+ 1)

2

The sum of the first n positive integers can be expressed as an arithmetic series:
1+243+4+...... +n, where uw; =1, d=1, u, =n.

We need to show that 1 +2+3+4+...... +n=

So the sum of the series is S, = g(ul + un)

= g(lJrn) ie, Sp = nr+1) as required.
The series of odd numbers can be expressed as an arithmetic series:
14+3+5+7+...... where w1 =1, d=2
a Now u, =wu1+(n—1)d=1+2(n—-1)
ie, U, = 2n—1
b We need to show that S,, is n’.
The sum of the first n odd numbers can be expressed as an arithmetic series:
1+34+54+7+..... (2n—1) {using un, =2n—1 from a}

SO, S’n - %(ul +un)
¢ Si=211+41)=1=1"=n for n=1
=20+@2n-1)
—2( Sy =2(1+43)=4 =22 =n for n=2
:%(Qn) 53:3(1+5): 9 =32 =n2 for n=
_ 4 — 16 = 42 = p2 -
ie, Sp =n’ asrequired Sa = 3(1+7) 4 n” for m=4

SSEENEENEEN
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10 ug =21, Si7=0; so weneed to find u; and wuo

n

Sp = 3 (2u1 + (n — 1)d) Also, un = u1 + (n—1)d
_ 17 . N Ug = U1 + 5d
Si17 = 5 (2u1 +16d) = 0 o 21 = —8d+5d {using (1)}
our = —8d ... (1) cod=—7
and u; = —8(—7) =56
SO us = H6—T7 =149
i.e., the first two terms are 56 and 49.
11 Let the three consecutive terms be = —d, = and z +d.
Now, sum of terms = 12 Also, product of terms = —80
ie, (z—d)+z+(z+d) =12 ie, (4—d)4d+d) = —80
Loz =12 o442 —d%) = —80
v =4 16 —d? = —20
So the terms are 4—d, 4, 4+d d? = 36
d = +6

So, the three terms could be 4 —6, 4, 446, 1ie., —2, 4, 10

or 4—(—6), 4, 4+ (—6), ie, 10,4,

—2

12 Let the five consecutive terms be n—2d, n—d, n, n+d, n+ 2d.

Now, sum of terms = 40

ie, (n—2d)+(n—d)+n+(n+d)+(n+2d) = 40
.obn =40

n=3~8

So the terms are 8 —2d, 8 —d, 8, 8 +d, 8 +2d

Also, product of middle and end terms = 8 x (8 — 2d) x (8 +2d) = 224
8(8% —4d?%) = 224

64 —

4d® = 28
4d® = 36
=9
d =43

So, the five terms could be 8 —2(3), 8 —3, 8, 8+3, 8+2(3), ie, 2,5, 8 11,14
or 8—2(—3), 8—(=3), 8 8+ (=3), 8+2(—3), ie, 14,11, 8,5,2

EXERCISE 2E.3
1 @ The series is geometric with b The series is geometric with
up =12, r=1%1, n=10 u =7, r=+7, n=12
_ n n 1
Now S, = M Now S, = M

1—r r—1
. 12(1-(") . VT (VD' -1)
1.€., Sl() = ? 1.€., 512 = T

= 23.9766 = 189134
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¢ The series is geometric with d  The series is geometric with
uy = 6, r:—%, n =15 up =1, r:—%, n =20
_ur(l—r") 1
Now Sn = ﬁ Now Sn _ ul(l_rr )
: 6(1-(=5)"
1.€., 315 = (—21) 1 (1 — (7%)2())
- (_5) i.e., 52() =
= (-2
= 4.000 V2
= 0.5852
@ The series is geometric with b  The series is geometric with
U1:\/§, ’f‘:\/§ uy = 12, 7":%
ur(r™ — 1) ui(l—r")
Sp = ——— =
r—1 S 1—7r
_ V31 (VB _20-6)")
V3-1 V3+1 B -1
_ B+ (A" =24(1-(3)")
- 3-1
3+3 "
=5 (V3)"—1)
¢ The series is geometric with d  The series is geometric with
ur =09, r=0.1 uy = 20, r:—%
5, — ur(l—r") 5, — ur(l—r")
1—r 1—r
_ 09 -(01" 20 (1—(—2)")
1-0.1 (D)
=1—(0.1)" .
_20(-(=3)")
(3)
— 430 (1 _ (7%)71)
a Az = A; x 1.06 4 2000
= (Ap x 1.06 + 2000) x 1.06 4 2000
= (2000 x 1.06 + 2000) x 1.06 + 2000
ie, Az = 2000+ 2000 x 1.06 4 2000 x (1.06)? as required
b Az = Az x 1.06 4+ 2000
= [2000 + 2000 x 1.06 + 2000 x (1.06)?] x 1.06 + 2000 {from a}
ie, Az = 2000 [1+1.06+ (1.06)" + (1.06)°] as required
< Ag = 2000 [1+1.06 + (1.06)* + (1.06) + (1.06)* + (1.06)° + (1.06)° + (1.06)"

+(1.06)* 4 (1.06)°]
ie., Ag = 26361.59
i.e.,, total bank balance after 10 years is $26 361.59
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e, Spn=1-(3)"=1-—=

As n gets very large, ie., as n — oo, (%)n — 0, so S, — 1 (from below)

The diagram represents one whole unit divided into smaller and smaller fractions.
As n — oo, the area which the fraction represents becomes smaller and smaller, and the total
area approaches one whole unit.

Total time of motion = 1+ (90% x 1) + (90% x 1) + (90% x 90% x 1)
+ (90% x 90% x 1) + (90% x 90% x 90% x 1) + .....
=1+0.94+0.9+(0.9)%+(0.9)% + (0.9)> + ......

= 1+2(0.9) +2(0.9% 4+ 2(0.9)* + ...... as required
1 _ n
Sn = %, where w1 =2(0.9), r=0.9, ‘n"=n-1
(since the term w1, used in
) 2(0.9) (1 — (0.9)”‘1) calculating S, is the second
le, Sn = 1-09 +1 term of the series, not the first)

L8 (1—(0.9"")
B 0.1 1

ie, Sp=1+18(1-(0.9"")

For the ball to come to rest, n must approach infinity,
thus  (0.9)""' =0 so (1 - (0.9)"*1) — 1 (from below)
So, S, —1+418(1), ie., S,— 19

i.e., it takes 19 seconds for the ball to come to rest.

1 =3 n (%)7 1

now T T

10
We need to show that 0.3 = 1.
3 _ 3 3 3

Now 0.3 =35+ 155 1 1600 + -

So,let S, = &5+ 155 + 155 + e
ul 2

Since n — oo, then So = =—10 2

r1—(%)

]_ .
ie, 0.3 =1 asrequired



Mathematics SL, Chapter 2 — SEQUENCES AND SERIES

7 Checking Ad: Checking 5 ¢:
ul Ui
Soo = Soo =
1—7r 1—r
1
5 2(0. . . .
= —2- = ﬂ—&—l {since 1st term ‘1’ is not part of the series}
1-1 1-0.9
ie, Seo =1 V ie, S =19 Vv
EXERCISE 2F
4 5
1 a > (Br—5)=-24+1+4+7 b > (11-2r) =9+7+5+3+1
r=1 =10 r=1 =25
7
€ > r(r+1)=2+6+12+20+30+42+56
r=1 = 168
5 .
d > 10x27" =10+ 20+ 40 + 80 + 160
i=1 = 310
2 u,=3n-1
w1l +uz + us + ...... +ugo =2+5+8+114+14+17+20+23+26+29+ 32435
+ 38 +41 444447+ 50 + 53 + 56 4 59
This series is arithmetic with u; =2, d=3 and n =20
so its sum is g[Qul—&—(n—l)d}
= 10[4 + 19 x 3]
=610
10
3 a > (2r+5)=7T4+9+11+..... +21+23425

r=1
This series is arithmetic with w3 =7, d=2 and n = 10.
sum = g [2u1 + (n — 1)d]
= D14+ 9 x 2]
= 160

b fj (r—50) = (—49) + (—48) + (—47) + ...... + (—37) + (—36) + (—35)

r=1
This series is arithmetic with u; = —49, d=1 and n = 15.

sum = 2 [2u; + (n — 1)d]

= 2[-98 + 14 x 1]
= —630

20
< Z(T;3>:2+§+3+ ...... +2 41142
r=1
This series is arithmetic with uw; =2, 7 :% and n = 20.
sum = % [2u1 + (n — 1)d]
= 2[4+ 19 x 1]

= 135
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56
+ 384 + 768 + 1536

4 a fj (3x271) =3+6+12+ ...

This series is geometric with u; =3, r=2 and n = 10.

n 10 _
_wm(" 1) 3(2 D _ 3069
r—1

This series is geometric with w3 =2, 7
1)12
ur(l —r") 2(1*(5) ) 12
- —a(1- (1))

sum = T = %
. osum = 3.999
25
C Z (6 x (=2)") = —12+ 24 + (—48) + .... + 100663 296 + (—201 326 592)
r=1
i =-12, r=-2 and n =25.

This series is geometric with w1
—12 (1 — (=2)*

sum = w(d =) _
S l-r 142
sum = —134217732
5
5 a Z 1)(k +2) =6 + 24 + 60 + 120 4 210 = 420
Note: This series is neither arithmetic nor geometric so the sum is found by adding the

5 terms.
12
b Z (100(1.2)*7%) = 172.8 + 207.36 -+ 248.832 + 298.5984 + 358.318 08
k=6 + 429.981696 + 515.978 0352
This series is geometric with w; =172.8, r=12 and n=7
172.8 ((1.2)" —1
(-2 ) = 2231.87

sum = U1(rn — 1) =
- or—1 0.2
REVIEW SET 2A
1 a u,=3"7 . w=3"=1 w=3=1 wu=3=3 w=3"=9
3n+2 . 5 8 11 14
b un = S ur=49, uz=g5, uz=7, U= =2
€ u,=2"—(=-3)"
ur=4—-9=-5 us=8—(-27)=35 us=16—81=—65

U1=2—(—3)=5,

2 u,=68—5n
68 — 5(n + 1) — [68 — 5n]
= 68—5n—5—68+5n

= -5 foralln
b u; =68—5(1)=63, d=-5
€ usr =68 —5(37) = —117

a Un+1 — Un
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d Let

un, = —200, and we need to find n.

Up = 68 —5n = —200

5n = 268

— 3
’I"L—533

So, try the two values on either side of n = 53%, ie., for n =53 and n = 54:

Us3

ie.,

= 68 — 5(53) and Usa =
= —197 =

68 — 5(54)
—202

the first term of the sequence less than —200 is wus4 = —202.

3 a 3,12 48 192, ..

12
3
48
12

192

48

=4

=4

=4

So, assuming the pattern continues, consecutive terms have a common

ratio of 4.

the sequence is geometric with uq; =3 and r = 4.

b Up =

Un,

ie., ug

4 Since the terms are consecutive,

then (k—2)—3k=k+7—(k—2)

k—2-3k=k+7—-k+2

5 U7:31

U1 = —1

2% =9
2%k = —11
k=1
ui +6d =31 . )
7 w +14d = —17 ... ©)

Solving simultaneously,
—u; —6d = —31
ui + 14d = —17

8d = —48 {adding the equations}

d= —6
Soin (1), w1+ 6(—6) = 31 Now  un
u1 — 36 = 31 Un
: Uy = 67 Un
Un
So uU34 —
6 u,= (%)n_l
6 1 n+1-—1
a Unt1 _ (23 — :% for all n
U 6(3)

{un} is a geometric sequence.

ur

n—1

3x4n!
3 x 48
196 608

b u =6, € ug

{equating common differences}

=u+(n—1)d

= 67+ (n—1)(—6)
=67—-6n+6

= —6n+73

—6(34) + 73 = —131

6 (%)15
0.000183

(V]
Il
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7 28,23,18,13, ...

23 —-28 = =5 So, assuming that the pattern continues, consecutive terms differ by —5.
18 -23 = -5 . the sequence is arithmetic with u; = 28, d = —5.
13-18 = =5
Un = w1 + (n— 1)d Sp = %(2u1+(n—1)d)
= 28+ (n—1)(—5) n
= s = (56— 5n +5)
ie, Snp = 3(61 —5n)
. , k k-1
8 Since the terms are geometric, then 1= %
E? = 4(k* - 1)
2
k* = 4k* —4 k= +—
2 V3
3k =4
K =3 ko 23
3
9 _ 16 . 5 _ 16 upr’ _ (2_:2,6) .
ue = F . ul Xt =2 @) So o &) {2) + (D}
uyo = 236 up xr? =288 ®)) 16
r = +£2
Substituting r = 2 into (1) gives Substituting r = —2 into (1) gives
up x 2° = 48 up x (—2)° = 48
up x 32 = 48 up x (—32) = 2
ur = % uy = —%
Now 1w, = uir™ ! CL Up = é x 2"l op L xonTl
REVIEW SET 2B
1 a 24,231,221, ..., -36 ie, wu =24, u, = —36, and we need to find n.
The sequence is arithmetic with d = —%.
Now u, = u1 + (n—1)d
=36 = 24+ (n—1)(—2)
—60 = —3n 432
4
In = 2
n = 81
i.e., there are 81 terms in the sequence.
b uss = 24+ (35— 1)(—3) c S, = g(u1 +un)
=24 12 81
5 1.e., Sg1 = 7(244’(*36))
-2 = —486



Mathematics SL, Chapter 2 — SEQUENCES AND SERIES

59

2 Let the numbers be 23, 23 +d, 23 + 2d, 23 + 3d, 23 + 4d, 23 + 5d, 23 + 6d, 9
Then 23+7d =9

ie, 7d= —14
d= -2 i.e., the numbers are 23, 21, 19, 17, 15, 13, 11, 9.
3 a 86, 83,80, 77, ...... i.e., the sequence is arithmetic with u; =86, d = —3

Up = u1 + (n—1)d
ie, up, =8+ (n—1)(-3)=86—3n+3
ie., up, = 89 —3n

5 7 9

b %, 1, L, 2 .. which can also be written as %, By Gr T e

> 60 7o
i.e., the numerator starts at 3 and increases by 2 each time,
whilst the denominator starts at 4 and increases by 1 each time.

i.e., the nth term is ntl , lLe., Up= 2n+1
n+3 n+3
¢ 100, 90, 81, 72.9, ...... i.e.,, the sequence is geometric with w; = 100, r = % =0.9
Uy = urr™ !
ie, wu, = 100(0.9)"!
7
4 a Y P =1"+22+3+42+5°+6>+ 7
T = 14449416+ 25+36+49
8
3
I LA AR AR AR A B
r=1 T+ 2
5 a 44+11+18+25+......
i.e., the series is arithmetic with w1 =4, d=7, u, = u1 + (r — 1)d
=44+7r—-1)
ie, Y. (7r—23) = =3
r=1
b 1+i4+L 454+ ie., the series is geometric with w1 =1, R= 3,
r—1 _ 1 1\ 1 112 1\ 1\t
w=wRk " =1x(3)" =(3) (3) =)
e, > (3!
r=1
6 a 3+9+15+21+..... b 24+12+6+3+......
i.e.,, the series is arithmetic with i.e.,, the series is geometric with
ur =3, d=6, n=23 uy = 24, r:%, n=12
Now S, = % (2u1 + (n — 1)d) g ur(1—r")
" 1—r
ie, Suz=2(2x34+6(23-1))
223 . 6. 24 (1—(3)")
= 7(6 + 132) 1e., 12 — 1_ %
= 1587
=48(1-(3)")

ie., S1o = 47.99
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7 8, /31—3r 1 1 1 1
a Z:l ( 5 ) =14+125 +11+95 +8+65 +5+ 33
This series is arithmetic with w; = 14, d = —1% and n =8.
the sum is 5 [28 4 7(—13)] =70

15
b > 50(0.8)" ' =50+40+32+......
r=1
This series is geometric with w1 = 50,
" .50 [1-(0.8)"] ouLo
€ Sum 1S 1——08 = .
8 5,10, 20, 40, ...... ie.,

Up = ur” P =5 x 2"t

Let un, = 10000 = 5 x 27!
2000 = 2"~*
n = 11.97 {using technology}

the sequence is geometric with wu; = 5,

+ 3.436 + 2.749 4 2.199

r=0.8 and n =15.

r=2

So, try the two values on either side of n = 11.97, ie., for n =11 and n = 12:

Uil = 5 X 210 and U2 = 5 x 211
= 5120 = 10240
i.e., the first term to exceed 10000 is wui2 = 10 240.
9 a ug = u1 X r° is the amount after 5 years, where 7 = 1.07
= 6000 x (1.07)°
ie., wug = 8415.31, i.e., the value of the investment will be 8415.31 Euro
b If interest is compounded quarterly, then r = 1+ % = 1.0175

and n

u21 = U1 X 7‘20
= 6000 x (1.0175)%°
ie.,
¢ If interest is compounded monthly, then 7
and n

U1 = Ul X T60
= 6000 x (1.00583)%°

5x4=20

uz1 = 8488.67, i.e., the value of the investment will be 8488.67 Euro

0.07 5
1+ ——=1.
+ 2 00583

=5x12=60

ie., wus1 = 8505.75, i.e., the value of the investment will be 8505.75 Euro
REVIEW SET 2C
1 wug =24 wr X1’ =24 .. (1)
uip = 768 w x 10 =768 .. 2)
10
uir 768 .
So e =57 (@)}
r® = 32
r =2
o . . 5 24 3
Substituting r = 2 into (1) gives wuy x 2° = 24 Uy — ==
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Up = urr" T = (%) PA

a wr= (2)27 b 5o ul-D
= 49152 .
N 32" —1)
21
= §@" -1)

Si5 = 2(2° —1)

= 24575.25
2 114+16+21+26+...... i.e., the series is arithmetic with w; =11, d=5
S, = g (2u1 + (n — 1)d)
n
= 5(2>< 114 5(n — 1))
= 3(22 +5n—5)
= %(5n+ 17)

Let S, =450 and we need to find n,
ie, Sn= g(5n +17) = 450

S5n?+1ln—450 = 0
5n® + 17n — 900 = 0
o.on = —15.2, 11.8 {using technology}
but n >0, . n =118

So, try the two values on either side of n = 11.8, i.e.,, for n =11 and n =12:
S o= & (5(11) +17) and Sz = 2(5(12) +17)

= 396 = 462

i.e., 12 terms of the series are required to exceed a sum of 450.

24, 8, %, %, ...... i.e., the sequence is geometric with w; =24, r = %
Up = ur™ !

_ 1\n—1

= 24(3)

Let wu, = 0.001 and we need to find n.
ie. u,=24(1)""" = 0.001
( )n—l _ 0.001

24
n = 10.18 {using technology}

wl=

So, try the two values on either side of n = 10.18, i.e.,, for n =10 and n =11:
Ul = 24 (%)9 and uilr = 24 (%)10
= 0.00122 = 0.000406

ie., w11 = 0.000406 is the first term of the sequence which is less than 0.001.
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1 u(l—r")
L a 128, 64, 32,16, ... ) B3 b Sn = —
i.e., the sequence is geometric with
_ _1 _ . 128 (1 - (3)")
Uy = 128, T = 3 Up = 513 1.€., S17 = l
Up = urr™ ! 2
RSP = 255.998
128 (1) .
ie, Si7z = 256
. 1 1\n—1
1.€., 512 — 128 (5)

) p—
2 65536
n = 17 {using technology}

i.e., there are 17 terms in the sequence.

@ Unpt1 =u1 Xr" where w; =12500, r=1+

5 0'0525 =1.04125, n=5x2=10
ie, wni1 = 12500 x (1.04125)'°
= 18726.65, i.e., the value of the investment is $18 726.65

0.0825
12

b uni 1 =wui xr" where wu; =12500, r=1+

ie, Uni1 = 12500 x (1.006875)%°
= 18855.74, i.e., the value of the investment is $18 855.74

=1.006875, n=5x12=60

6 u,i1=u xr" where up+1 = 20000, r=1+%:1.0075, n=4x12=48

12
ie, 20000 = u; x (1.0075)%®
ie, w; = 13972.28, ie., $13972.28 should be invested

7 a upiy1=wu xr", where w; =3000, r=105 n=3
ie, unt1 = 3000 x (1.05)3
= 3472.875, ie., approximately 3470 koalas
b uni1 =wu; xr" where u; = 3000, wu,y1 = 5000, r=1.05

ie, 5000 = 3000 x (1.05)"
ie, n=1047

i.e.,, after 10.47 years the population will exceed 5000, i.e., in the year 2008.
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EXPONENTS

EXERCISE 3A
1 a 2'1=2 22=4, 2°=38, 2* =16, b 31=332=9, 33=27, 3*=381
25 =32, 26 =64
¢ 5'=5 5%2=25 5%=125 5*=625 d 7'=7 7=49, 7 =343

EXERCISE 3B
1 a (—1)® b (—1)* < (=12
= (=1) x (1) x (1) = (=1)* x (1) -
=1x (-1 =(-1) x(-1)
=1 =1
d (—1)*7 e (=1)8 f —15
=1 _ — _(16)
=1
s h (-2 i 2
=—(1) = (-2) x (-2) x (-2) = (2%
—1 =4 % (—2) -8
= -8
[ —-(-2)? k —(-5) | —(-5)°
=—(-8 = —(25) = —(—125)
=8 =25 =125

2 a 512 b -3125 c —243 d 16807 e 512 f 6561 g —6561

h 5117264691 i —0.764479956 ] —20.36158496

3 a 0142857 b 0.142857 ¢ 01 d 01 e 0.015625 f 0.015625

g 1 h 1
We notice that 7*1—1 3*“’71 4*3—1 d a®=1 * >0
e notice tha = =35 Ve and a = or a
4 33 =3"x3"x3"x..x3"x3 But 3*=81 ie, endsinal
8 of these o3t 3t x3*x....x3* endsinal
8 of these

333 endsina 3

5 7t=7 72=49, 7°=2343, 7*=2401, 7° =16807

Now 77 =7'x7'x"x. .. xm™xT

19 of these

So, ends in a 1.

7 endsin 1x7="T.
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EXERCISE 3C
1 a 73 x 72 b
— 73+2

=75

e b x b° f
— b8+5
— i3
59
52
— 592

5% x 53
— 5+3

=57

a® x a"

— a3+n

3*x%x9
=3%x 3?2
— 3a+2

3z+1

3zfl
_ 3(@+D)—(a-1)
— 3x+1—x+1
=32

49
8@
(2%)

(23)=
2%
-

— 22y73z

a” x a?
T+2

=a

b7 x b™

— b7+m

5t =5
_5t.sl
:5t71

(54)95—1
— 54(96—1)
— 541:74

33:+1

317z
_ 3+D)-(1-2)
— 3z+1—1+1

— 32z

a* xa

=a* xa'

2t x 4t

P

B 2t x (22)t
- (23)z71

2t % 22t
= To3t-3

— 93t—(3t=3)

— 93
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®

(—2ab*)*
— (72)4a4b16
= 16a*b'®

b

f

b

4b* x 2b°

=8p>*3

= 8b°

7.3

18m'a
4mia3

7—4 3-3

:Tm

()

=~

(be)®
— b5c5

(3n)*
— 34n4
= 81n*

m2n3
— 5243
— m3n!
=m3n

10hk> x 4h*
=40 x hT4E3
= 40h°k>

d

h

=

(abe)?
PRTER
(2bc)?
23p3¢3
8b3c?
(%)
d
25¢°
&5

32¢°

dd
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9

10

11

50 =1

22 =4

2x 30
=2x1
=2

o W=
—
-

[l
w —~ —

—~

wlw W
—
V]

\
o
]
=
[\]
N

—
— N
S
N
|
-

of

I
/~ ~
[NCTRS RS o B V)
N—
N |
[ V)

I
|

S
S
L

b

-1
37t=32
1
-2 _ 1
1
72_ _

5 _5_;—5
43

f 6°=1

i 3
=
:2%

n 50 — 571
=1-1
_ 4
-5

b 2a7 !

2 1
= — X -

1 a
_2
_a

f (26)~2
1
~ (20)?
T

i (ab)~!
-1
T ab

n 2(ab)™!
2.1
17 ab
_2
T ab

([
ot U1|Uv
n - [V

J=

I
—~

Bl Wik
—
—

oo |
~

—
|
-

o i B
+ s
-+

~l=

N
o

]
-

~oo

d

N
|
w
Il
|
ool

([
W= W T
w
3, L3
[
3[0 ©
<
L

Il
3

|

L
— 100
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12 r=3" b =2 L=5" d T-_L -2
a 3= 3= ¢ 5= 12"
e L_ 1 ¢ L2 i i
27 33 25 52 $ 8 16v
=373 = 52 1 1
= (23)90 - (24)y
1 1
= 93z T o4y
— 2733: _ 274y
i ! i 2 K oosx54 1 O
81¢ 34 ) . 52
1 32 =5"x5 5-1-2
= Y- =3 — 52+(-4) -3
1 324 =577
~ 3 =372
— 37411
m 2+273 n ) 63 P 4 % 10?
=2'+27° =2% or 3% or 5° =(2x3)7? =2%x (2 x5)?
=21=(=% =273 %373 =22 % 2% x 52
=2* =2* x 57
13 1 less day, ie., 25 days
14 For 1 coin, 1 sum For coins A, B,C ABC AB A
For 2 coins, 3 sums AC B
For 3 coins, 7 sums — BC C
For 4 coins, 15 sums
For coins A, B, C, D ABCD ABC AB A
ABD AC B
ACD AD C
and 1 = 92'—1 BCD BC D
5 BD
3 =2"-1 CD
7T=2%-1
15 =21—-1 So, for 6 coins we expect 2% — 1 = 63 different sums.

15 a 5°=21423+254+27429 b

€ 12° =133+ 135+ 137+ 139 + 141 + 143 4 145 + 147 + 149 + 151 + 153 + 155

16 We notice that 175 and 75 have a common factor of 25.
So 27 and 57
_ (27)25 _ (53)25
= (128)*° (125)%° as 125 < 128, 57° is smaller.
EXERCISE 3D
1 a V2 b SLZ «c 22 d 42
1 1
:2% 1 =2' x 27 =22x2°
= 3 5
2% =2° =2

- 5l
[}

ol

[\

|
Wl

Il
o

73 =43 4+ 45+ 47+ 49 4+ 51 + 53 + 55
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f
2 a
3 a
f
4 a
a
6 a
f

2x 2

1

=2 x2°

2

ol

\IQl
\]

W=

4 1
— h V2)3 i
2 (v2) 5 /16
Tk (29)%
Lyxs
_227% =92 - L
= . =—
3 _ 27 23
—92 - 4
—9 3
1 1
— < V3 d 3v3
1 :?)Z :31 X32
= 3_% _31%
V27 4 /16 d /32
1 1 1
_ (33)4 _ (24) 5 — (25)3
3 4 5
— 31 =2° =27
1 1 . 1
h i
V27 /16 /32
_ 1 1 1
(3%)% (24)% (2%)3
_ 1 _ 1 _1
57 ~ ot T8
:37% :27% :27%
1.834 ¢ 0.794 d 0.435
1.682 ¢ 1.933 d 0.523
5 3 3
87 < 16* d 257
5 3 3
= (2)° = (2)* = (5)°
2° 2° =5
32 =38 =125
_3 _4 _4
9 ° h 8 ° i 27 °
_3 _4 _4
=(3%) * =(2%) " =(3")
— 3—3 — 2—4 — 3—4
1 1
=3 =0 =3
_ 1 _ 1 - L
- 97 — 16 - 81
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EXERCISE 3E
1 1l _1
1 a 22 (x4 227 + 1) b 2%(2* +1) c 2 (2 +x )
:.’E5—|—2{1:4—|—$2 :22z+2z :x1+x0
=z+1
T/ T T —x 1 3 1 _1
d e (e +2) e 3 (273 ) f xQ(ac2+2x2+3x 2)
_ 2z xT _ x 0
=e“" + 2¢ —2><3z—3 =w2+2x1+31'0
=2x3*—-1 2?4924 3
. -1 1
g 277(2% +5) h 577 (52 4 57) i z P(? a2’
— 90 _z _ g—z+2z —z+x 1 1
=2°+5x2 =5 +5 2?4 p? g0
=145x27" =5% 4+ 59 3 1
— 5" 4+ 1 =z 4z +1
2 a (2% 4+1)(2° + 3) b  (3°+2)(3°+5)
=2% 1 3% 2% 4+2°+3 =32 41 5x3*4+2x3*4+10
=22 1 4 x2°+3 =9+ 7x3"4+10
=47 4+22x2°+3
c (5" —2)(5" — 4) d (2" 4 3)?
=5 _4x5%—2x5" 438 =(2")2 42 x2° x 3+ 37
=25" —6 x5 +8 =22 1 3x2t® 19
=4 +3x2°F1 49
e (3* —1)2 f (4% +7)?
=(3%")? -2x3"+1 =42 42 x4" x T+ 7
=3 _2x3%"+1 =4%" L T x2x2%% 449
=9 —2x3"+1 =% L 7 x 222t 4 49
1 1
g (x® +2)(=° —2) h (2 +3)(2* - 3)
_ x%)2_22 =(2")? -3
2x
=rx—4 =277 -9
1l 1 1l 1 . 2 2
i (z® +2 *)z® —z ?) J (w—l—;)
B
2 4
1 =2’ +2xzTX =+ —
—r— = r x
x 4
=z’ +4+
X
k (e —e™®)? | (5—27")?
= (e")? —2e"e " £ e =52 -2 x5x27" 4 (27%)?
— 2 _ gy 2@ =25 -5 x27% 4972
EXERCISE 3F
1 a 2% =9 b 2% = 4 < 3% = 27 d 2% =1
2® = 2! 2 = 22 ;32 =38 soo2® =20
r =1 r = 2 o =3 =20
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T 1 x 1 T
22 = 271 o3 =371 2 =
z = -1 z=-1 T =
i 2272 — i l 3x+1 — % k 21+1 —
902 — 92 3Tt = 373 27 =
r—2= -2 oz4+1=-3 Soztl=
z =0 r = —4 LT
2 a 47 = 32 b 8" = 1
22r _ 95 L gdw _ 92
2r =15 3r = =2
z % x 7%
T 1 x 1
72x — 7—1 . 223: — 2—3
20 = —1 S 2 = -3
_ 1 . _ _3
r = —3 S = -3
+2 _ -z _ 1
g 8T = 32 h 87T =2
23(z+2) — 95 23(1—1) _ 272
3r+6=5 S 3-3z = -2
3z = -1 . =3z = -5
T =3 r =3
i 9% =3 k (L™ =2
2(z—3) _ ol .
3 =3 (2 1) +1 91
20 —6 = 1 {1
20 =7 TR 5
=
7
=2 T = -2
m 4" =8 n (1" =38
2= ()" so(2) T =2
2x = -3z —242z = 3
z+1
P (3)7 =32
@)
—r—1=25
—x =6

N ool

2z+1 —
21+1 _

r+1=

2172%

2172z

1—-2z =

9* =

32z _
2x =

25" =
523: —
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3 a 4214»1 — 8171 b 9271 _ (%)21+1 c 97 8171 _ %
(22)2z+1 _ (23)1—w (32)2—1; _ (3_1)2z+1 9T (23)1—:0 _ 2_2
4dr+2 =3—-3z s 4—2r = —2x-—1 Lo r+3—-3r = -2
Lo Tr =1 4= -1 . —2x = =5
T = % So, no solutions exist. C.ox o= %
h a 3x2"=24 b 7x2" =56 € 3x2°h =24
2" =38 so2T =8 o2t =8
27 = 2° coo2t =28 soo2vth =98
r =3 oo =3 S x+1=3
T =2
d 12x37"=1% e 4x(3)" =36 f o 5x(3)" =20
-z _ 4 . z 3 x
377 =412 )= SO
—x _ 4 1 x T
3 =3 X D) (3—1) — 32 (2—1) — 22
37 =14 3T =32 o x =2
3—20_3—2 —r = 2 r = —2
x =2 T = -2
EXERCISE 3G
1
1 a Whenm:%, y =27
from point A, y = 1.4
1
270 =14
b When z=08, y =208 4
from point B, y = 1.7
208 = 1.7 3
€ When z=1.5 y=2"°
from point C, y = 2.8 <
215 = 98
d When z=-16, y =274 1
from point D, y = 0.3
2716 = 0.3 1
2

a vertical translation of a reflection in a vertical dilation a vertical dilation
2 units downwards the y-axis of factor of factor 2

y=—2 isa HA ‘
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»y
L '.‘ y=3"
1 =37t
-1
\ 3
a reflection in a vertical trans- a reflection in a vertical dilation
the y-axis lation of 1 unit the x-axis of factor %
y =1 is the HA
5 a Ay
y (2,5) y=2
. ’}1
y=2"+1 ‘y =2-2 \1 x
=1
- (2-2)
Y x A

a vertical translation of 1 unit
Horizontal asymptote is y = 1.

When z=2, y=4+1
=5

When =z =-2, y = i—l—l
1

— 11
1
< Ly
(=2.7)
G e
y=3
= X
v
The HA is y = 3.
When z =0, y=3+1=4
When z = 2, y=3+%:3%
When z=-2, y=3+22=7
EXERCISE 3H

1 a When ¢t=0, Wy= 100 grams
b i When t =4, ii
W, = 100 x 2014

= 100 x 24

= 132 grams

ifli  When t =24,
Was = 100 x 20-1x24
= 100 x 2%*
= 528 grams

The horizontal asymptote is y = 2.
When =0, y=2-2°=2—-1=1
y-intercept is 1

When = =1, y=2-2=0
When z = 2, y=2—-4=-2
When z=-2, y=2-1=13
by
y=3 /z/’"@?%)
(-2-1) *
y=3-2"° ,
The HA is y = 3.
When z =0, y=3—-1=2
When z=2, y=3-1=23
When z=-2, y=3-4=-1
When ¢ = 10, W, (grams) (24,528)
Wio = 100 x 2*
10 W, =100x2°1

= 200 grams
(10,200)

100 (4,1320) ¢ (hours)
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2 a Py, =50 (the initial population)
b i When t=2, ii  When t =5,
P, = 50 x 29%%? Ps = 50 x 20375
= 50 x 20-¢ = 50 x 21° (5.141)
= 75.785.... = 141.421.... _S0e—(276) 1 (years)
So, the expected popu- So, the expected popu- i
lation is 76 possums. lation is 141 possums.
iii  When t =10,
Py = 50 x 20-3%10
= 50 x 2°
= 400 So, the expected population is 400 possums.
3 a Whent=0 b When t =20 ¢V becomes 2Vp
Vo = Vo x 2° Vao = Vi x 20:05%20 a 100% increase.
=W = Vo X 21
So, the speed is Vo. =2V
So, the speed is 2V5.
d <@) x 100% This expression is the percentage increase
20 in the speed from a speed at 20°C
Vo x 225 — V x 2! increased to the speed at 50°C.
Vo x 21 Vso — Vo is the increase in speed.
925 _ 9l
= ( 51 x 100%
= 183%
L a By=6 pairs = 12 bears € Atyear 2008, t=10
. By — B
b Atyear 2018, t=20 % increase = (%) x 100%
10
- By = 12 x 20:18x20 v .
12 x2°° =12 x 2™
=12 x 23° - 1
( 12 x 215 ) X 100%
= 145.508....
= 146 bears 93.6 _ 918
EXERCISE 31 = 248%
1 W =250 x (0.998)" grams
a Wy = 250 x (0.998)°
=250 x1
= 250 grams
b i When t=400 il When ¢ =800 iilil ~ When ¢ =1200
Waoo Wsoo Wiz00
= 250 x (0.998)°° = 250 x (0.998)3%° = 250 x (0.998)1200
= 112 grams = 50.4 grams = 22.6 grams
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¢ 250 1 W(t)

W (f) = 250 (0.998)"

200
150 (400, 112)
100
(800, 50.4)
50

(1200, 22.6)

y 1000

2 R =8000 x (0.837)"

1 When t=0, R = 8000 x (0.837)°

= 8000 x 1
= 8000 rabbits

2  ‘to the power 3.5’ means that
(0.837)%% = (0.837)% x /0.837

3 When R =80,
8000 x (0.837)" = 80
(0.837)" = 0.01

and by trial-and-error methods,
ie.,

3 7, =100 x 27002

a T, =100x2° b i Tis = 100 x 270:02x15 i Th = 100 x 270:02%x20
=100x 1 = 100 x 2793 = 100 x 2704
= 100°C = 81.2°C = 75.8°C
c T,(°C)  7,=100x27°% Wi Trs = 100 x 2709478
100 o ! — 100 x 27156
(20,75.8) = 33.9°C
(15, 81.23)
¢ (min)
L W, = 1000 x 27003t a Wy = 1000 x 2° b i Wy
= 1000 x 1 = 1000 x 2793
= 1000 grams =812¢g
C
W, (gram
1000 (grams)
VV, — 1000)(2_0'03[ ii WlOO iii W1000
= 1000 x 273 = 1000 x 273°
(100, 125) =125¢ =931x10""g

¥ ! (year9)

t =26
it would take 26 weeks (approx)

d When W(t) = 125
250 x (0.998)" = 125
(0.998)" = 0.5

.t = 346.2 {technology}

i.e., it takes approximately 346 years

L Yes, after a very long time.
Notice that when R =1

8000(0.837)" = 1
(0.837)" = 0.000125
and by trial and error ¢ = 51

i.e., after 51 weeks
k
5 a0} R
6000 .
R = 8000x (0.837)
4000
2000
Y 5 10 15 20 2 7
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5

6

% change

When t =0, Wy = Wy2° b %loss = (M> x 100%
Wo
= Wy
o ) Wo x 2702 _ Wo
the original weight was Wy = - W, x 100%
= (2792 - 1) x 100%
= —-12.9%
ie, a12.9% weight loss
When t =0, Iy = Iy x2° b When t=1, I, = Iy x 27202
= Ipx1 = 0.9862 x Iy
= IO
the original current is /o amps d I =lox2" = %IO
_ 1100210X22:i10
- (Il IO) x 100%
Io
- (0.986[0 —Io>  100%
Io

REVIEW SET 3A
_(_1)10
—1 {(=Dn¥*=1} = —[-27]

(0.9862 — 1) x 100%
—0.0138 x 100%
= 1.38% loss

a*b® x a®b?
— g2 o2

2173
2%—3
z—3

9(1)
(3%)°
2z
8x

=6

ol

P[]

27272z
(33)2—2x
=6— 6z
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2 2 2
6 a 8’ =(2°)"=2"=14 b 27 °
7 a 228 b 0517 ¢ 3.16
8 f(x)=3x2" a f(0)=3x2" b f(3) =3x2?
=3x1 =3x8
=3 24
9 y o oy=27 a
asymptote y =0
1
— X b
asymptote y = —4
_3 y=2"-4
3
10 7 =80 x (0.913)* °C

a When t=0, T

=80 x1
= 80 initial temperature is 80°C
b i When t=12, ii  When t=24, fii
T = 80 x (0.913)*? T = 80 x (0.913)**
= 26.8°C = 9.00°C
< 7(°C) d When T
g 80 x (0.913)" =
20 T = 80x (0.913) 0.913" =
20 t =
30, .
¢ (minutes)
REVIEW SET 3B
1 a —(-2)3 b 57t —5°
=—[-§] =31
_ 4
8 =3
2 a (d)? b pg’ xplgt
— 7X3 — p1+3q2+4
— a21 — p4q6
3 a 7% b 27 x4 <
1 =27 x 22
ot — gat2
—94

80 x (0.913)°

y = 2% has y-intercept 1 and horizontal

y = 2% — 4 has y-intercept —3 and horizontal

When t = 36,
T = 80 x (0.913)3°
= 3.02°C

25
25
0.3125

12.8 sec  {technology}

8ab®

%a174b574

=
Q
w
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h a 2 xa™? b 2(ab)~? < 2ab™2
— —2+(=3) 1 1
- =92 = 2a X (_)
e " (ab)? Z
- 9 _ 2a
1 -2 =
= E a2b2
5 a 2ot = 32 b 4 = (3)°
21+1 = 25 (22)z+1 _ (273)1
z+1l=5 242 = —3¢
z =4 - Br = —2
z =2
1 1 1 1
6 a 81=3" b 1=3° ¢ —=—=33 d —— _—_ _35
27 33 243 ~ 35
7 a ﬁ _ i b (\/g)lfz > 91721‘ _ (3%)173: % (32)1721
Qga (32)@
_ 33,2a _ 3%7%1«{»274:
53
=3
8 a When =0, y=3"-5 =1-5 —4 b as z — oo,
When =1, y=3'—-5 =3-5 = -2 3% — oo, Yy — 00
When z=2, y=32-5 =9-5 =14 as T — —oo0,
When z=-1, y=3""'-5=31—-5=—-42 3% =0, y— —5
When z=-2, y=32-5= % _5 = _4% (from above)
c LY /y _3_g d y= -5 is the horizontal
A - asymptote
/ x
4___4-/_4 y:—S
A\
9 a 27° = 3 b 9l—® = gro+2
(33)z — 31 (32)17z — (33)z+2
3z =1 2—2x =3x+6
a::% —bx = 4 and so x:—%
Yy
10 4% x 2Y = 16 8% =27 From (2), y = 6z
(22) x 2¢ = 21 (287 = 2% in (1), 2z+6z =4
2c+y =4 ... (1) . 8 =4
3¢ =2 .. ) )
2 X 3
and so 6x:=3
REVIEW SET 3C Y 2
1
1 a 1 b 32=2° < — d V8
4 \/5 \ %
_ 1 1 =(27)
22 = s
=277 27 =27

77
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2 a 4% x &b
— (22)a X (23)1)
:22a ><23b
_ 92a+3b
3 a When 2=0, y=3-2° =
When z =1, y=3-2"1 =
When z=2, y=3-2"2=
When z=-1, y=3-2' =
When z=-2, y=3-22 =
c Ly
y:S/Z/"'
= %
y=3-27"
A\
1
L a 8" = —
V2
. 1
(2% = —
22
g3r — g ?
1
3z -3
1
xr = ~%
5 a mn~2 b (mn)™3
1
=m X — = 1
n (mn)?
_m
m3n3
6 a V5 b V27
:5i _ (33)%
3
— 32

(.
> N = = =

w w W w w

=N NN
[N [SSER ST

b

gl—z

4o+2
gl-e

(22)7+2

21—x
= 22014

— 21717(2z+4)
— 21—7;—233—4

— 273173

b as z — oo,
277 - 0

as r — —oo,

d HAis y=3

q2e+1 _ (1)2*1

2

(22)2z+1 — (271)27z
dr+2 = -2+
3z = —4
z=—4
mzigl d
p
ok
n —
m2p2
n
1
d
/16
J— 1 —
(24)3
1
i =
23
_4
=92 3 =

y—3
(below)

y — —00
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7 a 8% b 273 d (25)*%
3\ 3 4 _3
:(2)3 :(33)3 :(52) 5
:24 _34 :573
=16 81
B
— L
125
8 a
Ay
y=2"
1
- 4—/ X X
\ y
9 ’y:27z—5 Ay
0 - X x
When =0, y=2"-5=1-5=—-4
-intercept is —4
y-intercept is oS
as x —o0, 270 . y——b
. y=-35 —4
So, y=—5 isa HA ¥
as * — —o00, 27% 500 .. y—00
10 3" x3" =9 9% = 3v—2 From (1), y=2—-=
35 = 37 oo(3%)T =3v2 2 =2—1-2
TH+y =2 .. ) L 2r=y—2 .. ) S 3z =0
rz =0

So, z=0, y=2
REVIEW SET 3D

Z1N\ 2
1 a 4x2" b -7 « (3 d (222 >
=22 x 2" =1-1 _(2)3
_ 22+n _ 6 —\2 22a72
- 7 _ % = b4
=33 4
’ e
2z+1
2 a 2288 b = = grt1-(1-2)
2 ].44 — 22+171+z
2 72 o
2 [ 36 =2
2 18
3 9
3 s 288 =25 % 3?
1
3 a 1=5° b 5v5 < — d 25913
V5
3 _ /e2vat3
=5 x 57 1 = (5%)
= — __ r2a+6
1% T =5
=5 5%
3 _1
=57 —5 17
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h a  —(-2)? b (~ia®)’ ¢ (=3 H)®
=-[4] = (-1)%a" = (-3)7%°
= 1 -6 - b
kN (-3
1
1y 1
=7 X 5 - 3
@ 370
1
BT __r
o7
L 1
5 a e“(e™® +e%) b (2% +5)2 < (a:2 — 7) <$2 + 7>
=el 4 =(2°)2 +2 x 2% x 5+ 52 ,
—14e = 9%y 5x 2o+ | 95 :<$%> g
=474 5x 2" 425
(or 227 410 x 2° + 25) =a' —49
=x —49
6 a (3—2%)2 b (Vz +2)(yx —2) c 277(2% 4 27)
=32 —-2x3x2%+ (292 = (yz)? -2 =g =t 9wt
=93 x 20t 4 2% =z—4 =2 +2°
(or 9—6x 2%+ 229 =27 41
7 a 6x2° =192 b 4x(3)" =324
2% = 32 x
. (3 =81
=2 e 4
r =25 (7)) =3
. 372: — 34
z = —4
8 W = 1500 x (0.993)" grams
a When ¢t=0, b i When ¢ =400, ii When ¢ =800,
W = 1500 x (0.993)° W = 1500 x (0.993)%%° W = 1500 x (0.993)3°°
= 1500 x 1 = 90.3 grams = 5.4 grams
= 1500 grams
< d When W = 100,
W (grams) 1500 x (0.993)" = 100
15000 2 (0.993)" = 0.0667
W =1500x (0.993)" By trial and error
/ (years) (0.993)3%° = 0.1216
» A (0.993)*° = 0.085 56
i 400 800 350
(0.993)*%° = 0.069 30
(0.993)%%° = 0.066 91
(0.993)%%6 = 0.066 44
i.e., about 386 years
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LOGARITHMS
EXERCISE 4A
1T a 10*=10000 b 107'=0.1 ¢ 10% =V10 d 2°=8 e 27°=1
f 3% =927

2 a log,4=2 b log,(3)=-3 € log,,(0.01)=-2 d log;49=2 e log,64=6
10%3(2_17):_3

1
2

3 a As 10°=100000 b As 1072 =0.01 € As 3° =3
then log,,(100000) =5 then log,,(0.01) = —2 then log;(v/3) = 3
d As 25=38 e As 2°=¢64 f As 27=128
then log,8 =3 then log, 64 =6 then log, 128 =7
8 As 5° =25 h As 5°=125 i As 27°=1=0125
then logs 25 = 2 then logs 125 = 3 then log,(0.125) = —3
L 1
j As 9° =3 k As 4°=16 I As 36° =v36=6
then logy3 = % then log, 16 =2 then log,s 6 = %
1
m As 243 =3° n As v2=2° 0 As a" =a"
then logs243 =5 then log, ¥/2 = % then log, a" =n
3 1 1 1 3 1%
P As 2=38 q As o=t r As 6V/6=6'x6> =6
then log,2 =%
& ? then log, (%) =-1 then logs(6v/6) = 13
s As 1=4° t As 9=9'
then log,1=0 then logg9 =1
4 a =218 b =140 ¢ =187 d =-0.0969
5 a log,z=3 b log,z =131 ¢ log, 81 =4 d log,(z—6) =3
z =2 _ 4t 81 =2t Loz 6=2°
z=28 v = +81 . x—6=28
T =2
L = £3 Lo =14
but >0
r =3
6 a log,, 4 b logs(3) c log,,(0.001) d log, (%)
= log, 2° = logy 37! =log;p107°

_ 1
=2 =-1 =-3 = logg <—1>
35
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e log,, v/100
= log,, (102)

2
= log,, 10°
2

3

EXERCISE 4B

1 a log 10000
= log,, 10*
=4

e log v/10
1
= log;, 10°

2

i log v/100
= log, (102)

2

=log,, 10>

ol

f log, (2v2)

= log, <21 2

3
= log, 2°
3

2

W=

)

b 1og0.001
=log,, 1073
=-3

f log ¥/10

1
= log; 10°
1

3

P ()

102
=log;, I
102

b
= log,(, 10

n  log (10 x 100)
= log; (10% x 10%)
= log, (10“+2)
=a+2

[log] 10000 [ENTER]

g log; (25v/5)

2.3
= logy <5 5 >

5

2

=logs 5

_5

2

C log 10

= log,, 10"
1

g lo L
8 V10
_1
=log,,10 *

k log (10 X W)

1
= 10g10<101 X 103>

4
= log;, 10°
_ 4

3

o o (ﬂ)
&\ 10m
= log;, (10'™™)
=1-m

b 0.001 ENTER

¢ [log] [nd] V720 ] [)] [ENTER]

d [log]ro [A[[(]1 [=] 3 DI D] [ENTER
e [log] o0 [A] [(]1 =] 5 D] D] [ENTER]
t [log] 10 [X] [2nd] V] 10 D] )] [ENTER]

[log] 1 [£] [2nd] ] 10 [J] )] [ENTER]

v [iog] [] 0[] 02 [J] [ENTER

3 a 6 b
:1010g6
i100‘7782

f 15 g
— 1010g 15
- 101.1761

60 C 6000 d 0.6
_ 1010g 60 — 1010g6000 — 1010g(0.6)
= 101.7782 = 103.7782 _ 10—02218
1500 h 1.5 i 0.15
— 1010g 1500 — 1Olog 1.5 _ 1010g(0415)
— 103.1761 — 100.1761 — 10—08239

= log, 2
_ 1
-3
d logl
= log;, 10°
=0
h log 10v/10

1 1
= log;, 10 10°

2
=log,,10°
3

2
I 1og1000v/10

= 10g10(103 x 10%>

= log,, 107
7

2

100
= logy, (10°7°)

=a-—>

p log (10“)

e 0.006
— 1(los(0.006)
— 1022218

j 0.00015
— 1(los(0.00015)

— 10—348239
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i log 3 il
=0477

i log 5
= 0.699

8
Il
—_
[en]
©

x = 100

logz = 0.8351

r = 100.8351

r = 6.84

EXERCISE 4C

1

d

log 8 +1log 2
= log(8 x 2)
= log 16

log4 +log5
=log(4 x 5)
= log 20
1+log3
=log 10" +log3
= log(10 x 3)
= log 30

2+ log2
=1log10? 4 log 2
=log(100 x 2)
= log 200

log 50 — 4
=1log 50 — log 10*
= log (+5)

= 10g(0.005)

5log2 + log 3
=log2° +log 3
= log(2° x 3)
= log 96

= 2477

log 300 b 300 = 3 x 10°
= 10"%3 x 10°
— 1010g3+2
log 300 = log3 + 2
log 0.05 b 0.05 = 5x 1072
= 10"8° x 1072
— 1010g5—2
log(0.05) = logh —2
logz =1 ¢ logz =0 d logz = -1
x = 10" oz =10° oz =10"
xz =10 z=1 r = %
logz = —1 g logz =4 h logz = -5
= 10-% o= 10% ox=107°
1 z = 10000 z = 0.00001
T =—F
10°
= L
V10
logz = 2.1457 k logz = —1.378 I logz = —3.1997
L= 1021457 z = 10-1378 g o= 10731997
T 140 x = 0.0419 c.oox = 0.000631
b log 8 — log 2 [ log 40 — log 5
_ 8
= log(3) =log(3)
=log4 =log8
e log 5 + log(0.4) f log2 + log 3 + log 4
= log(5 x 0.4) =log(2 x 3 x 4)
= log 2 = log 24
h logd —1 i log5 + log4 — log 2
= — 1 _ 5x4
= iog 44 log 10 = log (%)
= log(55) =log 10
= log(0.4)
k log 40 — 2 | log6 —log2 — log 3
= log 40 — log 10® = log(6 <+ 2 + 3)
= log (755) =log1
= log(0.4)
n 3 —log 50 o log(3) +log3 +1log7
_ 3
flogl() —10g50 zlog(§><3><7)
= log (%) =1
= log 28
= log 20
b 2log 3 + 3log2 c 3log4 — log 8
=1log3? 4+ log2® =1log4® —log$8
= log 72 =log8
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d

2log5 — 3log2
= log 5% — log 2°
=log ()

3 —log2 —2logh
=1og 10% — log 2 — log 5*
= log(1000 + 2 + 25)
=log 20

log 4
log 2
_ log?2?
" log2
_ 2log?2
~ log2
=2
log 3
log 9
~ log3
" log 32
_ log3
~ 2log3
=1
=32
log9 = log3? b
= 2log3
log (%) = log57! e
= —1logh
= —logh
y =2°
logy = log2*
logy = xlog?2
M = ad*
log M = log(ad®)
log M = loga + logd*
logM = loga+ 4logd

e

1log4 +1log3

1
=log4® +log3

log(2 x 3)
log 6

1 —3log2 + log20
log 10* — log 2% + log 20
log(10 =+ 8 x 20)

=log 25
1
og 27 c
log 9
_ log 33
" log 32
_ 3log3
"~ 2log3
_3
2
log 25 f
log(0.2)
_ log5®
" logh5t
_ 2logh
~ —1llogh
=-2
1
log V2 = log2? c
= % log2
logh = log (%) f
= log10' —log2
=1-—1log2
b y =
logy =
logy
logy
d T
logT
logT
logT

f 3loe(3)
1
=log (5)°
1
= log (2_3) 3
=log27!
=log(3) or —log2
i — 3log4 —logh
=1log 102 — 10g4% —logh
= log(100 + 2 + 5)
=log 10
=1
log 8
log 2
_log 28
" log2
_ 3log2
"~ log2
=3
log 8
log(0.25)
log 2° 1 1
= log 22 {025 =3 =55}
_ 3log2
- —2log?2
—_3
2
1
1) —
log (5) = log (5)
= log273
= —3log2
log 5000 = log (129%)
= log10* — log 2
=4 —log2
20°
log(206%)
= log20 + log b®
= log20 + 3logb
1
= 5Vd = 5d°
1
= log(5d*)

1
= log5 +logd?
= logh5 + %logd
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1

R =0b/1=0l"

1

log R = log(bl?)
logR = logb—i—logﬁ
log R = logb+ %logl

y = ab”
logy = log(ab®)
logy = loga + log b”
logy = loga + xlogb

L=2=

log L = log <a?b)

log L = logab —logc
log L = loga + logb —logc

S = 200 x 2¢
log S = log(200 x 2%)
log S = log 200 + log 2°
log S = log 200 + tlog 2

log D = loge + log?2 b
= log(e x 2)
D = 2e
log M = 2logb+ logc e
= logb® + loge
= log(b?c)
M = b’
logP = 3logz +1 h
= logz® 4 log 10*
= log(10z%)
P = 102°
log, 6 b
=log,(2 x 3) =
= log;, 2 + log; 3

=ptq

a
f Q= o
log Q = log (%)

log Q@ = loga — log b"
log@Q = loga —nlogb

h P20 _2
vnooo2
log F' = log <2—?)
nZ
1
log F = log20 —logn®
log F = log 20 — %logn
a a\z
j N = e —
! b (b)
a\?
log N = log (—)
b
log N = %log (%)
log N = 1{loga —logb}
| = —
Y pn
am
1 =1 —
ogy 0g ( b )
logy = loga™ — logb™
logy = mloga —nlogb
log FF = logh — logt ¢ logP = %logm
5 1
= log <¥> = logz”
P 5 P =z
t
log B = 3logm — 2logn f logN = —élogp
= logm?® —logn? — logp_%
3
m
= log —_ - 1
(n2 ) = lOg <%>
3
m 1
B = —— -
n? N YD
logQ = 2 —logx
= log 10? — log
1 1
(1) g
x x
log,, 108 < log;, 45
log, (2%3%) = log, (325)
= 2log, 2 + 3log, 3 = 2log, 3 + log, 5
=2p+ 3¢ =2q+r
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10

d log,, ( ‘/_) e log, () f log, (0.2)
= log, 5 — log, 2° = log, (3
= log, (5 x 3%) — log, 2 o80T OB ()
1 = log, 5 — 5log; 2 = log, 2 — log,, 3
=log;, 5 + 5 log;, 3 — log,, 2 —r—5p
_ 1 =p-—2q
=r+3q—p
PR
a log,(PR) b  log,(RQ?) ¢ log, (6)
=log, P+ log, R = log, R + log, Q*
=zr+z = logy, R+ 2log, @ = log,(PR) —log, Q
=z+2y = log, P + log, R —log, Q
=r+z—y
3 2
2 Q R*VQ
d log, (P \/@) 1 e log, (ﬁ) f log, ( p3 )
:log2P2+log < log, Q* — log, R¥ log, R? + log, Q% — log, P*
f— — 2 = 2 —
= 2log, P+ 1 1og, Q 0g, Q" — log, 0gy R” +log, @7 —log,
20 + :3log2Q—%log2R =2log2R+%log2Q—3log2P
= 2z =
2y :3y—%z :2z+%y—3x
N2
a log, N? = 1.72 b log,(MN) c log, <\/_M>
2log, N = 1.72 =log, M +log, N L
log, N = 1.72 +2 =1.29+0.86 = log, N? - log, M2
= 0.86 =215 =2log, N — 3 log, M
=2(0.86) — $(1.29)
=1.075
a log327+logs(3) = logg b logs z = logs 8 — log(6 — x)
1y _
logs(27 x 3) = logg log, = = log, <6§ )
logs 9 = logs z 3 z
T =9 T= T2 Note: = > 0
) and 6—2 >0
bz — 2" = ie, 0<z<6
- —6z+8 =0
(z—=2)(x—4) =0
. x=2o0r4
¢ log; 125 —logs /5 = log; = d logogz = 1+ logy, 10
125 log,y = = logy, 20" + logy, 10
logs (\/_> = logs = logy, 200
@ = 22 or 25v/5 z = 200
e logz+log(x+1) = log30 f log(z+2)—log(x —2) = logh
log[x(x;r 1)] = log 30 ( ) = log5
z°+x =30
2> +2—-30=0 +2 _ .
(x+6)(x—5) =0 -2
r = —6orb z+2=>5r—-10
but x>0 for logz to exist —4xr = —12
Note: z+2>0and 2—2>0 .. z>2 V
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EXERCISE 4D

1 a 2°
log 2%

xlog?2

10

lo

(1.2)®
zlog(1.2)

T

3% =
log3® =
zlog3d =

3

(5
log(0.75)"
x10g(0.75)

a
20.25t

log(20.25t)
0.25tlog 2

t =

t

log

—0.25tlog 3 =

t

log

—0.02tlog 5
t

t

log 10
log 10
log 10

)" =

200 x 20.25t —

30 x 3—0A25t
370.25t

370.2515

50 X 570.02t
5—0.02t

—0.02¢
5

3(E
log 3°
xlog3
= 3.32
o2 = 3.3
= 1000
= log 1000
_log 1000
~ log(1.2)

=379

0.00025
1og(0.000 25)
1og(0.000 25)
10g(0.00025) .

—7.55

log 3

107"
—4
—4
—4
log(0.75)

=320

600
=3
log 3
log 3

log 3
0.25 x log 2
6.34

3

L
10

log(0.1)
log(0.1)

log(0.1) .
—0.25 x log3 8.38
1
= = 0.02
log(0.02)
log(0.02)

log(0.02)
~0.02 x log5

122

20

log 20

log 20
log 20
log 3

x1og(0.99)

C 4% = 100
log4® = log 100
zlog4 = log 100
=273 _ 100 55
log 4
2% = 0.08
log 2® = log(0.08)
xzlog2 = log(0.08)
_ log(008) .,
log 2
(3)" = 0.005
log(0.5)® = log(0.005)
x1og(0.5) = log(0.005)
log(0.005)
= ————= =764
log(0.5) ~

(0.99)° = 0.000 01
log(0.99)" = log(0.00001)

= log(0.00001)
log(0.00001)
r = —-=
log(0.99)
x = 1146 or 1150 (3 s.f.)
20 x 20-96¢ — 450
200 = 225
log(2%-%5%) = log(22.5)
0.06tlog 2 = log(22.5)
‘ log(22.5)
"~ 0.06 x log?2
t = 74.9
12 x 27995 — .12
—0.05
2 b= s
log 27%9% = 1og(0.01)
—0.05tlog 2 = log(0.01)
log(0.01)
t = —=>"— =133
—0.05 x log2 *
300 x 20905t = 1000
20A005t — %
log 20.005t — 1Og(1?0)
0.005tlog2 = log(%2)
P log(42)
"~ 0.005 x log 2

t = 347
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EXERCISE 4E
1 W, =20 x 20-15¢ grams
a When W; = 30, b When W; = 100,
20 x 2°1% = 30 20 x 215 = 100
9015t _ 1 5 . 9015t _ g
log 2°1%" = log(1.5) o log 2018t = log 5
0.15t1log2 = log(1.5) -, 0.15tlog2 = logh
¢~ _log(l5) g logb
T 0.15 x log2 0.15 x log 2
t = 3.90 hours .t = 15.5 hours
2 T =100x 2729 °C
a When T = 25, b When T = 1,
100 x 27993 = 25 100 x 27993 =1
9—0.03t _ 1 _ 9-2 . 9=0.03t _
4 . l 270.O3t _ 1 1
—0.03t = —2 . log = 1log(0.01)
L 2 o —0.03tlog2 = log(0.01)
003 o= —1oe00h) . o1 in
t = 66.7 min —0.03 x log 2
3 W;=1000 x 27°% has W, = 1000 x 2° = 1000 grams
a For the weight to halve, b For W, = 20,
W = 500 1000 x 27294 = 20
1000 x 27994 = 500 so2700% = 0,02
97004t — 1 _ 91 o log 27004 — 10g(0.02)
—0.04t = —1 o —0.04tlog 2 = log(0.02)
‘= 1 C - log(0.02)
T 0.04 7 —0.04 x log2
t = 25 years .t = 141 years
C When W: = 1% of 1000 grams = 10 g, and so —0.041og2 = log(0.01)
1000 x 27904 = 10
—0.04t log(0.01)
coo2T = 0.01 St = ——
—0.04t —0.04 x log 2
log 2 = log(0.01)
t = 166 years
b W =Wy x 2790002 gramg
a When W is 25% of original, b  When W is 0.1% of original,
W = 1 of Wy W = &L of W
o WG x 2700002 _ S 1 - WG x 2700002t _ ﬁ WS
9—0.0002t _ 9—2 . log 2700002t — 166(0.001)
0.0002t = 2 —0.0002tlog 2 = log(0.001)
2
t= ——— log(0.001)
0.0002 a ~0.0002  log 2
b= 10000 t = 49829

it would take 10000 years i.e., it would take about 49 800 years
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s V:VOXQOJt

When t=0, V=Vyx2°=V;

So, we need to find ¢ when

6 I =1Ipx2 %92 gmps
When t =0, I=1Iyx2°=1Iamps

So, we need to find ¢ when

V =3W I = 10% of I
e, Vox 201 = 315 K x 27002 — 01 x K
log2°'* = log3 log 27992t — 1og(0.1)
0.1tlog2 = log3 —0.02tlog 2 = log(0.1)
log 3 log(0.1)
= ——= =158 ;= —oelWl) .y
0.1 x log2 —0.02 x log2 ° 66
the temperature would be 15.8°C. i.e., it would take 166 seconds.
7 V=50(1-2""%)
So when V' =40, 50(1—27°%) = 40
1-2702 =08
- 270A2t =02
log 2722 = 10g(0.2)
—0.2tlog 2 = log(0.2)
log(0.2) . .
= ——<— =11. .e., it 1d take 11. .
t 02 x10g2 - 6 i.e., it would take 11.6 sec
EXERCISE 4F
1 r = 107.5%, 2 w1 = 10000
= 1.075 Un+1 = 15000
w1 = 160000 r = 104.8%
Unt1 = 250000 = 1.048
n Un+1 = U1 X r"
it = e 15000 = 10000 x (1.048)"
250000 = 160000 x (1.075)™ oy - X '
(L07)" = 1 (1.048)” _ 1.5 1.5
og(1. = log(1.
log(1.075)" = log(22) 8(1.048) 8(15)
nlog(1.048) = log(1.5)
nlog(1.075) = log(22) log(1.5)
log( 25 "7 Tog(1.048
_ _108G8) . 61709 (1.048)
log(1.075) n = 8.648....

i.e.,, it would take 6.17 years

(= 6 years, 62 days)

3 a

8.4%
12

So T =

is =0.7

100%
100.7
= 1.007

8.4% p.a. compounded monthly

% a month

+0.7%
%

i.e.,, it would take 8.65 years
(= 8 years, 237 days)

b w; =15000 and w,i1 = 25000
Unpt1 = ur X 71"
25000 = 15000 x (1.007)"

(L.o07)" = 22 =2

53
log(1.007)" = log(2)
nlog(1.007) = log(%)
_log(5)
= =T73.23...
log(1.007) -~ = 1323

i.e., it would take 74 months.
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EXERCISE 4G
1 a log; 12 b log 1 1250 < log(0.067) d log, 4(0.006 984)
_ log12 ~ log 1250 _log(0.067) _ log(0.006 984)
log 3 ~ log(0.5) log 3 log(0.4)
= 2.26 = 10.3 = —2.46 =5.42
2 a 2% = 0.051 b 4% = 213.8 < 32T = 4.069
z = log,(0.051) x = log, 213.8 2z + 1 = log;(4.069)
. log(0.051) . log(213.8) 9r 4+ 1 — log(4.069)
log 2 log 4 log 3
T = —4.29 T = 3.87 20 +1 = 1.2774 ...
2w = 02774 ...
z = 0.139
3 a 25" =3 x5 =0 b 8x 9" -3 =0
5% —3x 5% =0 8x 3% —3" =0
57(5" —3) =0 3¥8x3"-1) =0
o5 =3 8x3"—-1=0
{as 5° >0 for all z} {as 3° >0 forall z}
z = logs 3 3% = %
T = log 3 T = 10g3(%)
logh 1
) ~log(s) .
z = 0.683 = —1.89
log 3
h a log, # +logy /T = 8 b log s 2® = logg, 125 — log, \/Z
log z® loga:% _3 log z° _ log125 logz%
log 4 log2 log16 ~ log64 log 4
3logz  zlogz 5 Slogz _ log125 glogz
2log 2 log2 4log2 = 6log2 2log?2
3logx logz 8 15logz  2log125  3logx
2log2  2log?2 12log 2 12log 2 12log 2
4logx —3 15logz = 2log 125 — 3logx
2log?2 18logx = 2log 125
iog:c - ;110542 logz = 3log 1215
08T = 108 logxz = log 1259
x = 16 1
r = 1259 or x=1.71
s 49: x 54z+3 — 1021+3
3—3logh
T 4x+3\ __ 2x+3 — =
log(4” x 5 ) = log10 * log4 4+ 4logb — 2
log4 + (4x 4 3)logh = 2 3
zlogd + (dz +3) log S v — log 10® — log 5°
zlog4 +4zlogb+ 3logh = 22+ 3 ~ Tog4 + log 5% — log 102
z[log4 +4logh — 2] = 3 —3logh
[log g ] g o log(llozoso)
log (%5%°)
log8 or log,s 8

Y7 log2s
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REVIEW SET 4A

1 a log, 64 b log, 256 < log,(0.25) d logys 5
_ 3 _ 8
= log, 4 = log, 2 =log,(3) ~ log,s 25%
=3 =8 =log, 272 1
2
=-2
e logg 1 f logg 6 g logg; 3 h log, (0.1)
— 0 _ 1 1
= logg 8 = logg 6 = logg, 81" = logo(5)
=0 =1 _1 =logg 9!
1
=-1
. . 1
i log,, 3 i log, Vk k log,,, vVm® 1 log,, (ﬁ)
1 1 5
_ 3 2 2
= 10g27 27 = logk k = ]()gm m _ 10gn(n72)
_ 1 1 _ 5
(k>0, k#1) (m>0, m#1) n>0, n#1)
2 a log v/ 110 b log (3;\/%) c log(10° >b< 10°+1)
L _ a+b+1
—log10° 3 =log 10
1 =log 10 —a4+b+1
=3 1
=73
3 a 32=10"% b 00013 € 8963x107°
= 10505 — 10'°8(0.0013) — 10%°8(8.963) y 195
= 10—2-886 = 109952  10=5
- Q4048
L a logz=-3 b logz = 2.743 ¢ logzr = —3.145
©r =103 = 102743 = 103145
x = 0.001 T = 553 x = 0.000716
5 a log4 + 2log5 b log24 +log4 —log16 ¢ 2 —log 25
= log 4 + log 5° 7log<24x4> =log10? —log 25
= log(4 x 25) 16 _ log(%)
=1log 100 (or 2) =1log6 — log 4
3 3
6 a P =3xb" b m:Z—2 logmzlog<Z—2>
log P = log(3 x b”)
log P = log 3 + log b” logm = logn® —logp®
log P = log3 + zlogb logm = 3logn — 2logp
7 a logk = 1699 +z b logQ = 3logP +logR € logA = 5logB — 2.602
k = 10" 099+ = log(P® x R) - log A —log B® = —2.602
k = 1099 x 10® - Q= PR A
k= 50 x 10° log (E) = —2.602

% = 1072692 = (0025

B5
™ 400
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8 a 5"
log 5
zlogh

T

=7
= log7
= log7

log7
log b

= 1.21

it
9 W:=2500x3 " grams
a Wy = 2500 x 3°

2500 x 1

= 2500 grams

C % loss

_ (W1500 — Wo
Wo

) x 100%

B (2500 X 373 — 2500

= —42.3%

5500 > x 100%

(372 — 1) x 100%

ie., aloss of 42.3%

REVIEW SET 4B

2z +1

20 x 221 = 500
oo 2%l — 95
log 22*T1 = log 25

(22 4 1)log2 = log 25

log 25
= =4.6438....
log2 -
2 = 3.6438....
r = 1.82

b  We need t when W; = 30% of 2500 g

__t
ie., 2500x3 *°° = 0.3 x 2500

ot
log3 *° = log(0.3)

L x log 3 = log(0.3)

—log(0.3) x 3000
log 3

t = 3287.7....

t =

i.e., about 3290 years

1
1 a log /1000 b log ( = ?O)
1
= log (103) 2
3 = log (%)
=1log10° 103
=3 2
2 =log10°®
_2
3
2 a 200 b 568 000
_ 1010g 200 — 1010g(568000)
= 10230 = 10575
3 a logz=3 b log(z+2) = 1732
T = 103 z4+2 = 101.732
z = 1000 r+2 = 53.951
r = 51.951
z = 52.0

¢ log <£>
10

= log (10°~ (")
= log 10%*?
=a+b

3.69 x 107*
— 1010g(3.69) % 10—4

= 100.567 % 1074
-~ 100.567—4

-~ 1073.43

—-0.671

T

10

T

— = 0.21330
10 °

r = 2.13

_ 10—0.671
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log 16 + 21og 3 b log 16 — 2log 3
= log 16 + log 3* =log 16 — log 3*
=log(16 x 9) = log(%)
= log 144

M = ab" b

log M = log(ab™)
log M = loga + logb™

log M = loga+nlogb

G = o

c
2
log G = log (a_b)
c

log G = log(a®b) — logc
log G = loga® +logb —logc
log G = 2loga + logb —logc

logT = 2logz —logy b
logT = logz? —logy

2
logT = log r
Y

2

T=2
Yy
3% = 300 b
. log3” = log 300
zlog3 = log 300
_ log 300
~ log3
z = 5.19

3x+2 — 21—:1,‘
log 3°t2 = log2'~®
(z+2)log3 = (1 —x)log2
zlog3 + 2log3 = log2 — zlog2
z(log 3 +log2) = log2 — 2log3

xlog6 = log(2)
log(3) .
T = m = —0.839

log 36 b log 54
= log(2? x 3%) = log(2 x 3?)
= log 2% + log 3* =log2 + log3®
=2log2 + 2log3 =log2+ 3log3
=2A+2B =A+3B

C 2+ logh
=log 102 + log 5
= log(100 x 5)
= log 500

=37

logT = log <i1>
lE

1
logT = log5 — logl”®
logT = logS—%logl

log K = logn—&—%logt

1
logn + logt®

log K =
log K = log(n x V)
K = nt

30 x 5'7% = 0.15
s 5177 =0.005
. log5'™* = log(0.005)
(1 —2z)log5 = log(0.005)

L, log(0.005)
log 5
1—2z = —-3.292
r = 4.29
¢ log(8V3)

= log(2® x 3%)
=1log2® +log3%
=3log2+ 1log3
=34+ 3B
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d  log(20.25) e 1og(0.8)
= log(20%) = log(8)
— log(8L 5
og(F) ~log (2_)
4 3
= log 3_

922 :10g23 —10g32
=log 3* — log 2? =3log2—2log3
=4log3 —2log?2 =3A-2B
=4B — 24

i
9 P, = PO X 23
When n =0, Py=P,x2°=P,. So the initial population was Py.

a If P, doubles, P, = 2P, b % increase = (#) x 100%
. 0)
= Pyx 2t p
. 9F _ g1 - (u) x 100%
Po
= (2° —1) x 100%
. t=3

= 151.98....
So, it would take 3 years.

¢ To increase by 200%,

ie., the % increase is 152%.

4
Py becomes 3P, or Py = Pyx2°
% = Py x 2.52
3Py = Pyx2° :
}f 7 = 252% of Py
2° =3 . .
" i.e., an increase of 152%.
3 = log, 3
log 3
. t=3 =4.75
% log 2

So, it would take 4 years, 9 months.



Chapter 5

NATURAL LOGARITHMS

EXERCISE 5A
1 ' =2718281828....

ry
2 ! 3
y=e * y=¢"
- < X
3 3

The graph of y = e® lies between One is the other reflected in the

y=2" and y=3". y-axis.
4 When =0, y=ae’=ax1l=a . the y-intercept is a
5 a The graph of y =¢” is entirely b i When z=-20, y=2e"20=41x10"°

above the z-axis.
So y >0 forall z
ie, €® >0 forallzx
2e” > 0 forall z

y cannot be negative if y = 2¢e”

il When =20, y=2¢2=97x10°

6 a =739 b =201 ¢ =201 d =165 e =0.368

[N

1
7 a . e=e b eve < — d S =¢7
1% \/E ¢
=€ e 1
_1
2
=e
8 a (60.36)% b (60.064)%6 ¢ (6—0.04)é d (6—0.836)%
0.36x & 0.064x _ 6—0.04><§ —0.836x £
=€ =e - =e
_ 018t _ 0-004t — ¢ 0.005t — 01672t
9 a 10.074 b 0.099261 ¢ 125.09 d 0.0079945 e 41914 f 42429 g 3540.3
h 0.0063424
10
e Domain of f, gand his {z: = € R}
Range of fis {y: y >0}
y=c' 43 Range of g is {y: y > 0}

--------- y=3 Range of his {y: y > 3}
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11 ="
yooor=e
/ y=10 Domain of f, gand his {z: =z € R}
Range of fis {y: y >0}
Range of g is {y: y <0}
- rrr———T > .
""" b X Range of his {y: y < 10}
) N y=10-¢"
y y=-¢
t
12 W(t) =2¢® grams
1 2
a i W) =2 i W) =2’ i W(1i) = 2¢° iv W(6) = 2¢°
=2x1 = 257g =423¢g =402¢g
2 grams
b
w
2 W) = 2¢
t
13 I(t) = 7he 015
a i I(1) =750 b I
= 64.6 amps 75
il 7(10) = 75e7°
= 16.7 amps =1
€ We need to solve 75e %1% =1,
Using technology, t = 28.8 sec. - 't
3
14 a f(z)=e yex
ie., y=e" andhasinverse = = eY
y = log = 1
ie, fl(z) =log, x
X
EXERCISE 5B
1 a Ine? b Inl [ In /e d In (%)
e
=3 {lne*=a} =Ine° 1
=Ine =Ine?
— O L
=3 -2

3 Inz exists only when z > 0. {See the graph of y =Inz.}
So, In(—2) and In(0) do not exist.

Note: If In(—2) =a
then —2 = e

and e® = —2 has no solutions as ¢e® >0 for all a.
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4 a 0.693 b 230
5 a Ine®
=a
e In(e®)?
= Ilne®
=ab
6 a ol798 b
f 27081
7 a Ihhzx=3
z =é3
z = 20.1
e Inz = -5
z=ce7"
z = 0.00674
EXERCISE 5C
1 a In8+1n2
=1In(8 x 2)
=1Inl6
e In5+1n(0.4)
=1In(5 x 0.4)
=1n2

i In5+1In4—-1n2
=In(5x4)—1In2
~ In(20)

=1In10

2 a 5In2+1In3
=In2°+1n3
= In(2° x 3)

=1n96

d 2In5—31In2
=In52—1n23

= In(2)

g —In2
=—1In2
=In27!

= In(3)

c 7.68 d —6.39
b In(e x e?) C In (%) d In(e® x eb)
=1Ine!te 1 = ln(ea+b)
=lne"™
=14+a =a+b
=n-—1
ell
o on(g)
=In(e*"%)
=a—0»
40943 € 56995 d 05108 e 51160
o7-3132 h 04055 i Lot o—8-8049
b hz=1 ¢ Inzx=0 d Ilnz=-1
r=cé' z = T =e?
T = 272 z =1 z = 0.368
f Inz = 0.835 g Inz = 2.145 h Inz = —3.2971
o = (0835 o= 2145 o = 32971
r = 2.30 r = 854 z = 0.0370
b In8 —1In2 [ In40 —In5 d In4+1nb5
=In(%) =In(4) =In(4 x 5)
=In4 =In8 =1n20
f In2+In3+1n4 g 1+In3 h In4—-1
=1In(2 x 3 x4) =Ine’ +1n3 =In4—1Ine'
=In24 = In(e x 3) —In (é)
=1In3e
i 2+1n2 k In40 — 2 | In6—In2—1n3
=Ilne?+1n2 =1n40 — Ine? zln(g)_lng
:1n(e2><2) :1n(%) —In3—1n3
2
= In(2e”) =In(2)=In1
b 2In3+3In2 c 3ln4 —1In8
=1n3%+1n28 =In4® —In8
= ln(9 X 8) ]n(%
=1In72 =1n8
e 1ln4+1n3 f 1In(3)
1
=1n4” +1In3 =3l (27%)
=In2+1In3 :%X—31n2
=1In(2 x 3) =—In2 (or ln(%))
=1In6
h —In(3) i —2In(3)
=—1In(37") =In(272)7?
—In(3"Y)"! =In2*

—1n3 =1Inl6 or 4In2



98

Mathematics SL, Chapter 5 — NATURAL LOGARITHMS

3 a In9 b In+v/2 C ln(é) d ln(%) e In (%)
_ 2 1 _
= In3 =n2* =In (i> =5 —In2°%
=2In3 1 28 =—1Ilnb
= §1n2 —3 = —lln2
=1n(27°) =—Inb 2
=—-3In2
f In (E) g InY5 h In(35) i ln( . ) =In il
5 1 V2 23
=Ine!' —Inb =1In5° =In27" 1
_ o 5
—1—1n5 :%1n5 =—-5In2 =In2
= féln2
2
4 In <§> =Ine?—In8=2—-1n2>=2—-3In2
5 a lmD=hz+1 b ImF=—-Inp+2 C lnPfélnx
InD—lnx =1 InF+Inp =2 lnP:lnx%
D In(Fp) = 2
Z) =1 _
ln($> . Fp = é? P =z
2
2 = 61 F = e—
z P
D = ex
d InM =2lny+3 e InB=3lnt—-1 f lnN:—glng
— = InB—-Int® = —1 _1
InM —2lny = 3 . N = Ing
! () -
In <F> =3 n t3 N = g 3
B —1 1
M 3 — = e N = —
P v A v
M = €3y2 B = z
g InQ = 3lnz+ 2.159 h InD = 0.4lnn — 0.6582
InQ —3lnz = 2.159 InD —Inn®* = —0.6582
QY . D\ .
In (F) = 2.159 In <W) = 0.6582
Q . 2150 D | _gess2
ZE_3 = € W = e
Q . D
— = 8.66 -
23 od - 0.518
Q = 8.662° . D = 0.518n%*
EXERCISE 5D
1 a e =10 b e® = 1000 C e® = 0.00862
z = 1n10 z = In 1000 = In(0.008 62)
x = 2.303 x = 6.908 x = —4.754
d ¢? =5 e e’ = 157.8 f ¢ =0.01682
T T T
- =1 — = In(157. — = In(0.016 82
3 nb 3 n(157.8) 0 n( )
r = 2Inb z = 3In(157.8) .z = 101n(0.016 82)
r = 3.219 r = 15.18 x = —40.85
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g 20 x %0 = 8312

€206 — 0.4156
0.06z = In(0.4156)

_ In(0.4156)
0.06
r = —14.63
EXERCISE 5E
1 M, =20e%1%
a When M, = 25,
20e%1° = 25
0.15
el = &
0.15t = In(22)
‘ In(1.25)
T 015
t = 1.488
i.e., after 1 hour 29 min

2 T =100e 093 oC

a When T = 30,
100e %93t = 30
e—OAOSt — 03
—0.03t = In(0.3)
f In(0.3)
—0.03
t = 40.13 min

3 M, = 1000e™ 004

For M; to halve,
M;

1000e™0-04
o—0-04t

—0.04¢

t
t

M
1000e0-04
6—0.04t

—0.04¢

For

t

Mo = 1000€° = 1000 g

500

500

0.5
In(0.5)
In(0.5)
—0.04
17.3 years

1% of My
0.01 x 1000
0.01
In(0.01)

In(0.01)
—0.04

115 years

50e~993" = 0.816 i 41.83¢%5%%" = 1000
e 9032 — 0.01632 0052 = 93 91
—0.03z = In(0.016 32) 0.652z = In(23.91)
. In(0.016 32) . In(23.91)
—0.03 T 0.652
z = 137.2 r = 4.868
b When M; = 100,
20e%% = 100
60415t =5
0.15t = In5
Inb
L=t
t = 10.73
i.e., after 10 hours 44 min
b When T =1,
100e 9% = 1
e %% = 0.01
—0.03t = In(0.01)
‘ In(0.01)
—0.03
t = 1533 min
b For M; = 25 g,
1000e 004 = 25
e 004 — 0,025
—0.04t = In(0.025)
. In(0.025)
—0.04
t = 92.2 years



100 Mathematics SL, Chapter 5 — NATURAL LOGARITHMS

b V=50(1—e %) ms
So, when V = 40,
50 (1—e ") =40
1—e 92 =08
e =02
—0.2t = In(0.2)
f In(0.2)
—-0.2
t = 8.05 sec
i.e., it would take 8.05 sec

EXERCISE 5F

5 T,,=(225%xe "' —6) °C
So, when T, = 0,
225¢” 1™ —6 = 0
225¢ 01" = 6
e—OA17m _ %5
—0.17m = In(535)
" hi(0%7)
m = 21.3
i.e., it would take 21.3 minutes

1 a flz) =€ +5 b VA4 ix=5
Le, y=etHS f(x)=e’+5 /
has inverse function ﬁ 6 y=5

z=e+5
xr—5=¢eY - 6 x
y = In(z — 5) y=x""' i
€ domainof fis {z: z € R}, rangeis {y: y > 5}
domain of f~'is {z: = >5}, rangeis {y: y € R}
2 a flz) = e =3 b ] )
ie, y=et1-3 ¥==3 ! Tt
has inverse function - >
z=evt -3 *
ie, z+3=e¥t! Sl =et _3\
ie, y+1 = In(z+3) y==3
fz) = In(z+3) -1 y=x
3
€ domainof fis {z: z € R}, rangeis {y: y > -3}
domain of f~'is {z: x> —3}, rangeis {y: y € R}
3 a f(z) =Inz—4 b Ly
ie, y=Inx—4 and
has inverse function a et
v =Iny—4 v ~. .
ie, z+4 =Iny
—_ if
ie, flz) =t y=;'
v

¢ domainof fis {z: z >0},

rangeis {y: y € R}

domain of f~'is {z: = € R}, rangeis {y: y >0}
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a g(z) = In(z - 1) +2, 2>1 b i
ie, y=In(zx—1)+2 and x=1
has inverse function gx)=In(x-1)+2
z=1In(y—1)+2 gt
ie, Iny—-1)=2z-2 N
y—1 =2 -
y=¢e"2+1
or g Hz) =241 y=)"c' I

¢ domainofgis {z: = >1}, rangeis {y: y € R}
domainof g~ 'is {z: z € R}, rangeis {y: y > 1}
f(x) =e** and g(z) =2z —1
a Nowfor f(z) =e*, ie, y=e** b (go fz)

the inverse function is =g(f(x))
x:ezy :2f(x)71
2y = Inx =2 —1 e, y=2*-1
Yy = %lnx which has inverse function
ie, f ' z) =iz Tz =2 -1
_ _ ie. 1= 2e%
(Frog)@) = £ (9(@)) “JL ‘
T
— 1n(g(a)) Lo e
1
= 5In(2z - 1) 2y:1n(x+1>
2
z

-t (25)

(900 (@) = $1n (=)

2
@ y=Inx cutsthe z-axis when y =0 b The z-intercept of y = In(x + 2)
Inz =0 occurs when z4+2 = e’ =1
z=e =1 coox = —1
So, graph A is that of y = Inz. Y y=Inx

Note: a-interceptof y = In(z—-2) | s
iswhen z—-2=¢"=1 < —1 1 3 -
e, z=3 y=In(x+2) l/ y =In(x-2)
Since y = Inz? then y = 2lnz {log law} !
i.e., new y-values are 2 X old y-values. So, she is correct.

In(2z) = n2+Inz y=Indx
In(4z) = Ind+1Inz }y > < yi:nfx
In(1.6z) = In(1.6) + Inz - _/—_‘__’..-—-—:’ §;|2x.6x
y = In(2z) is In2 units above y =Inz 1 o

y = In(4z) is In4 units above y =1Inz
y = In(1.6z) is In(1.6) units above y =Inzx
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REVIEW SET 5A

1 a =546 b =222 ¢ =10.0613 d =6.07
2 a Ay b i g is the reflection
g /’ of f in the y-axis
4 il A is the reflection
_— = of g in the x-axis
t'—— ““““ _1
he
4 v ¥
_t
b s(t) =120t — 40e ° metres
a i s(0)=0-40 b
= —40m
il s(5) = 600 —40e™!
= 58 m
ifi s(20) = 2400 — 40¢™*
= 2399.3 m
5 a Ine®=5 b In (\/E) Ine? ¢ In (%) = Ine™*
{as Ine®* =a} 1 = -1
6 a In(e*™)=22 b In(c%e”) = In(e*M®) ¢ In (e_) = In(e'™)
=2+z =1—=x
7 a Inx =5 b 3lnz+2=0
z =ée° 3lnz = -2
xr = 148 Inz = —%
_2
3
T =e
z = 0.513
8 a In6 +1n4 b In60 — In 20 4 In4d+1Inl d In200 —In8 +1nb
=1In(6 x 4) — 1n(g_g) =In4+0 = 1@%) +1n5
= =In4
In24 :1n3 n :1n(2—20X5)
=1In125
9 a In32=1In2° b Ini25 = In5° ¢ In729 = In3°
= 5In2 = 3Inb5 =6In3
10 a e® = 400 b 2t =11 ¢ 25’ = 750
= In400 2z4+1 =1Inll o — 30
r = 5.99 20 = Inl11 —1 T
— = 1n30
CInil—1 2
T T & = 2In30
x = 0.699 z = 6.80
d e =7e*-12 e _Te®4+12 =0 e* =3 or e =4
(e —=3)(e"—4) =0 z =In3 or In4
xr = 1.10 or 1.39
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REVIEW SET 5B
1 1 b i,f ¢ &V d Vi0e
e e
1 1
_ 8 e% — 3 x (63)2 :(6111106)2
— = _ 63+§ _ Lan10+41)
9
— i =’ (=€)
_3
2
=e
2 a = 26.9401 b =0.109447
3 4
% —x 4)
glx)=e" . y=e'
ORTY y=e—t
I
) ‘ A x /1
¢ e X R
) =e” =4 | _3 >
y=—4 |TSeeeean
y I
Each function has domain {z: z € R}
Range of fis {y: y > 0}
Range of g is {y: y > 0}
Range of his {y: y > —4}
5 a In (e\/E) b In <i> c In | —
e3 Ved
=In (ele%> =Ine? el
— In 61% 62
= 1% =In (el_%)
_3
=Ine °?
__3
2
6 a 20=c"" b 3000 = ™30 ¢ 0075 = ™0
o 300 = 801 = =259
7 a 4In2+2mn3 b 3n9—-In2 ¢ 2In5—1 d 181
=In2*+1n3? :ln9%—1n2 =In5% —Ine! :1n(34)i
=In144 5 e
= 111(5) =1In3
8 a InP=15InQ+InT b InM =12-05InN
3 1
InP=mInQ> +InT InM+InN* =12
3 =
o (Q2T> In(MVN) = 1.2
. MVN = ¢e'?
P = Q%T M - 3.32

E
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9 a g(x) = 2¢” —5 has inverse b ——5 Vi
function = = 2¢Y —5 .,
2¢Y = x+5 L s -] -
y _ TH+5
e’ = : .
2 g(x)=2¢" -5
ie =In (m + 5) 4/
CYT 2 5
y=-
g H(z) = ln(gH_5 \
2
domain of g is {xz: x € R}, rangeis {y: y > —5}
domain of g7 is {z: x> —5}, rangeis {y: y € R}
s
10 Wy = 8000 x e *° grams a When W; = 1 x8000 grams,
_ 0 ot
Wo = 8000e 8000¢ ™ = 4000
= 8000 x 1 h _ g
= 8000 grams ¢ . e
t = —201n(0.5)
.t = 13.9 weeks
b When W; = 1000, ¢ When W; = 0.1% of Wy
s -
8000¢ *® = 1000 = 7000 °f 8000 ¢
-5 _ 1 =8¢,
e =3 7%
(2 8000e =38
—— = In(: ot
20— (®) e ™ =0.001
- _ 1
t = —20In(3) ~ L 1n(0.001)
t = 41.6 weeks 20
..t = —20In(0.001)
t = 138 weeks



Chapter 6

GRAPHING AND TRANSFORMING FUNCTIONS

d 2 f(x)+3
=2r+3

2f(x—1)+5
=2(x— 1245
=2 —2x+1)+5
=22 — 4z +7

2f(x4+1)-3
=2(x+1)*-3
=2(2*+ 322 +3x+1) -3
=223 + 627 + 62— 1

d flz+1)+2
=|lr4+1[+2

d 2 f(x)+3
=2x2"43
=2*7 13

d 3flx—1)+2

1
_3(w—1)+2

3
=—+42
x—1+

(o

2x+l>
r—1

3

2

EXERCISE 6A
1 f(z)==
a fer)=2 b f@+2 ¢ 3f@) =}
=z+2
2 f(z) =2
a  f) 6 /(5 ¢ 3/
= (3z)? 2\ 2 = 32
- o -(3)
22
vy
3 f(x)=2°
a f(4z) b 1f(2) ¢ flz+1) d
= (41:)3 _ 1(2217)3 — (iU + 1)3
64z =%><8:c3 =23 4+322+3z+1
— 4:83
b f(z) =I|z]
a f(2z)+3 b -z ¢ flz—2)
=|2z| +3 = |—z| = |z — 2|
= |z|
5 flz)=2"
a f(2z) =2* b  f(-x)+1 ¢ f(z—2)+3
=4 =241 =2""243
1
6 flz)=~
a f(—x) b f(3z) c 2f(z)+3
1 1 1
" (o) Iz =2 (E) 3
= _l 2 — g +3
T -7 T
o 2
EXERCISE 6B
1 a y b i When y=0, 20 +3 =0
y=2x+3 T =
s . a-intercept is —11
_1%

', y-intercept is 3

ii When =0, y=0+3=3

ili As y=2x+3, theslopeis 2 {the coefficient of z}
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ii When z=0,

2 a ) b i When y=0,
\ f (z—22-9=0 y=(-2%-9
1 5 > Lo(x-22=9 —4_9
S x—2 =43 = -5
T=24+30r2-3 . y-intercept is —5
r =25 or —1
x-intercepts are 5 and —1
3 a, b L Vi
%
y=lx
- >
3
5 y o When z = 0,
Y= y=2"=1 v
2% >0 for all
l x as the graph
- > is always above
l the y-axis. v
EXERCISE 6C.1
1 a b ¢ 1 If b> 0, the function is translated vertically
upwards through b units.

If b <0, the function is translated vertically

ii
downwards |b| units.

2 a b
y=1) 7 y=f(x)+1 o
-, P Y= £ +1 jr=1t-2
U ,' . ot 2 x
) g =/ ¥
R f(x)-2 =2y
v A
< y :, d y
Ly s A
e fel 4 f W0 y=/()
- "',' > - ﬂ N o
_0’2"-’ =f(x)-2 B GLTTT . ».
S /6 y=f()-2 "
P i
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3 a L = ¥ b i If a >0, the graph is translated a units right.
7 * 4 ii If a<0, the graph is translated |a| units left.
= | -2 3 ‘ X
y=fx+2 vy y=/(-3
4 a b
‘\‘ V4 v
. y= |
. y=/(x+2)
o
N — 2
ST =2 1 r
y=fed T y= s /|
< d _ vp #
y=f(x+2) y=Inx x=-2 :
s y=/(x+2) i
T S2 X =5
' X
vl 4
y=f(x-1 :
' 1
(Y x=1
y=r(x-1
y = f(z — a) is a horizontal translation of y = f(z) through |:
5 a b
“‘ A y "‘ y b
‘-“‘ 7 ':.' y=f(x-2)+3
y=x? S y=f(x-2)+3 y=3
< ‘\“ ,:' > 4:/ o ‘\‘ .
\‘\ ,"I X »"'
Nt P v=fx+)-4
=f(x+)-4
y f ( ) ! y= -4
v
C
Aoy
y=f(x-2)+3 :
et
i'. \\ y=3
' I
\\\ x
T . y=-4
y=f(x+)-4 E
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. 2
6 A translation of 3 a

Vi b Vi
% /°
- //’ My \_“*_/ X
’/ X Y o
I' - “‘\ 0"’
4 | vy
EXERCISE 6C.2
1 a b

=3 "
y=2f(x) y=3f(x)—]

3 p affects the vertical stretching or compression of the graph of y = f(z)
If p>1, stretching occurs.
a

by a factor of p.
If 0<p<1, compression occurs.
b , ¢
y=(x-J y=(2x+3?
y ) y
. x 1
— 3
friy=(-9? y=(+3?7°
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b

7 K affects the horizontal stretching or compression of y = f(z)

1
by a factor of T
If k>1, itmoves closer to the y-axis. If 0 < k <1, it moves further from the y-axis.
8 a
y=23-9°
ey M 4
‘-“‘ "',' y= % _ 3)2

V(3 0)4/'3 V(6 0) x

=(x-3?
c
y=x
(o]
v($1) x
V
EXERCISE 6C.3
1 a b 4
y yA . by
y=-3 y=3% ree 2
y=x
= x Y Y
2
y=—x
y=-¢'
 j v




110 Mathematics SL, Chapter 6 — GRAPHING AND TRANSFORMING FUNCTIONS

d e y=x3—2 f y= 2x+1)>?
V4 y y
=In
e
- X ) X - -1 Y
y=-Inx
3 y=—2(x+1)?
2 y=—f(z) isthereflection of y = f(x) in the z-axis.
3 a i f@=22+1 il fl@)=2>+2c+1 iii f(z) = |z — 3|
f(=x) oo f(=m) oo f(=w) = |- =3
=2(—z)+1 =(—z)>+2(-=z)+1 = |—(z+3)|
=2z+1 =22 -2z +1 = |z + 3]
b i v il y iii ¥
1 3
< - ;3 X T X
- ] \ - ) ‘ - ’ ‘ -
y=2x+1 —_ -17 1 _
y=-2r+l ‘ ly=x272x+l y=l-x=3| y=[x-3]|

y=x?+2x+1
L y=f(—z) Iis the reflection of y = f(x) in the y-axis.

EXERCISE 6D
1 y=—f(z) isobtained from y= f (z) by reflecting it in the z-axis.

L2 N ik

y==f(x) y—f(x)\\4

2 y=f(—z) isobtained from y = f(xz) by reflecting it in the y-axis.

a
v y=f(=x) y=f(x) Ay
. y=1
y=f(—x) y=f(x)

4

)i

y==f()

=Y

3 y=2z* and y =6z are ‘thinner’ than y=2z* and y= %m is ‘fatter’

aisA, bisB, ¢isD and disC
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:

y=s)
y=f(x+2)
y=f(2x)
y=2f(x)
y=%/(x)

— y=g)

—— - y:g(x)+2
y=-g)

R GEEETH > y:g(x+1)

-~ y=g()

— y=h(x)

e Y =h(x)+1
y=3%h(x)

eeee »  y=h(-x)

s y=h(2x)

REVIEW SET 6
1 a linear b exponential € reciprocal d modulus @ quadratic f logarithmic

2  flz)=2*-2z

a 703 b f(-2) ¢ f2o)
=32-2(3) =(-2)? - 2(-2) = (22)% — 2(2z)
=9-6 =444 =42% — 4z
=3 =8

d f(—x) e 3f(x)—2
= (—z)% - 2(~z) = 3(a? - 2z) — 2

=22+ 2 =322 — 6z —2
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3 f(x)=65—x—2a?

a f(4) b
=5—-4—42
=1-16
=-15
xr
d i(3) e
x )2
=5-(3) - (3)
2
T xr
=0 377
4
4 f(ﬂc):;
a f(-4) b f(2x)
4 _4
) 2x
-1 _ 2
7.7,'
5 a yi y=3x—2
< ) X
3
/
V
C I When z = 0.3,
y = 3(0.3) — 2
=09-2
= —1.1
6 a x=—14Y
- T x

v<—1,—4)§

f(=1) ¢ fl@-1)
=5—(=1)—(-1)? =5—(x—1)—(z—1)2
=5+1-1 =5—x+1—[z%—2z+1]
=5 =6—z—a+2x—1
=—z?+2+5
2 f(z) = f(—=)

=25 -z — %) — [5—(—m)—(—x)2]
=10 -2z — 22> — 5+ — 27
=10-22—22° —5 -z +2°
=—z>—-3zc+5

c f(%) d 4f(z+2) -3
4
S )
- T+ 2
2 16
9 — _
=4x= T +2
T
8 o 16-3@+2) _10-30
=7 T +2 )
b i When y =0, ii When z =0,
3z -2 =0 y=0-2= -2
T = % y-intercept is —2
z-intercept is 2
iiil As y=3z—2, theslopeis3 {coefficient of z}
ii When y=0.7,
3z -2 =07
3z = 2.7
z =09
b i When y = 0, ii When z =0,
(x+1)2—4 = y=1-4
(x+1)2 =4 = -3
z+1 =42 y-intercept
r=2-1o0r —2-1 is =3
ie, x=1or —3

z-intercepts are 1, —3

¢ Since y=(x+1)>—4 then y+4=(x+1)> which is obtained from y = z?

under a translation of { :le ] . So, the vertex must be (—1, —4).
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b i 2 — oo means z is very large and positive.
We see the graph approaching the z-axis

ie, y—0 .. true

ii x — —oco means z is very large and negative.

We see the graph heading for co and positive
statement is false.

il The y-interceptis 1, when z =0, y=2"=1 . false.
V The graph is above the z-axis for all S 27" >0 forallz . true.

So that you can see the answers more easily in questions 8, 9 and 11, they have been drawn on two graphs.

— f()=—x2 P — ()=

<y = f(-x) ey = f(2x)

ey =—f(x) > y=f(x-2)
iC _ X

O
S,
\

\

\
Y
)
Y
[y
[y
)
(Y
Y
Y
Y
Y

9 \ /
-— g(x)z(x+1)2 -— g(x)=(x+1)2
e ¥ =2g(x) <y =g(3)
< Y =8(-%) > y=gk-)
x
10
-— f(x):x2
- y=f(x+2)
e Pp=2f(x+2)
< Pp=2f(x+2)-3
1

——o y=/(¥)
oo y=f(x+2)
o—m—o y=f(x)+2




Chapter 7

COORDINATE GEOMETRY

EXERCISE 7A

xp — :CA)2 + (ys — ya)?
4—-1)2+(5-3)2

PQ = /(zq — zp)” + (yo — yp)?
= /(1-5)2+(4-2)

= V16+4
= 1/20 units
A+ T 3+1
M = A2B:T:2 and
the midpoint is at (2, 3)
_ra+as _ H—-1
Ty = > == 2 and
the midpoint is at (2, —1)
rA + TB 7+0 7
M — D) = T = 3 and
the midpoint is at (%, %

-1
_xA;xB:5T—2 and
the midpoint is at (2, —%)

-st
el slope = ¥
x-step
A
e y-step- 2 =2
v y-Step 3
ped -
x-step 3
_y-step
* slope = x-step
y-step 3 — 3
=3
- =1
x-step 3
1 slope = ystep
x-step
e 4\ _ 1
SIEP 4 \ —1
\ -

x-step —1

y-step

0C = /(zc — 0)° + (yc — y0)?
= /(3-0)2+(-5-0)2
= v9+25
= /34 units
ST = /(21 — 25)* + (yr — ys)?
=/(-1-0)2+ (0 —-3)2
=+V1+9
= 1/10 units
ya + YB 640 —3
2 2
_yatys  2-—4 1
i e e
_ya+ys  0+3 3
o2 2 2
_yatys —2-3
- 22 2
slope = ystep
X x-step
~ _ 2
=5
- \\ _ _2
x-step —5 -5
slope = y-step
x-step
y-step| 0 = g
=0
xistep 7
slope = ystep
x-step
y-step 3 _3
0
which
x-step ( is undefined
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a gradient = -4 b gradient = "0 ¢ gradient = "0
xr2 — T1 T2 — T1 T2 — T1
73 _8-2 . 5-=2
T 4-2 T 5-3 T —1—(-1
— — _ 3
=2 =3 =2
which is undefined
d gradient = Y291 e gradient = 279 f gradient = 29
T2 — I1 T2 — T1 T2 — X1
_ =3-(-3) _4-0 =2 (=1)
T —1-4 -1-0 - -1-3
_ 0 _ _ -1
=5 = —4 ==
— _ 1
=0 =1
a Y The lines have the same slope (%), so are parallel.
— 5
-
— 5 7 “2
15
b The lines have th 1 -1 llel.
"_1\\7\\\% ¢ lines have the same slope (—=), so are paralle
\ 1 \\7\\\%
C b The two lines have slopes % and %2, so the product of the
T slopes is —1.
— 4
2 Hence the lines are perpendicular.
AR
d \ " 1 The two lines have slopes % and _T4> so the product of the
3T slopes is —%.
=4 \ Hence the lines are neither parallel nor perpendicular.
v1x
e — The two lines have slopes % and %, so the product of the
— o slopes is =.
/
L z — Hence they are neither parallel nor perpendicular.
— o 1
-— 5 o
: -1 2
f_ 1% The tW.O lines have slopes =~ and 1, so the product of the
4 — ( slopes is —1.
T Hence the lines are perpendicular.
2
™
dient = L b dient = L _ s dient = —1
a gra 1entf—T)f—§ gra 1entf—mf—ﬁ € gradient = —3
1 3
d gradient = ——— — dient= -2 =1 f gradient = —}
gradient = _(_l) =3 e gradient = 5 =B gradient = —g
3

which is undefined
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7 a The equation of the line is b  The equation of the line is
z—4 z—1
y—1=2z—-4) Ly—2=-2x-1)
y—1=2zx—-38 S y—2="2x+2
Ly =2x-"7 cooy = —2x+4

¢ The equation of the line is d  The equation of the line is
y—0 y—17
=3 - - _3
=5 5D
y = 3(z—5) oy—T7=-3@x+1)
y=3x—15 L oy—7=-3x—3
y=—3x+4
€ The equation of the line is f  The equation of the line is
y—>5 y—-T1
— =4 — =1
z—1 T —2
y—5=—4(z—1) Ly—T1T=x-2
y—5=—4dx+4 y==z+5
Loy =—4x+9
8 a The equation of the line is b  The equation of the line is
y—1_3 y-4_ 3
z—2 2 z—1 2
2y—1) = 3(z—-2) S =2y —4) =3(z-1)
2y—2 =3z -6 c. —2y+8 =3x—-3
3x—2y =4 coo 3z +2y =11
€ The equation of the line is d  The equation of the line is
y-0_1 y=6 _ 4
r—4 3 -0
L 3y=x-4 S y—6 = -4z
r—3y =4 o dr+y =6
€ The equation of the line is f  The equation of the line is
y—(—3):3 y_(_2):7é
z—(=1) z—4 9
y+3 =3x+1) S =9y +2) = 4(z—4)
y+3 =3x+3 S =9y —18 = 4z — 16
3r—y =0 oA+ 9y = —2
2—-1 1 -1 1
9 a The slope of the line is 3-0°-3 .. its equation is zj =3
y—1) ==
Jy—3 ==z
r—3y = —3
b The slope of the line is —L-d =5 .. its equation is y——(—l) =5
0—-1 z—0
y+1 =5z

Il
—

5z —y
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10

1

[S2] I

The slope of the line is _iz—f_;) =
The slope of the line is u =
5-0
o 2 —
The slope of the line is 3_—(_01)
—-3— (-1
The slope of the line is ;T(—l))

-3
-3

- oy —(=1)
=1 t t — =1
its equation is pr—
y+1=2x—-2
r—y =3
. o y—(=2) 4
t t —_— = =
its equation is ——0 5
5(y +2) = 4z
5y 4+ 10 = 4z
4z — by = 10
1 ", its equation is y-0 _1
2 q z- (1) 2
L2y =x+1
r—2y = —1
. .. y—(-1 2
t t A e
its equation is ey 3

=3(y+1) =2(x+1)
—3y—3=2x+2
20+ 3y = =5

Since both points on the line have y-coordinate —2, it must be horizontal.

its equation is y = —2.

Since both points on the line have z-coordinate 6, it must be vertical.

its equation is z = 6.

Since both points on the line have z-coordinate —3, it must be vertical.

its equation is x = —3.
20 — 3y = 6
3y =2x—6

Yy = %x -2
slope = %, y-intercept = —2
When y =0, 2x=6

z-intercept = 3

y=-—2x+5
slope = —2, y-intercept = 5
When y =0, —2x+4+5=0
v -3

i.e., the x-intercept = g

y=>5
the line is horizontal
slope = 0,

y-intercept = 5, no z-intercept

b 4z+5y =20

Sy = —4z + 20
Yy = —%w +4
slope = —2, y-intercept = 4

When y =0, 4x =20
x-intercept = 5
d z=38
the line is vertical
slope is undefined,

no y-intercept, z-intercept = 8

f z+y =11

y=11—-=x
slope = —1, y-intercept = 11
When y =0, z=11

z-intercept = 11
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13

dr+y =38 h z-3y=12
y=—4r+8 S 3y =x—12
slope = —4, y-intercept = 8 Loy =1z—4

When y =0, 4z =38

x-intercept = 2

slope = %, y-intercept = —4

When y = 0, =12
z-intercept = 12

Summary of results:

o o

W =0 O n

Equation of line Slope x-intercept | y-intercept
20 —3y =6 2 3 —2
_ 4
4x + by = 20 -z 5 4
y=—-2x+5 -2 g 5
x=38 undefined 8 none
y=2>5 0 none 5
z+y=11 1 11 11
dr +y =38 —4 2 8
x—3y=12 3 12 —4

Substituting (3, 4) into 3z —2y = 1 gives 3(3) —2(4) =1

e, 1 1 which is true

(3, 4) lies on the line

Substituting (-2, 5) into 5z +3y = —5 gives 5(—2)+3(5) = =5

ie., 5 = —5 which is false
(—2, 5) does not lie on the line

Substituting (6, —3) into 3z — 8y = 22 gives 3(6) —8(—3) = 22

ie., 22 = 22 which is true
(6, —%) lies on the line

For z+2y = §, T3
when =z =0, y=4 110
when y =0, z=38 y >
For y =2z —6, T3
when = =0, y=—-6 i
when y =0, z=3 y| 610
The lines meet at (4, 2).
For y=—3z—3, > - /3x—2y:—12
when =z =0, y=-3 310
when y =0, z=-1 yl-
3
For 3z —2y = —12, 5 1
when =z =0, y==6 m _ — X
when y =0, z=—-4 y|6]0
‘\ y==3x=3

The lines meet at (—2, 3).
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=-2
when =z =0, y=38 x =12
when y =0, z=-12 y |8 0 /
2x =3y ==24

The lines meet at (—3, 6).

For 2x —3y = 8, 1
when z = 0, Y 3x+2y=12\} 2x=3y=8

0
when =0, : \/
For 3z 4 2y =12, <
az /\

8
[
|
wloo
|
wloo

Il
'S

o
IS

when =z =0, y==6

S
when y =0, z=4 y|6]0 ‘/3/
\

The lines meet at (4, 0).

For z+ 3y = 10,

when z =0, y=-7

w|5 o
o

when y =0, z=10

T~ T x+3y=10

For 2x 4 6y =11, 6

when =z =0, y=

[
—

wlg ol
<
oz
[en) wl

A

w|:

—

S

//V*

-

o
8
o

h =0 =
whem gy =5 2x 46y =11

1
The lines are parallel, so never meet.

For bz + 3y = 10,

EXERCISE 7B.1

-0 A o

0 Bx 3yt
when z = 0, y =22 o X HIY =
Yy |3 10x+6y =20
when y =0, =2 10
3
For 10x + 6y = 20, \
h _ _ 20 _ 10 & 0 2 - -
when z =0, y=% == g 2 X
when y =0, x =2 3
¥
The lines are coincident.
Since the line is horizontal, its equation is y = —4.

Since the line is vertical, its equation is x = 5.
Since the line is vertical, its equation is x = —1.
Since the line is horizontal, its equation is y = 2.
The z-axis corresponds to  y = 0.

The y-axis corresponds to = = 0.
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y—4 3

2 a The line has equation Py =7 - 4(y—4) = 3(x+1)
4y —16 = 3z +3
3z —4y = —19
. 0—(-5) 5 . .. y—0
The line has slope = —————~ = = =1 . y—- _4
b e line has slope r— 5 .. its equation is o
y=x—17
r—y =17
€ y =3z —2 has slope 3, so this line has slope 3 also.
It passes through (0, 0), so its equation is Z—:g =3 e, y=3z

d Now a line parallel to 2z + 3y =8 has equation 2z + 3y = k, where k is a constant.
Since (—1, 7) lies on the line, 2(—1)+3(7) = k
s k=19
the line is 2z + 3y = 19

€@ y=-—2x+5 hasslope —2 .. lines perpendicular to it have slope %

— (-1
But this line must pass through (3, —1). .. yl’—(?’) = %
2(y+1) =z—-3

29+2 =2 -3

r—2y =25
f If 3z —y=11, then y=3x—11
this line has slope 3 .-. lines perpendicular to it have slope —%.
.. y—>5 1
But this line must pass through (—2, 5). S =
z—(—2) 3

—3(y—5) =x+2
—3y+15 = z+2
r+3y =13

3 a Keach Avenue passes through (5, 11) and (13, 12)

12 - 11 1
its line has sl _—_ ==
its line has slope  —=— 3
. ooy —12 1 B o
its equation is 2_13°- 3 8(y—12) = =z —13

8y —96 =z — 13

xr—8y = —83
b Peacock Street is perpendicular to Keach Avenue, so its line has slope —8.
. -1
But this line also passes through (3, 17). .. yx—_; = -8

y—17 = —8(z —3)
y—17 = -8z + 24
8r+y = 41

¢ Diagonal Road runs from (5, 11) to (7, 20), but ends at these points.

Hence there is a restricted domain 5 < z < 7.

Its slope is 20-1 9
P 7—5 2
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. . y—11 9
= = L2y —11) = -
its equation is  =— 5 (y ) = 9(z—5)
2y — 22 = 9x — 45
9r — 2y = 23, 5< <7
d Plunkit Street has = = 8, so it meets Keach Avenue when 8 — 8y = —83 {using a}
8y =91
y=%
they intersect at (8, &
4 a v The line through (—1, 5) and (0, 2)
/ 5—2
= has sl = =-3
(—15) as slope E—

1
3

. . y—2>5 1
its equation is T =

(-1) 3
y—5) =z+1

‘; —
¥ L 3y—1=z+1

the slope of the tangent is

z—3y = —16
b y4 The line through (—1, 1) and (3, —1)
-1-1 1
has slope = ———— = —=
(=1.1) as slope = o— = 3
% N . the slope of the tangent is 2
X
. L y—1
/ .. 1ts equation 18 Y = 2
y—1=2xz+1)
A y—1=2x+2
20—y = =3
C Y4 The line through (2, —2) and (5, —2)
2 (-2)
has sl == " _0
- - as slope o

i.e., it is horizontal

(2.=2) (5,-2) . the tangent must be vertical
. its equationis x =5

EXERCISE 7B.2
1 a Theequationis x—2y =

|
—
W~
N’

|
]
—~
—
=

b The equation is 2z — 3y = 2(-2) — 3(5)
ie, r—2y =2 ie., 2x—3y = —19

€ The equationis 3z —4y = 3(5) —4(0) d The equationis 3z —y = 3(3) — (—2)
ie, 3r—4y = 15 ie, 3r—y =11

e The equationis =+ 3y = (1) + 3(4) f The equationis 3z +y = 3(0) + (4)

ie, 3r+y =4

I
—
w

ie, xz+3y =
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slope = —2 b slope = —% =2 slope = —(_611) ==L
slope = f% e slope = f% = f% slope = 7% =3
Any line with equation 3z + 5y = ...... has slope = — 2.
since any parallel line must also have this slope,
its equation must also have the form 3z 4 5y = ......
Any line with equation 3z + 5y = ...... has slope = f%.
. . 1
any perpendicular line has slope = — =3 = %
5
its equation has the form b5z — 3y = ......
The line 3z + 4y =6 has slope = f%
the new line has slope = —% also
since it passes through (2, 1), its equation is 3z + 4y = 3(2) + 4(1)
ie, 3z+4y = 10
The line 5z + 2y = 10 has slope = —%
the new line has slope = f% = %
(=2)
since it passes through (—1, —1), its equation is 2z — 5y = 2(—1) — 5(—1)
ie, 2x—by =
The line x —3y+6 =0 has slope = 7(__13) =1
the new line has slope = —3
since it passes through (—4, 0), its equation is 3z +vy = 3(—4) +0
ie, 3r+y = —12
The line 2 — 3y = 11 has slope = —(_—13> =3
the new line has slope = % also
since it passes through (0, 0), its equationis = — 3y =0
2¢ — 3y = 6 has slope = —% =2 b  The lines are parallel if their slopes are
6 equal. 9 6
6z + ky = 4 has sl = —— 2= 7
T + Ky as slope % 3 k
k= —6x3
k=-9

The lines are perpendicular if the product of their slopes is —1

Wi

-

= -1

o~ I

=4
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EXERCISE 7C

1 a AB=.,/(-11-3)2+(3-8)
= 196 + 25

= /221 units

AC = /(-8 —3)2 4 (-2 —8)2
= 121 + 100
= /221 units

BC = /(-8 — (—11))2 + (-2 — 3)2
=v9+25

= /34 units

Since only two sides of the triangle are
equal in length, the triangle is isosceles.

¢ KL= (=2-67+(3-(-5)?
= /6414
= /68 units
KM = /(-1 -6)2+ (1 —(-5))2
= 49+ 36

= /85 units

M = /(-1- (2 + (1= (-3)?
— JITT6
= /17 units

Now (V68)® + (V17)? = (V/85)®

KL? + LM? = KM?

the triangle is right angled at L.

e AB=./(2-7)2+(3-5)2

= 25+4

= /29 units

AC = /(6 —T7)2+ (-7 —5)?
= V1+144
= /145 units

BC = /(6 —2)2 + (-7 —3)2
= /16 + 100
= V116 units

Now (v29) + (v116)* = (v/145)*
AB? + BC? = AC?

the triangle is right angled at B.

PQ = \/(0— (-1))% + (V3 —-0)2
— VT3
= 2 units
PR = /(1 — (=1))2 + 02
~ Vi
= 2 units
QR = /(1 -0)2+ (0—/3)2
- VT3

= 2 units

Since all three sides of the triangle are
equal in length, the triangle is equilateral.

AB = /(3-1)2+(5—(-1))
= V4+36
= V40
= 2\/ﬁ units

AC = /(-4 —1)2 + (=16 — (—1))?
= /254225
= /250
= 5v/10 units

BC = /(—16 — 5)2 + (—4 — 3)2
= V44T +49
= /490
= 7+/10 units

Now AB + AC = BC, so the points
are collinear.
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2 Suppose the outlet is at T(z, 8).

Then AT =BT, so +/(z—5)2+(8—5)2 = /(z —7)2 + (8 — 10)2

(z—5)*+ (8 —5)

$2

Suppose C is at (z, 7)

—10x+25+9 =
—10x 4+ 34 = —14x + 53
4 = 19
r— 1

(z—7)%+ (8 —10)2
22— 14z +49+4

the outlet is at (4%, 8)

Then AC=BC, so +/(z—2)2+(7—3)2 = \/(z—5)2 + (7 — 4)2

(z =22+ (7-3)* = (z —

5)2 4 (7 — 4)2

22 —dr+4+16 = 22— 102 +25+9
—4xr +20 = —10x + 34

6xr = 14

Tr =

b The length of each pipe = \/(a: —2)2 4 (7-3)2

€ Now CD is horizontal, so BD is vertical

=/(£-22+16

7

3

*. the pumping station is at (%, 7)

the total length = 2,/165 = 8.03 km

the xz-coordinate of D is 5

Hence yes, it would be much cheaper.

Disat (5, 7)

Then AB + BD = /(5—2)2+ (4—3)2+ /(5 —5)2 + (7T —4)2
=V9+1++/0+9
=+V10+3
= 6.16 km

L a PQ = \/(73,3)2 +(6—a)?
(=6)2+ (6 —a)?2 = 10
36 + (6 —a)? = 100
(6 —a)* = 64
6—a = 48
ie, 6—a=-8 or 6—a=8
c.oa =14 or a=—2
e, a= —2or 14
b AB = /(-1 —a)2 + (5 - 2)2
(-1—a)2+9 = V34
(-1 —a)*+9 = 34
(-1 —-a)* =25
.o —1—a =45
ie, —l—a=5 or —1—a=-5
c.oa= —6 or a=4
ie, a= —6 or 4
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c QR = /("1 —a)? + (1 2a)?

V(=1—a)2+ (1 - 2a)2
(-1 —a)*+ (1 —2a)?
1+2a+a®+1—4a + 4a>

5a2 — 2a — 3
(5a+3)(a—1)
a

V5
5
5
0
0

3
5orl

5 Suppose Jason’s girlfriend lives at G(z, 8)
Then GJ=./(z—4)2+(8—1)2 = 11.73
(x —4)% +49 = 11.73?
(z —4)* = 88.5929
T —4 = £9.412
x = —5.412 or 13.412

6

i.e., Jason’s girlfriend lives at (—5.412, 8) or (13.41, 8)

@ Any point on the z-axis can be represented by P(a, 0).
given that AP = BP,

Vi(a—(=3)2+(0-2)2 = \/(a—5)>+ (0 (-1))?

(a+3)*+4
a?® + 6a+ 13
- 16a

a =

(a—5)%+1
a? — 10a + 26
13

13
16

Hence the point is (12, 0)

b Any point on the y-axis can be represented by P(0, b).

given that CP = DP,

V(0 =52+ (b—-0)% = /(0—(=1))> + (b— (=3))?
25+b% = 1+ (b+3)°
25402 =1+b246b+9

6b = 15
b=

ot

Hence the point is (0, g).

¢ Let (a, 3a) lie on the line y = 3z.

Since this point is 5 units from (2, 1),

Vi(@—2)2+@Ba—1

)2

(@—2)?4 (3a—1)2

a? —4a+4+9a% — 6a +

1

10a® — 10a — 20

azfaf

2

(a—2)(a+1)

a

5
25
25

0
0

0
—1 or 2

the points are (—1, —3) and (2, 6)
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EXERCISE 7D.1

11 -2 -—
1 B is the midpoint of PQ, so it lies at (3—; S 5 6) ie, Bisat (7, —4)
. S o —2—-1 . .
A is the midpoint of BP, so it lies at (#, 5 ) ie., Aisat (5, —3)
. . . o 11 —4— . .
C is the midpoint of BQ, so it lies at (7 7 5 6) ie., Cisat (9, —5)
2 B is the midpoint of AC.
if Cis at (a, b), then B is at (‘12+ a 4T+b)
But B is at (1, 1) e L L
2 2
a—1 =2 and b+4 =2
a =3 and b= -2 o Cisat (3, —2)
C is the midpoint of AE.
ifEisat (c,d), thenC isat (*HC, ﬂ) S s S atd _
2 2 2 2
c—1=6 and d+4= -4
c=17 and d= -8
Eisat (7, —8)
D is the midpoint of CE, so it lies at (3%7 #) ie, Disat (5, —5)
3 a The midpoint of AC is (_12_ 3. _22+ 2), ie, (=2,0)
The midpoint of BD is (%, %) ie, (=2, 0)
Hence the diagonals bisect one another.
b AB has slope é:—é:?; =3 and CD has slope _;i—?_Qg) = :—? =3
Hence AB is parallel to CD.
-1 1 —1—-(-2 1
BC has slope 0= "3 and AD has slope _4_—2_1; ==3

Hence BC is parallel to AD.
Hence ABCD is a parallelogram.

-2-6 -8
4 = = — =
a AB has slope s 1 2
4—-6 -2 1
AC has sl = —=—=—=
C has slope 73 1 3

The product of the slopes is —1, so AB and AC are perpendicular.

Hence £BAC is a right angle.

-14+7 —-2+4
2 72

¢ Since triangle ABC is right angled at A, BC must be a diameter of the circle. (This makes
ABAC the angle in the semicircle.)

b The midpoint of BC is ( ) ie, (3,1)
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the midpoint of BC found in b is the centre of the circle.

1-6
3-3
which is undefined.

i.e., AM is vertical.

Now the slope of AM =

Hence the tangent must be horizontal.

since it passes through A,
its equation is y = 6.

Since ABCD is a parallelogram, the diagonals bisect each other.
the midpoint of DB is the same as the midpoint of AC.
Letting D have coordinates (a, b),

a+2 3+8 and b—1 0-2

2 2 2 2

a+2 =11 and b—1= -2

a=9 and b=-1
Disat (9, —1)

Since PQRS is a parallelogram, the diagonals bisect each other.
the midpoint of PR is the same as the midpoint of QS.
Letting R have coordinates (a, b),

—1+a 4-2 and 44+b 0+5
2 2 2 2
a—1=2 and b+4 =5
a=3 and b=1
Risat (3,1)

Since WXYZ is a parallelogram, the diagonals bisect each other.
the midpoint of WY is the same as the midpoint of XZ.
Letting X have coordinates (a, b),

-1+3 a+0 and 5—-2 b+4
2 2 2 2
=a and 3=0b+4
a =2 and b= -1
Xisat (2, —1)

EXERCISE 7D.2

S . 3+1 —-3-1
) Th tMof ABisat (—
perpendicular e midpoini o is a ( 7 5
bisector of AB ie, at (2, —2)
B(1-1) o C1-(=3) 2
The slope of AB is —q—-3 ~—53° -1
M . the slope of the perpendicular is 1

the equation of the perpendicular bisector is

A(3-3) - i:?yf - f) -(=2)
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b perpendicular
B(-3,5) bisector of AB
M
A(L3)
C perpendicular
B(-3,6) bisector of AB
M
A@3,1)
d B(4,4)
- perpendicular
= M ™ bisector of AB

A(4,-2)
2 perpendicular
P(3,8) bisector of PQ
M
Q7. 2)
3

The midpoint M of AB is at <1;—3, SL;),
ie, at (—1,4)
5-3 2
The sl f AB i =_Z_-_1
e slope o s ——3 1 5

the slope of the perpendicular is 2
the equation of the perpendicular bisector is
2c—y = 2(-1)—4

e, 20—y = —6
The midpoint M of AB is at (3;—3 #)
ie, at (0, %)
6—1 5
The sl f AB i ==
€ slope o 1S 3_3 6

the slope of the perpendicular is g
the equation of the perpendicular bisector is
6z — 5y = 6(0) — 5(%)

_35

ie, 6xr—5y = —3
ie, 12z —10y = —35
The midpoint M of AB is at (#, _2; 4),
ie, at (4,1)
4-(=2)

The slope of AB is which is undefined

4—4
AB is vertical
its perpendicular bisector is horizontal

it has equation y =1

The midpoint M of PQ is at (3%7, %)’
ie, at (5,5)

.2 -
The slope of PQ is Tz = T6 =-2

the slope of the perpendicular is %
the equation of the perpendicular bisector which
is to be the boundary between the regions is
2z — 3y = 2(5) — 3(5)

ie., 2x—3y = —5

Suppose D, E and F are the midpoints of
AB, BC and AC respectively.

Then D is at <_1+5,ﬁ), e, (2,4)
2 2
. 541 5-3\ .
E is at (T T) e, (3,1)
1-1 —
and F is at (T, 32+3>, ie., (0,0)
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— 2 1
Now AB has slope % =573
the perpendicular bisector through D has slope —3
and hence equation 3z+y = 3(2)+4 e, 3z+y =10

—(=3) _8 _
i

the perpendicular bisector through E has slope f%,

BC has slope

and hence equation = +2y = (3)+2(1) e, z+2y =5
3 —6

_3_
AC has slope T2 -3

the perpendicular bisector through F has slope %,

and hence equation z—3y = 0—3(0) ie, z—3y =0

b The vertex should lie at the intersection of the three edges:
3z +y=10, z+2y=5 and z—3y=0.

For 3z 4y = 10,

10 X
when =z =0, y=10 100 8 \
_ __ 10 ) r
when y =0, z=3 2y +5 13\ mEREN
Ay =
For ,11+2y:5, 5 n fe
h —0 5 015 ZIM LY msl A=)
when z =0, y=3 mER \ ER=E
when y =0, =05 2 ~\ -
For = —3y = 0, 5 —— ‘\;_
when = =0, y=0 a 0T = ] N
when =z =3, y=1 Yy

All of the graphs meet at (3, 1), so this is the location of the Voronoi vertex.

- . 1 .

The midpoint of PQ is (i27, %), ie., (6,4)
1-7 -6
PQ has sl —_— ==
Q has slope — 5 3
its bisector has slope =  and equation z — 3y = (6) — 3(4)
ie, z—3y=-6 ... (1)

. . -1 1 .

The midpoint of QR is (77, %), ie., (3,3)
1 4 1

QR has slope _517_ -="g="3

its bisector has slope 2 and equation 2z —y = 2(3) — (3)
ie, 2z—y=3 ... 2)

From (1), z=3y—6

in(2), 23y—6)—y =3
6y —12—y =3
. by =15
s.oy=3 andso z=9-6=3
the centre of the circle is (3, 3)



130  Mathematics SL, CHAPTER 7 — COORDINATE GEOMETRY

5 The oval must be located at the intersection
A(111.9,152.5) of the perpendicular bisectors between the
T B93L 136.9) three towns.

> Let D, E and F be the midpoints of AB, BC,
and AC respectively.

m

~N o — E——‘H‘T
|
|
*\

C(127:2,87.

Then D is at (

111.9+193.1 152.5—|—136.9)’ ie. (1525, 144.7)

2 ’ 2
Eis at (127’2 ; 193.1 877 2136'9), ie, (160.15, 112.3)
F is at (127’2 ; 1.9 877 4'2152‘5), ie, (119.55,120.1)

Now we know that the three bisectors meet at a common point, so we need to find the equations of
any two of them.

136.9 —152.5  —15.6

1.2
AB has slope so DO has slope 812

193.1 —111.9 =~ 81.2 ° 15.6
and equation 81.2z — 15.6y = 81.2(152.5) — 15.6(144.7)
ie, 81.2¢—15.6y = 10126 . (1)
BC has slope 18277'.72__113963?1 = :323 = ;12—:3, so EO has slope 723—:2
and equation 65.9z + 49.2y = 65.9(160.15) + 49.2(112.3)
ie, 65.9z+49.2y = 16079 . )

The location of the oval will be at the intersection of the lines (1) and (2).
We can find this point graphically, or using algebra as follows:

49.2 x (1):  3995.04z — 767.52y = 498199.2

15.6 x (2): 1028.04x + 767.52y = 250832.4

5023.08x = 749031.6
r = 149.12
Using (2), 49.2y = 16079 — 65.9 x 149.12
y = 127.08
the oval should be at (149.1, 127.1)
6 a P is the midpoint of OA, and lies at (2(12—+0, 26—;0), ie., (a,c)

2a4+2b 2¢+0
2 72

Q is the midpoint of AB, and lies at ( ), ie., (a+b,c)

2 . .
Now OA has slope i = 2, so the perpendicular bisector through P has slope —%

it has equation ax + cy

a(a) + ¢(c),

ie, ar+cy = a®+¢
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—2c c . .
AB has slope 520~ 5_a’ the perpendicular bisector through Q has slope
it has equation (b—a)x —cy = (b—a)(a+b) —c(c)

ie.,

b From a, S lies at the intersection of

Adding (1) and (2) gives

(b—a+a)z+(c—c)y =

ba+b* —a®>—ab—c?

(b—a)x —cy = b*—a* -
ar +cy = a? + 2
and (b—a)z—cy = b —a® -2

bx = b?
r =250

€ Since R and S have the same z-coordinate, RS is the vertical line z = b.

RS is perpendicular to OB, which is part of the z-axis.

d The perpendicular bisectors of the sides of a triangle intersect at a point.

REVIEW SET 7A

1 PQ=/(-1-(-4)2+(3-7)2 2 The midpoint is at (T
=9+ 16 ie, at (5 2
= V25
= 5 units
L — (-1
3 a The equation is yx7£2) = -3 y+1=-3z-2)
y+1=-3x+6
Loy =-3z+5
. 4—(-2) 6 3 . Lo
b The line has slope -3 ~ 13 its equation is ——3
L a The equationis 2z — 3y = 2(1) — 3(—5)
e, 2x—3y =17
. 5-(-3) -2 1 o
b The line has slope —1—3 —~ -3 its equation is
ie.,
5 aIf y=-3z+7, when =0, y=7 ie., the y-interceptis 7
and when y =0, %x =7 . T= 1—34 i.e., the x-intercept is 1—34
b If 52— 3y=12, when =0, y=—4 ie., the y-interceptis —4
. _ 12 . .12
and when y =0, 5z =12 . z = ¥ ie, the z-interceptis =
6 If (2, —5) lieson 3z +4y = —14,
then 3(2) +4(-5) = —14

6—20 =

y+2
y+2

—14 which is true

Hence (2, —5) lieson 3z +4y = —14

y—(=2)

3+7 5-2

).

i.g —~~
N
jo <o

L

ot

vl Nl Nl N o

8
vl

v -3y = (2) - 3(-3)
r—3y =11
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7 a Theline 4z —3y =16 has slope % b Theline y=—4x+7 has slope —4
any line parallel to it also has slope %. .. any line perpendicular to it has slope %.
But the line must pass through P(1, —5). But the line must pass through Q(—2, 1).
its equation is 4z — 3y = 4(1) —3(—5) .. itsequationis z —4dy = (—2) —4(1)
ie, 4dr—3y =19 ie, r—4y = —6

. 2-2 . L
8 a 1 AE has slope 0= 0 soits equationis y = 2.

7
ii CE is perpendicular to AE, so its equation is = = 0.
7-10 3

- . Diagonal Rd has slope 2

7T-3 4 8

BX has slope

since it passes through (3, 10), its equation is 4z — 3y = 4(3) — 3(10)
ie, 4r—3y = —18

b 1 Diagonal Rdintersects East Ave when y =2 . 4x—6 = —18
dr = —12
r= -3 ie, at (—3,2)
ii Diagonal Rd intersects North St when z=0 . 0-—3y = —18
y=6 1ie, at (0,6)
3
9 3z +ky=7 has slope -7 y =3 —4x hasslope —4
: ; . 3 . 3
a@ The lines are parallel if the slopes are equal .". = -4 - k=73
b The lines are perpendicular if the product of their slopes is —1,
3 12
——)(-4) = -1 So— =1 Sk =-12
(%)= :

10 The distance from (0, 4) to (z, y) is three times the distance from (4, 0) to (z, )

V(@ =02+ (y—4)% = 3\/(x—4)? + (y—0)
(=072 +(@y—4)?=9((z-4)°+(y—0)?)
22+ 9% — 8y + 16 = 9z% — T2z + 144 + 99/°

8r2 4+ 8y? — T2z + 8y +128 = 0
224+ 9y -9z +y+16=0

REVIEW SET 7B

1 a 3z+5y=7 hasslope —2

any line parallel to it must also have slope —%

But the line required passes through (—1, 3)
its equation is 3z + 5y = 3(—1) +5(3) e, 3z +5y = 12
b 2z —-T7y=>5 hasslope 2

any line perpendicular to it must have slope —%

But the line required passes through (4, 2) .. its equation is 7x + 2y = 7(4) + 2(2)
ie, Tr+2y = 32
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2 5z—Ty =8 hasslope 2 3z +ky = —11 has slope —%
. . 5 3
a If the lines are parallel, their slopes are equal - =%
k= -2
b If the lines are perpendicular, the product of their slopes is —1.
5 3 15
(5= me=
Tk = 15
k=1
3 AB has slope 17%(3& = g .. its equation is z—:i = Z Sy —T7= % z—1)
y—7=3r-3
y=jo+%

this line meets 3z +2y = 6 when 3z +2 (%m + %) =6

3zr+32z+2 =6

1. 11
2T =

[

2
r = —1

5 23 _ 18 _ 9
y=3-D+F=F=3
the lines intersect at (—1, %

h KL= /(0-(=5)2+(1-(-2)% KM=/(B3-(-5)>+(-4-(-2)?
— VBT — VoI
= \/3_4 units = /68 units
LM = \/(3 —0)2+ (—4—1)2 . since LM = KL, the triangle is isosceles
_ \/94‘—25 and since KL? + LM? = KMZ, the triangle

is also right angled at L.

= V34 units i.e., KLM is a right angled isosceles triangle,

with the right angle being at L.
5 Suppose the power outlet is at P(a, 5).
Now AP = BP oo/ (@=3)24+(5-2)2 = /(a—5)2+(5-T)2
(@=3)2+(5-2)? = (a—5)°+(5-7)

a’>—6a+9+9 =a®>—10a+25+4
4a = 11
a = % .. the point is (%,5)
6 Now /(2—(-3)2+@A—-k2=7 . 25+(d—k)?=49
L (4—-k)? =2
14—k = +V24
ie, 4—k=2V6 or 4—k=-2V6

k
k
k=4—2v6 or k=4+2V6
k=4+2V6
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7 a y Suppose T is at (0, b)
T V(=1-02+(2-b) =
3 1+(2-0)?° =
A(-12) (b—2)? =
R b—2 = 22
Yr, X b=2+2V2
Y Tiis (0,2+2v2), Ta2is (0,2 —2v2)
(2+2v2) -2 22
1 AT = ——— = —— =22
b slope AT 0~ D 1 V2
the line has equation 2v2z —y = 2v/2(—1) — 2
ie, 22z —y = —2v2-2
8 a Ay b The midpoint of AB is (_12+ 3, %), ie, (1, 1)
A(HL 4)
—-2—4 —6 3
AB has sl —_— = — = —=
1L as slope 5= (1) 1 5
- - the perpendicular bisector has slope %
X
2x-3y=-1 B(3-2) its equation is 2z — 3y = 2(1) — 3(1)
1 e, 2x—3y = —1
9 Since ABCD is a parallelogram, the diagonals bisect each other.
the midpoint of DB is the same as the midpoint of AC.
Letting C be at (a, b),
—4+2 —5+4a and —1+5 4+
2 2 2
—2=a-5 and 4=4+0b
a=3 and b=20 Cisat (3,0)
10 Now 3z —y =1 has slope 3
B the diameter AB has slope —1
since it passes through (4, 1),
A(4,1) its equation is = + 3y = (4) + 3(1)
ic., 3y =17
3x-y=1 e, @ty
The tangent meets the diameter when 3z —y =1 ... (1) meets z+4+3y=7 ... 2)
Using (1), y=3z—1 in2), z4+33z—-1) =7
z+9r -3 =7
. 10z = 10
z=1
using (1), y=3x1—-1=2 Bisat (1, 2)

The centre of the circle, C, is the midpoint of AB.

Cis at (4+_1 ﬂ)

2 72

; 5 3
1.€., (5, 5)
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REVIEW SET 7C

1 Since HIJK is a parallelogram, the diagonals bisect each other.
34, 10) the midpoint of IK is the same as the midpoint of HJ.
Letting K be at (a, b),
a—3 3+4 b—1 4+10
= —— and —— =
H(3,4) 2 2 2 2
a—3=17 and b—-1=14
) a =10 and b =15
I(-3,—1) K is at (10, 15)
2 The midpoint M of PQ is at
perpendicular 7-3 —1+45
P(7,—1) bisector of PQ (T 3 ) ie, at (2,2)
5—(-1) 3

6
The sl fPQis ——= = ——
e slope of PQ is — =T 5

the slope of the perpendicular is %

Q(-3,5) .. the equation of the perpendicular bisector is
5z — 3y = 5(2) — 3(2)
ie, br—3y =4

3 If the three points are collinear, then the slope of AB equals the slope of AC.

8-2 _ k-2 and so §__k:—2
6—(-3) 2—(-3) 9 5
30 _ 10
k=2=3F=%
k= 18
L Since AB is a diameter, the centre of the circle is the midpoint of AB.
. . b+1
if A has coordinates (a, b), then o+6 _ -3 and % =4
a+6 = —6 and b+1 =28
: = —12 and b=17
Aisat (—12,7)
5 a ABhas slope:;_;(_gl):fg

the line through C must also have slope —%

its equation is 2z + 3y = 2(—3) +3(0) ie, 2zx+3y = —6

b Since ABCD is a parallelogram, the diagonals
A(-L3) bisect each other.
D .. the midpoint of AC is the same as the mid-
B(2,1)  point of BD.
Letting D be at (a, b),

-1-3 2+a 3+0 1+0
= and — = ——

2 2 2 2
—4 =a+2 and b+1
a = —6 and b=2 . Disat (-6, 2)
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6 Suppose A has z-coordinate a, so its y-coordinate must be a — 1.

Since it is 2v/2 units from B(4, —1), \/(a — 42+ ((a—1)—(-1))* = 2v2
(a—4)2+a% = 212

a®—8a+16+a®> =8

2a° —8a+8 = 0

a®>—4a+4 =0

(@a—2*=0

a =2

Hence A is at (2, 1).

7 The midpoint M of PQ is at (#, 12;_ 4)
P(5, 12) )
perpendlcular 1e., at (7, 8)
bisector of PQ 4-12 -8

The slope of PQ is = -2

9-5 4

the slope of the perpendicular bisector is %

its equation is = — 2y = (7) — 2(8)
e, x—2y = -9

Q(9,4) Hence the equation of the boundary between the
two regions is x — 2y = —9.

3—5 -8 4

8 a XY hasslope — =—=—c b PT = —5)2+ (4—1)2
as slope —— 5 3 \/(9 52 1 ( j
its equation is 4z + 3y = 4(2) + 3(5) = V16+9
i = 5 units
ie., 4r+3y =23 ... 1
! M = 50 km

Now PT is perpendicular to XY, so its slope is %.

its equation is 3z — 4y = 3(9) — 4(4)
ie, 3x—4y =11 .. 2)
T lies at the intersection of (1) and (2).
(1) x4: 16z + 12y = 92
2) x 3 9z — 12y = 33

25z = 125
T =05
using (1), 20+ 3y = 23
3y =3
y =1

Hence T is at (5, 1)

9 a The radius equals the length of AB, so radius = \/(—1 —4)24+(2—-(-2))2

= V25 +16

= +/41 units

2-(-2) 4
1 fAB= —— = ——
b slope o — 5
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¢ Using b, the slope of the tangent at B is %
its equation is 5z — 4y = 5(—1) — 4(2)
ie, br—4y = —13

d The other parallel tangent must pass through the point
C at the other end of the diameter from B.
B(-1,2) Now A is the midpoint of BC, so if C has coordinates
’ (c, d), then
0;1 =4 and %:—2
C .o c—1=8 and d+2=-4
c=9 and d= —6
Cisat (9, —6)

since the tangent must have slope 2, its equation is 5z — 4y =

47
ie., Hx—4y = 69

|
ot
BN
©
=

|
W~
=

|
=
N2

10 The distance from (4, 3) to (7, 6) is \/(7 —4)2 4 (6 — 3)2

Hence the radar will detect the other ship.



Chapter 8

QUADRATIC EQUATIONS AND FUNCTIONS

EXERCISE 8A

a y:3m2—4$+1 is of the form y:a:cz+b:c+c, where a =3, b=—4 and c=1.

b

Hence it is a quadratic function.

y=>5x—7 isofthe foom y=az?+bzr+c, butrequires a = 0.

Hence it is not a quadratic function.

y=—a’

Hence it is a quadratic function.

is of the form y = az® +bx+c¢, where a=—1, b=0 and c¢=0.

y:%$2—|—4 is of the form y = az® + bz + ¢, where a:%, b=0 and c=4.

Hence it is a quadratic function.
If 2y+32%>—-5=0,

This is of the form f(x) = ax® +bx +c, where a= —32

Hence it is a quadratic function.

then 2y = —3z>+5 - y=-224+3

y=>5x3+x —6 contains the term x>, so is not of the form y = az? + bz + c.

Hence it is not a quadratic function.

When =3, y = 3> +5x3—4 b When z=-3, y =2x(-3)2+9
=9+15—4 =2x9+9
=20 =27

When 2 =1, y = —2x124+3x1—-5 d When =4, y =4x42—-7Tx4+1
=-2+3-5 =64—-28+1
— 4 =37

f(2) b f(-3) ¢ f(0) d (2

=22 -2x2+3 =4—(-3) = —1x024+3x0-4 =1x2243x%x2

=4-4+3 =4-9 — 4 —92.46

=3 = -5 -8

f(z) =52 — 10 b y=224+52-3

F(0) =5x0—10 when = = 4,
= —10 y=2x4>4+5x4-3
() #5 =32+20-3
=49

the function is not satisfied by
the ordered pair.

y=—2z>+ 3z
when z = —1,
y = —2x (-3 +3(-3)
- 21
- 4-3
- 2

the function is not satisfied by
the ordered pair.

the function is not satisfied by the
ordered pair.

d y=—-7224+8z:+15

when z = —1,
y=—-Tx (=1 +8x(-1)+15
= -7-8+15
=0

the function is not satisfied by the
ordered pair.
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e f(z)=32">—-13z+4 f flo)=-32"+2+2
f(2) =3x2°-13x2+4 Lf) = 3x (A +Li42
=12-26+4
:*§+§+2
= —10

=2
the function is satisfied by the
ordered pair.

the function is satisfied by the
ordered pair.

EXERCISE 8B.1
1 a i y=(x+2)(x—2) has z-intercepts —2 and 2.

ii The axis of symmetry is midway v
between the z-intercepts, i.e., x = 0. Ty

iii When 2=0, y=2x(-2)=-4 2 {I

.. the vertex is at (0, —4) = (x4 2)(x - 2)
iv Fromiii, when z =0, y=-4

. the y-intercept is —4. V(0,-4)

b i y=2(x—1)(z—3) has z-intercepts 1 and 3.

ii The axis of symmetry is midway 2x — 1)(x — 3)

between the x-intercepts, ie., = = 2.
jiii When z=2, y=2x1x(-1)=-2
. the vertex is at (2, —2)

iv When =0, y=2(-1)(-3)=6
the y-intercept is 6.

4 i y=3(xz—1)(x—2) has z-intercepts 1 and 2.

ii The axis of symmetry is midway v , y =30 = x - 2)
between the x-intercepts, i.e., = = % ok
fii When 2=32, y=3xix(-3)=-2 6 ’
. the vertex is at (2, —2)
iv When z=0, y=3(-1)(-2)=6 - ; 1\1/2 >
-, the y-intercept is 6. VE, -3
d i y=3a(x—4) has z-intercepts 0 and 4. v \
ii The axis of symmetry is midway Yooxg2 /
between the z-intercepts, i.e., x = 2.
iii When 2=2, y=13x2x(-2)=-2 - ) -
the vertex is at (2, —2) y=zx(x—4)
iv When =0, y=0 also. J V(2.-2)

the y-intercept is 0.

e i y=—2z(x+3) has z-intercepts 0 and —3.
ii The axis of symmetry is midway
between the z-intercepts, i.e., = = —%.
iii When 2=-2, y=-2x(-2)x()=2

the vertex is at (—32, 9)

iv When =0, y=0 also.
the y-intercept is 0.
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f i y=-—1(z+2)(z+3) has az-intercepts —2 and —3.
ii The axis of symmetry is midway v V(-3
between the z-intercepts, ie., x = f%. =2
iii When 2=-2, y=—3x(-3)x(3)=4%
the vertex is at (—%, %)
iv When 2=0, y=-1x2x3=-3 y=-—3(x+2)(x+3) eeis
the y-intercept is —3.
2 a y=uz(x—2) has z-intercepts 0 and 2.
Its axis of symmetry is = =1, so its vertex has y =1 x (—1) = —1.

Hence the graph is B.
b y=3xz(x—2) also has z-intercepts 0 and 2.

Its axis of symmetry is « = 1, so its vertex has y =3 x 1 x (—1) = —3.
Hence the graph is A.
¢ y=—xz(x—2) also has z-intercepts 0 and 2.
its graph must be the remaining one like this, i.e., F.
Check: axis of symmetry is =z =1,
so its vertex has y = —1 x (—1) =1, which is true.
d y=(z+2)(x—1) has z-intercepts —2 and 1.
Its axis of symmetry is @ = —3, soits vertex has y = (£) x (-2) = —3.
Hence the graph is D.
e y=2(z+2)(xz—1) also has z-intercepts —2 and 1.

Its axis of symmetry is = —3, soits vertex has y=2x () x (-2) = —

Hence the graph is E.

f y=-2(x+2)(x—1) alsohas z-intercepts —2 and 1.
Its graph must be the only one remaining, i.e., C.
Check: axis of symmetry is = = —%

so its vertex has y = —2 x (3) x (—2) = 2, which is true.

EXERCISE 8B.2

1 a i y=(z- 4)2 + 3  has axis of iv
symmetry = = 4. \
19

Its vertex is (4, 3).
ilil When =0, y=(-4)>+3=19

the y-intercept is 19. -
b i y=2x+1)* hasaxisof iv
symmetry x = —1.

Its vertex is (—1, 0).
ili When =0, y=2x1>=2
the y-intercept is 2.
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W - 0 O A T o

i y=—(x+3)2+2 has axis of iv -3,2); Ty

symmetry z = —3. - /_o\

i Its vertex is (-3, 2). y=—(x+37+
ili When 2=0, y=-324+2=-7
the y-intercept is —7.

i y=3(x+2)>—4 hasaxis of iv X=3_2 7
symmetry r = —2.
i Its vertex is (-2, —4). \
fi When =0, y=3x22—4=38 y =3+ 27 |
1)
' x=2 g
2

oo\

=Y

the y-intercept is 8.

i y=2(z—2)° hasaxisof
symmetry z = 2.
ii Its vertex is (2, 0).

fii When 2=0, y=1x(-2?°=2

the y-intercept is 2. l iV(2a0)

i y=-3(z+2)>—-4 hasaxis of iv
symmetry x = —2.

¥ =

i Its vertex is (—2, —4).
fii When 2=0, y=-2x2°-4=-10

the y-intercept is —10.

y=—(x+1)>+3 has vertex (—1,3), so its graph must be G.
y=—2(x —3)?+2 has vertex (3,2), so its graph must be A
y=ax>42 hasvertex (0,2), so its graph must be E.
y=—(x—1)>+1 has vertex (1, 1), so its graph must be B.
y=(r—2)> -2 has vertex (2, —2), so its graph must be I.

y = (ac +3)%2 —3 has vertex (—3, —3), so its graph must be C.
y = —2> has vertex (0, 0), so its graph must be D.
y=—2(x—1)>+1 hasvertex (1, 1), so its graph must be F
y=2(z+2)? -1 hasvertex (-2, —1), so its graph must be H.
The graph has z-intercepts 0 and 4,

and its axis of symmetry is midway between them, ie., x = 2.

The graph has z-intercepts —5 and 0,
and its axis of symmetry is midway between them, i.e., x = —

njor

The graph has z-intercepts —1 and 3,
and its axis of symmetry is midway between them, ie., x = 1.
The graph touches the z-axis at its vertex (3, 0)
its axis of symmetry is x = 3.
The graph touches the z-axis at its vertex (—4, 0)
its axis of symmetry is = = —4.
Both (—8, —5) and (0, —5) lie on the graph. Since they have the same y-coordinate, the
axis of symmetry must lie midway between them, ie., x = —4.
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4 a i y=z?+44z has z-intercepts —4 and 0,

and y-intercept 0. y=x2+4x

The axis of symmetry is midway

between the z-intercepts, ie., x = —2.

When z= -2, y=(-2)?+4(-2)=—-4
the vertex is (—2, —4).

b i y=xz(x—4) hasz-intercepts 0 and 4, ¥
and y-intercept 0.

The axis of symmetry is midway

between the z-intercepts, i.e., x = 2.
When z =2, y=2(-2)=—-4 J\y/
. the vertex is (2, —4). 2,—4)

¢ i y=3(x—2)? has z-intercept 2

and y-intercept = 3 x (—2)? = 12. "

Since the vertex is when x = 2, y=3(x—2)?
x =2 is the axis of symmetry.

The vertex is (2, 0). l 2

d i y=2(x—1)(z+3) has z-intercepts —3 and 1, y
and y-intercept —6. \_3 . /

The axis of symmetry is midway

between the z-intercepts, ie., x = —1.

When z = -1, y=2(-2)(2) =-8
the vertex is (—1, —8).

e i y=—-2(x—1)? has z-intercept 1

and y-intercept = —2 x (—1)% = -2, _

Since the vertex is when = =1,

x =1 is the axis of symmetry.

y==2(x—1)?
iii The vertex is (1, 0).
f 1 y=-3(xz+2)(r—2) has z-intercepts —2 and 2, 12‘ y
and y-intercept = —3(2)(—2) = 12.
ii The axis of symmetry is midway y==3(x+2)(x—2)
between the z-intercepts, ie., x = 0. 5 , X
iii Since the y-intercept = 12, ! 1
the vertex is (0, 12). y
5 a i Vi =1 ii  The axis of symmetry lies halfway between

the z-intercepts,

i.e., the axis of symmetry is « = 1.

¥=
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g ii  The axis of symmetry lies halfway between
the z-intercepts,
sy , X i.e., the axis of symmetry is « = 0.
x=0
ii  Since the vertex is at © = —3,
the axis of symmetry is = = —3.
X

ii  Since the vertex is at =1,

> the axis of symmetry is = = 1.

The axis of symmetry, x =4, lies midway between the z-intercepts.

since one z-intercept is 2, the other is 6
the x-intercepts are 2 and 6.

The axis of symmetry, « = —3, lies midway between the x-intercepts.

since one z-intercept is —1, the other is —5
the z-intercepts are —1 and —5.

Since the graph touches the z-axis at 3 and it is a quadratic function,
the only z-intercept is 3 (touching).

EXERCISE 8C

1

y-intercept is —2

y=(x-12+2

y=a>—2x+3
y=a>—-2z+12+3—-12

3
y = (z—-1)°+2
V(1,2)
o.overtex is (1, 2), - g
y-intercept is 3 l

y = x® +4x —2
y=a>+4x+22-2-22
y = (z+2)* -6

vertex is (—2, —6),

y = z? — 4z

y =a’ -4z 42222
y = (z-2)° -4
vertex is (2, —4),

y-intercept is 0 V(2,—-4)



144 Mathematics SL, Chapter 8 - QUADRATIC EQUATIONS AND FUNCTIONS

d y = x>+ 3z
y =2 +3c+(3)? - (3)?

3

2

3y2 _ 9
y=(x+3) -3
vertex is (—%, —%),

y-intercept is 0

e y = x° + 5z — 2
y=2"+5c+(3)*-2-(3)°
v=@+3-2
vertex is (f%, f%),

y-intercept is —2

f y=a>—3x+2
y m2—3m+(%)2+2—(%)2

1

1

(-2 -

Yy
vertex is (2, —1),

y-intercept is 2

g y=a>—6z+5
y=a>—6x+324+5-32
y=(x—-3)?2—4
vertex is (3, —4),

y-intercept is 5

h y=a>+8x—2 y y=(x+4)"-18
sy =a48c4+42-2-42
Sy =(r+4)?2-18 - -
. vertex is (—4, —18), w2
-intercept is —2
yrimereep V(—4,-18)
i y=a>—bzx+1
2
y=2"—5c+(3)’+1- (%) \I\y / y=(x-3)*-5%
1
y=(z-3)°-% N

a - >
x

vertex is (2, —53),
V(G.-s3)

y-intercept is 1
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y =2z +4z+5
:2[x2+2m+%]
=2["+20+1>-1°+ §]

2[(z+1)°+ 2]

=2(z+1)>+3

The vertex is (—1, 3).

y =222 — 8z +3
=2[2? —da + ]
=2[a® —dw+2° - 22+ 8]
~ 2[(e-27 -4
=2(z—-2)?%-5

The vertex is (2, —5).

y = 2z% — 6z +1

y =3z —6z+5
= 3 [2? — 22+ §]
=3[a* -2z +1> - 1%+ ]
=3[@-1°+3]
=3(x—1)%+2

The vertex is (1, 2).

—2? 44z +2
= —[x2—4a:—2}

<
I

—[2® -4z +2° - 2° -2
= —[(x—2)"—6]
= —(z—2?2+6

The vertex is (2, 6).

iiil When x=0, y=5
the y-intercept is 5

y=2"+4x+5
V(-13)
X
\J
iiil When x=0, y=3
the y-intercept is 3
iv
y
3
- %

y= 2%% — 8 + 3 \/
V(2,-5)

iii When z=0, y=1
the y-intercept is 1
w Yo oy=2x?—6x+1

1

X
v3.-3)
iii When 2=0, y=5
the y-intercept is 5
iv )
y Y y=%x"-6x+5
5\/
V(1,2) N
3

iil When =0, y=2
the y-intercept is 2

iv y V(2,6)
J/\

A
/l y:—x2+4x+2
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Il

|
o
8

[\V)

|
ot
8
Jr
w

f iy

il The vertex is (-2, 2).

3 a Using technology, the graph is

y
2 A 7
y=X —4x+

(2,3)
- l >
Since the vertex is at (2, 3),

the function must be of the form
y=a(z—2)*+3 for some a.

when =z =0,
y=a(-2)2+3=4a+3
but the y-intercept is 7

da+3 =7
woa=1

the equation is y = (z — 2)? +3
¢ Using technology, the graph is
"t (2.9

5 y:—x2+4x+5

ST

Since the vertex is at (2, 9),
the function must be of the form
y=a(z—2)2+9 for some a.

X

when = =0,
y=a(-2)2+9=4a+9
but the y-intercept is 5
4a+9 =5
©oa = —1

the equation is y = —(z — 2)> 4+ 9

iii  When z=0, y=3
the y-intercept is 3

v W_%%)Ay
3
y=-2x*-5x+3
A z
/ \
3

b  Using technology, the graph is

)
_ .2
y=x +6x+3\ 3

(=3,-6)

Since the vertex is at (—3, —6),
the function must be of the form
y=a(z+3)%—6 for some a.
when = =0,
y=ax3>—6=9a—6
but the y-intercept is 3
9a—6 =3
woa=1

the equationis y = (z +3)%> — 6

d  Using technology, the graph is

A1

X
—4
3 y=2x2+6x—4
-3-9)
Since the vertex is at (—2, —47),

the function must be of the form

y=a(z+2)>— 1L for some a.
when z =0,
y=al§f - ¥ =ta- ¥
but the y-intercept is —4
%a— % = —4
fa= 3
a=3x3=2

the equation is y = 2(x + %)2 _ %
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e Using technology, the graph is

f Using technology, the graph is

A\ frmstees

y:—2x2—10x+1 x
-5
= 3 _47
27 %)
: : 5 27 . : 3 _ 47
Since the vertex is at (-3, 3), Since the vertex is at (5, —5),
the function must be of the form the function must be of the form
y=a(z+2)>+Z for some a. y=a(z—2)> -4 for some a.
when =z =0, when = =0,
y=a(3)’+F =Fat+ 3 y=a(-3)" - F =qa- 7
but the y-intercept is 1 but the y-intercept is —5
Za+d =1 o
25 25 9 27
Ta=-3 e =7
a=-% x54=-2 a=3
the equation is y = —2(z + 2)* + & the equation is y = 3(z — 3)* - 7
EXERCISE 8D.1
1 a 422 + 72 = 0 b 62 + 2z =0 c 322 —7x =0
z(4x4+7) =0 2z(3z+1) =0 z(3z—7) =0
x=0 or da+7=0 z=0 or 3z+1=0 x=0or 3x—-7=0
{Null Factor law} {Null Factor law} {Null Factor law}
z=0 or —1 =0 or —3 Sox=0or %

d 222 — 11z = 0 e 3z = 8z f 9z = 62°
z(2z —11) =0 32> — 8z = 0 622 — 9z = 0
z=0 or 22 —-11=0 z(3z—8) =0 3z(2c—-3) =0

{Null Factor law} z=0 or 3z —8=0 z=0 or 22—-3=0
z=0 or L {Null Factor law} {Null Factor law}
z=0 or % ox=0or 2
g 22 —5x+6 =0 h 22=2z+8 i 2% +21 = 10z
© (x—2)(z—3) =0 2 -2 -8 =0 22 =10z +21 =0
t—2=0or t—3=0 (x—4)(z+2) =0 (x=3)(z-T7) =0
{Null Factor law} z—4=0or z4+2=0 z-3=0or z-7=0
z=2 or 3 {Null Factor law} {Null Factor law}
= —92 or 4 r=3 or 7
i 9+ = 6z k 224z =12 I z? 48z = 33
2> —6x4+9=0 ?+2-12=0 2 +82-33 =0
(z—3)2 =0 (z+4)(z—3) =0 (x+11)(z—3) =0
r—3=0 x+4=0or t—3=0 z+11=0 or z—3=0
z =3

{Null Factor law}

r=—4 or 3

{Null Factor law}
r=-—11 or 3
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2

a 922 —-12z4+4=0 b 202 — 13z —-7=0 € 32°=16z+12
(Bz—2)2=0 2z +1)(z—-7)=0 3z — 16z —12 = 0
) CL‘_% :L‘:—%OI"? (Bz+2)(z—6) =
z=—2or6
d 322 + 5z = 2 e 20 +3 =5z f 32°=4r+4
32> 452 -2 =10 2% —5x+3 =0 322 -4z —4=0
Bz—1)(z+2) =0 2z —=3)(z—1) =0 Bz +2)(z—2)
r =1 or —2 z=3or1 L wx=—2or2
g 322=10z+8 h 42 +4z =3 i 42 =11z +3
322 — 10z -8 = 0 402 + 42 -3 =0 422 =11z -3 =0
(Bz+2)(z—4) =0 (22 +3)(2z —1) = 0 (4z+1)(z—3) =0
r=-2or4 z=-2orl r=—1%or
j 1222 =11z +15 k 722 +6z =1 | 1522 + 2z = 56
1202 - 11z —15 =0 72> +6x—1 =0 152 + 22 — 56 = 0
(4z+3)(3z —5) = 0 (Tx —1)(z+1) =0 (152 — 28)(z +2) = 0
xz=-3or2 x=1or—1 z=2 or -2
a (z+1)% = 22% -5z + 11 b (x+2)(1-2) = —4
2?42 +1 =22 - bz 411 z—2>+2—-2z = —4
22 —Tc+10=0 o2l —6=0
(z—2)(x—5) =0 (z4+3)(z—2) =0
. x=2o0rbH . x = —3or 2
c 5—4x® = 312z +1) +2 d = =3
— 2:
52 4x 6x + 3+ 2 2249 — 32
4x* +6x =0
9(2 3 — 0o - —3x+2=0
a( :c'—s- ):0 , (z—1)(z—2) =0
r=r0o 73 r=1or 2
e 2w -t = f s _ 9
x 1—=x T
207 —1 = —x z(z+3) = —-9(1 —x)
2%+ —-1=0 224+ 3z = -9+ 9z
2z —-1)(z+1) =0 2> —6x+9 =0
ox=+1or—1 (z—32%=0
=3
a If y=1, then 2?2 +62+10=1 b If y=2, then x2+5x+8—2
224 62+9=0 oot +5m+6*0
(x4+3)* =0 (:c—|—3)x+2)
o= -3 : :c:f3or72
€ If y=-3, then 2> —5zx+1= -3 d If y=-3, then 3z% = -3
22 —br+4=0 22 = -1
(z—4)(z-1) =0 there is no solution

r=4orl
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5 a flz)y =5 b flx) =1
322 =22 +5 =5 Lol —z—-5=1
322 -2z =0 sl —z—-6=0
z(3z—2) =0 (z+2)(z—-3) =0
~ xz=0o0r 2 s.ox=—2or3
< fz) = —4 d flz) = —17
=2z — 13z +3 = —4 o2t — 12041 = —17
2024+ 13z -7 =0 212 — 122418 = 0
2z -1)(z+7) =0 o2z —62+9) =0
z=73or -7 o2(=3)7 =0
Lox 3
6 a i n1)=30-5 i h(B)=30x5-5x5> dii h3)=30x3-5x3?
=25m = 150 — 125 =90 —45
= 25m =45 m
b i When h = 40 m, ii When h = 0m,
30t — 5t2 = 40 30t — 5t = 0
5t — 30t +40 = 0 o 5t(6—1) =0
5(t> —6t+8) = 0 o, t =0 or 6 seconds

5t—4)(t—2) =0
.t = 4 or 2 seconds

€ We get two answers in each case because the object is projected up, and gravity brings it back

down.
7 a i P(0)=-1x0+16x0-30 b If P(z)=57 then —22®+ 162 —30 = 57
= —$30 o 12® — 163+ 87 =0
ii P(10) = —2 x10°+16 x 10— 30 s 2® —64x + 348 =
= —25+ 160 — 30 o (@—6)(x—58) =0
= $105 s, =06 or 58

i.e., either 6 or 58 cakes are made.

EXERCISE 8D.2

1 a (z+5?%=2 b (z+6)* =11 ¢ (z—4)*=38
T+5=+V2 o+ 6 = +£V11 o —4 =48
r=-5++2 sox = —6£+/11 Sox=4£2V2
d (z-8?*=7 e 2(z +3)% = 10 f 3(x—2)% =18
-8 =7 (@43 =5 so(z-2)7 =6
z=8+7 oz +3==+V5 oz—2==+V6
z=-3+£+5 oz =2%6
g (z+1)2+1=11 h (2z+1)?*=3
(z+1)2 =10 o241 =43
z+1 = +/10 o2 =-14+43

z=-1£v10 x:,éi%\/g
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2 a 22 —4x+1=0 b 22 +62+2=0
ooz —dr = —1 22+ 6z = —2
2% —dx + (—2)? = -1+ (—2)? 2?4 6x43% = —2432
(x—2)* =3 (x+3)2 =7
z—2 =13 z+3 = V7
x*2:|:x/§ x:—3zl:\/7
c 2% — 14z +46 = 0 d 2?2 =4z +3
22 — 14z = —46 22 —4x =3
z? — Mo 4+ (=7)% = —46 + (=7)? 2? —dx + (=2)% = 34+ (-2)?
(x—T7)?2 =3 (x—2)% =7
r—7=+V3 z—2=+V7
z=T++V3 z=2+7
e 22+ 6x+7=0 f 2> =2 +6
2246z = -7 o2 —22 =6
2?2 +6x+3% = —7+32 22 =2z + (=1)% = 6+ (—1)?
(x+3)* =2 (x—-1)2 =7
z+3=+V2 x—1=+V7
r=—-3++2 o =147
g 22+ 6z = 2 h 2?2 +10 = 8z
% + 6z +3% = 24+ 32 . z2—8x = —10
(x+3)? =11 22 — 8z + (—4)? = —10 + (—4)?
r+3 = +V11 (x—4) =6
z = —3++11 r—4 =46
i 2246z = —11 v =446
2+ 6r+3° = -11+37 x has no real solutions, since the
(x+3)2 = =2 perfect square cannot be negative.
3 a 20 +4x+1 =10 b 222 — 10 +3 =0
x2+2x+%:0 x2—5m+%:0
x2+2x:—% 332—517:—%
2?4241 = -1 +1? 2? —br 4+ (-2)> = -2+ (-3)?
(z+1)* =3 @-3°=-3+%
x-ﬁ-lz:l:% (z—35)P =21
w:—lzl:% xf%:ﬂ:@
v =543
c 3224+ 12245 = d 322 = 6z +4
$2+4w+%: z? 2x+§
2’ 44z = -2 2 -2z = 3
2+ 4w 422 = 3 422 a? =2z + (-1)? = 5+ (-1)?
(@+2)? =1 (z—1)? =1
c+2=+,/T r—1=+./%
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e 522 — 152 +2 =0
:L’2—3a:—|—§ =0
z? — 3z = —%
? =3z +(—3)? = -2+ (-2)
(-3 =-3+3-%

EXERCISE 8E

22 —4x-3=0
has a=1, b= —4,

() : EP ()
2(1)

4428
2

4427
2

247
c 2?4+ 1 = 4z
22 —4dz+1=0
which has a =1, b= —4,

—(=4) £ /(=42 —4(1)(1)
2(1)

1 a
c= -3

c=1

4412
2
4423
2

=2+.3

e 22—4zx+2=0

has b=—-4, c=2

(—4)? —4()(2)
2(1)

a=1,

—(—4) £

448
2

4422
2

2++2

g 22—2V2x+2=0
b:72\/§’

has a=1, c=2

4% + 4z =
m2+x =

2’ +a+(3)" =
(z+3)*
T+

H wlo ko wlon O
+
—
NI
~—
n

el

N[

8

I
e

H,
ol

b 224+6x4+7=0

has a=1, b=6, ¢=7

—6 4+ /62 — 4(1)(7)
N 2(1)

—6++38
2

—642v2
2

= —3++2

d 2244z =1

22 +4x—-1=0

which has a=1, b= -1

4, c=
—44 /42 —4(1)(-1)
2(1)
—44++/20
2

eV
2

= —2++5

202 -2z —-3=0
has b= -2,

a=2, c=-3

_ —(=2v) £ V(=2v2)2 - 4()(2)

2(1)
2v/2++/8=38

2
V2
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h (Bx+1)* = —2z
922 + 6z +1 = —2z
922 4+8z+1 =0
which has b=38, c=1

_ 8/ a0

2(9)
-8+ V28
18

—8+2V7
18

a=29,

(z+2)(z—1) =2—-3z

2—zx+2—-2=2-3z
2?4z —4 =0

which has b=4,

a=1, c=—4

€r =

8 8
(V)

[
S
& 8
+ +
w
[l
=)

which has b= -5,

(=52 —4(MB)
2(1)

5425 —-12
2

a=1,

e e s

22—1=z
22—z-1=0
which has b=—1, -1

_ —() = /A D

—1)
2(1)

a=1,

1+v1+4
2

4+ 6

1
2 2

(z+3)(2z +1)
222 +z+ 62 +3

202 +7x—6 =0
whichhas a=2, b=7, ¢= -6
T 72 — 4(2)(—6)
a 2(2)
_ —=T7++49448
a 4
_ T4 NI
=i
(2z4+1)? =3-=z
4> +4r+1 =3z
422 +52 -2 =0
whichhas a=4, b=5 c¢c=-2
B —5+ /5% —4(4)(-2)
co 2(4)
_ —5++/25+32
N 8
_ 7
= -3+
r—1
=2 1
2—x T
z—1=2z+1)(2—-x)
r—1=4d0—2:2+2—=z
22 -2 -3 =0
whichhas a=2, b=-2, c¢c=-3
. —(=2) £ /(=2)* = 4(2)(-3)
2(2)
_2E£V28
o 4
2427 1L F
— 3E%
2m—l:3
x
227 —1 = 3z
262 -3z—-1=0
whichhas a=2, b=-3, c¢c=-1
e ERV S el
2(2)
_ 3E£V9+38
- 4
_ V17
=i+
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EXERCISE 8F

1 a z=-3414 or —0.586 b = =0.317 or —6.317 € x=277 or —1.27
d z=-108 or 3.41 r = —0.892 or 3.64 f =134 or —2.54

e
2 a x=-4.83 or 0.828 b z=-157 or 0.319 ¢ z==0.697 or 4.30
d z=-0.823 or 1.82 e z=-0.618 or 1.62 f z=-0.281 or 1.78

EXERCISE 8G
1 Let the smaller of the integers be x. 2 Let the number be z, so its reciprocal is l .
T
i i 1
Since they differ by 12, They have sum @+ — = 5 %
the other integer is (z + 12). z
2 _ 2
the sum of their squares is tl=Fz
2 2 _ Coa?—Br41=0
¥+ (z+12)° =74 = 5
z? + 2% 4 24+ 144 = 74 o br?—262+5 =0
22% 4242 +70 = 0 s (Bz—=1(xz—-5) =0
2®+12x 435 = 0 oox=2or5
(z+T7)(x+5) =0 i.e., the number is either % or 5
.ox=—-Tor =5
the larger integer is 5 or 7
i.e., the integers are —7 and 5, or —5 and 7
3 Let the number be x so its square is 2. & Suppose the numbers are = and (z + 2).
the sumis  z + 2% = 210 Then  z(xz+2) = 360
22 +2-210=0 2?22 -360 =0
(z+15)(z—14) =0 oo (z+20)(x—18) =0
. x = —15o0r 14 c.ox = —20 or 18
But z is a natural number, so = > 0, . the numbers are —20 and —18,
the number is 14. or 18 and 20.
5 Suppose the numbers are z and (z + 2). 6 If the polygon has n sides, then
Then z(z+2) = 255 ﬁ(n —3) =90
x> + 2z —255 = 0 2
Loin?-3p =090
(x+17)(x —15) =0 2 2
. x = —17 or 15 5. n?—=3n—180 =0
the numbers are —17 and —15, s (n=15)(n+12) =0
or 15 and 17. .oon=—12 or 15
the polygon has 15 sides. {asn >0}
7 a The base has sides of length  cm, so b 622 + 4z = 240
the areas of the top and bottom surfaces 322422 —-120 =0
2 2
are both =~ cm”. (3 + 20)(z — 6) = 0
The box has height (z + 1) cm, = _2 06
so the area of each of the side faces a 3
is z(z+1) cm. but x >0, so x = 6 cm
the total surface area is . theboxis 6cm x 6 cm X 7 cm

A

227 + dx(z + 1)
222 + 422 + 4z
= 622 + 4z cm?
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8 If the width of the rectangle is w cm,
then its length is (w + 4) cm.
the area is  w(w +4) = 26
w? 4+ 4w — 26 =
b=4, c=-26

which has a =1,

—44 (/42 Z4(1)(—26)

2(1)

=4+ v120

N 2

—4 £2+/30

N 2

= —24++30
But w >0, so w= —-24+30

= 3.477 cm

i.e.,, the width is approximately 3.48 cm.

w =

10

yem

xcm

Suppose one side of the rectangle has

length  cm and the other has length y cm.

The perimeter is  (2x + 2y) cm,
so 2x+2y = 20
L2y =20—-2z
y=10—=x
The area of the rectangle is therefore
z(10 — z) cm?.

if the area is 30 cm?, then

z(10 —z) = 30
10z — 22 = 30
22 —10z+30 =0
whichhas a=1, b=-10, c¢=30
~ —(=10)4/(—10)2 — 4(1)(30)
T 2(1)

10+ /100 — 120
2

10+ /=120
o 2

x has no real solutions, so it is not
possible.

9 Suppose the tin plate was

T cm X T cm.

When 3 cm x 3 cm squares are cut from
the corners, the base of the open box formed

is (z—6)cm x (z—6) cm.
The open box has height 3 cm, so its volume
is 3x(z—6)x(z—6) =80
3(x® — 12z + 36) = 80
32® — 36z + 108 = 80
3z> — 36z +28 =0

which has a=3, b= -36, c¢=28
_ —(—36) £ /(—36)2 — 4(3)(28)
v 2(3)
= w and since = > 0,
T = 6—1—% =11.16 cm

the original piece of tinplate was about
11.2 cm square.

11 The smaller rectangle is similar to the original

rectangle. AB BC
But AD =BC and BY = AB — AY
= AB — AD
AB AD

AD  AB—_ AD

Suppose AB = z units, and AD = BC

T B 1 =1 ul’lit
1 z-1
z(x—1) =1
z2—z—-1=0
whichhas a=1, b=-1, c=-1
o = —CEHV(ED2 —4m)(-1)
2(1)
_1E+v1+4
B 2
1445
2
T = 1+2\/3, since x > 0
But % = z, which is the golden ratio
the golden ratio is ! +2\/5
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12

13

Suppose AC is x hundred metres,

A so BCis (x + 4) hundred metres.
3km Now AC? 4+ BC? = AB? {Pythagoras}
22 4 (x +4)? = 302
B s+ 2%+ 8z 4+ 16 = 900
c 222 +8x—884 = 0
2 +4r —442 = 0
whichhas a=1, b=4, c¢= —442
4 /47 —4(1)(—442)
°o 2(1)
_ —4+£/1784
a 2
since x>0, = = w = 19.12

AC = 19.12 hundred metres

and BC = 23.12 hundred metres

since the paddock is triangular, its area is % % 19.12 x 23.12 = 221 hectares.

lxm

f

lawn
30m

40m

Suppose the concrete has width  m around
the lawn. We divide the concrete up into four
regions as shown.

The smaller regions have area 30z m?, whilst
the larger regions have area (40 + 2x) m?.

Now the total area of concrete is one
quarter the area of the lawn.

. 2x 30242 x 2(40 +2z) = 1 x 30 x 40
60z + 80z + 422 = 300
422 + 140z = 300
224352 —75 =0
which has a=1, b=35 c¢=-75
=354 4/352 —4(1)(-75)
B 2(1)
—35+ /1525
- 2
But = > 0,
so x = 735% V1525 = 2.026 m

the path is about 2.03 m wide.

14

Suppose Hassan’s speed is h kmph.

distance
We know that speed = —; ,
time
. distance
SO time =
speed
40

(M

Now Chuong says he will drive home at speed
(h + 40) kmph and arrive in time (¢t — ) hrs.

. if it takes Hassan ¢ hours, ¢t = 5

t— 1= i
5 h+40
. 0,
1.€., m + 3 e (2)
. 40 40
. using (1) and (2), T = m %

40(h +40) = 40h + 3h(h+40)
40h + 1600 = 40h + 1h* + 221
h? + 40h — 4800 = 0
which has b = 40,

a=1, c = —4800

—40 + /402 — 4(1)(—4800)

2(1)
—40 £ /1600 + 19200
2

h =

—40 £ /20800

2
—40 + /20800
2

But h >0,s0 h = = 52.1 kmph

i.e., Hassan’s speed is approximately 52.1 kmph.
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15 Suppose the speed of the plane is = kmph.

We know speed = dlSFance o time - Jistance
time speed
i ; . . 1 1
Using the information given, 000 _ 1000 .
z x—120 2

1000(z — 120) = 1000z — 2z (z — 120)

1000z — 120000 = 1000z — $2° + 60z
x? — 120z — 240000 = 0
b=—120, c¢= —240000
~ —(—120) £ /(—120)2 — 4(1)(—240000)
2(1)
120 =+ /974400
2

120 + /974 400
2

which has a =1,

But >0, so z = = 553.6 kmph,

.. the plane has speed approximately 554 kmph.

16 Suppose the express train travels at x kmph (on average).

distance
speed

distance
We know

speed = , SO time =

time

. . 105 . 5
it takes the express train —— hours and the normal train 0 hours.
x

105 105
— +

T 2 z—10
105(z — 10) + 2z (z — 10) = 105z
105z — 1050 + 22° — 5z = 105z
z? — 10z — 2100 = 0
which has a=1, b= -10, c¢= —2100
. —(—10) + 1/(—10)2 — 4(1)(=2100) 10 + /8500
N 2(1) n 2
But >0, so =z = w = 51.1 kmph

the express train travels on average at about 51.1 kmph.

.. . . 160
17 Suppose n elderly citizens ended up going on the trip, so the cost per person was $ — .
n

If the original number of elderly citizens had gone, there would have been (n + 8),

and the cost per person would have been § 160 .
n+8
160 160
H = = 1
ence o nrs +

160(n + 8) = 160n + n(n + 8)

160n + 1280 = 160n + n? + 8n
n?+8n—1280 =0
(n—32)(n+40) =0

since n >0, n =32, ie,

32 elderly citizens went on the trip.
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EXERCISE 8H

- 0 O A C o

y:@—Qhﬂﬂ)\ V
2

has z-intercepts

af,

—2 and 4

and y-intercept

-8
y=2(x+3)(z+5)

has z-intercepts
—5 and -3

and y-intercept

30

y = 2(x + 3)?

has z-intercept
-3

and y-intercept

A

18 -

The average of the z-intercepts is 1

The average of the z-intercepts is 1

-3 *

b y=—@-4@+2) y

has z-intercepts 3
—2 and 4

and y-intercept 8 _

y=—-3z(x+4) Y
has z-intercepts

0 and —4 _—4 X
and y-intercept 0 / l& X
y=—3(x+2)*

has z-intercept
—2
and y-intercept
-1

the axis of symmetry is x = 1.

the axis of symmetry is « = 1.

The average of the z-intercepts is —4 the axis of symmetry is z = —4.
The average of the z-intercepts is —2 the axis of symmetry is « = —2.
The only z-intercept is —3, so the axis of symmetry is « = —3.
The only z-intercept is —2, so the axis of symmetry is « = —2.

The vertex is b The vertex is

1, 3). ’
The axis of
symmetry is
=1

The y-intercept
is 4. -

y=(x-17+3

Y=

The vertex is
1, —3).

The axis of
symmetry is
=1

The y-intercept

is —5.

The vertex is
1, 9.

The axis of

symmetry is -
r =1

The y-intercept

is 32.

The axis of
symmetry is

T = -2

The y-intercept
is 9.

The vertex is
3, 2).

The axis of
symmetry is
xr = 3.

The y-intercept
- 13

18 5 -

The vertex is
(=2, =3).
The axis of
symmetry is
T =—-2.

The y-intercept
is —32.
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4 a y=z—4z+2 b y=22+2:-3

has a=1, b=—-4, c=2
I ) B
2a 2(1)
the axis of symmetry is = 2
When = = 2,
y=2>-4x2+2=-2

the vertex is at (2, —2).

y=22>+4
has a=2, b=0, c=4
b 0
e = =0
2a 2(2)

the axis of symmetry is « =0
When z=0, y=4
the vertex is at (0, 4).
y=2x>4+8x -7
has a=2, b=8, ¢c=-7
b 8

R A
2a 2(2)
the axis of symmetry is « = —2
When = = —2,

y = 2(-2)%48(-2) - 7=-15

the vertex is at (—2, —15).

y=2z>+6z—1
has a=2, b=6, c=-1

b6 3
2a  2(2) 2
the axis of symmetry is z = —2
When z = —3,
y=2(-3)2+6(-3)—1
9
5—9-1
= _1u
2
; 3 1
the vertex is at (—3, —%).

y:—%x2+x—5
has a=-3, b=1, c=-5
b 1

2a _F%) o
the axis of symmetry is = =1
When z = 1,
y=—-3(1)°+1-5=-3

the vertex is at (1, —%).

has a=1, b=2, ¢c=-3

b2
2 2(1)
the axis of symmetry is = = —1
When = = —1,

y= (-1 +2(-1) -3 =4
the vertex is at (—1, —4).

y=—3z24+1
has a=-3, b=0, c=1
b 0
S A —
2a 2(-3)

the axis of symmetry is =0
When =0, y=1

the vertex is at (0, 1).
y=—x?—4zx -9
has a=-1, b=—-4, c¢=-9

A Gl

2a 2(—1)
the axis of symmetry is = = —2

When = -2, y = —(=2)2 —4(-2) -9

—448-9
=5

the vertex is at (—2, —5).

y=2x?— 10z + 3
has a=2, b=-10, ¢c=3
b (-10) 5

2a 2(2) 2

the axis of symmetry is =z = %

When z =3, y

_ 25 _ 50
=L _ 2043

19
2

the vertex is at (g, 71—29 .

y=—2x> 4 8z — 2

has a=-2, b=8, c=-2
b8
2a 2(-2)

the axis of symmetry is = = 2

When =2, y = —2(2)2+8(2)—2

—8+16 -2
=6

the vertex is at (2, 6).

2(3)* - 10(3) + 3
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@ When y=0, z2-9=0
(z+3)(xz—3) =0
r = £3

the x-intercepts are +3

22+ T +10=0
(z+5)(z+2) =0
r=—5or —2

€ When y=0,

the z-intercepts are —5 and —2

e When y=0, 4z—2%> =0
z(4—z) =0
x=0or4

the z-intercepts are 0 and 4

—22% —dx — 2
22 +2x+1
(z +1)?

xr =

g When y=0,

I
o oo

the x-intercept is —1 (touching)

i When y=0, 2> —4z+1=
b=—4 and c=1

—(=4) £ /(=4 - 4(1)(1)

2(1)

a=1,

4+ 12
2

4423
2

2443

the z-intercepts are 2 + /3

k When y=0, z?>—-6z—2 =

a=1, b=—-6 and c

6 + V44

6 +2v11
2

3+V11

the z-intercepts are 3 + /11

b When y=0, 2¢2-6=0
ot =3=0
(z+V3)(@ - V3) = 0
: x::t\/g
the x-intercepts are i\/g
d When y=0, 22 +2—-12=10
(¢ +4)(z—3) = 0
. x=—4or3

the z-intercepts are —4 and 3

—z2—62—-8=0
m2+6m+8: 0
(x+4)(z+2) =
. x=—4or —2

f When y=0,

the x-intercepts are —4 and —2
h When y=0, 42® —242+36 =0
22 —6x+9 =0
(z—3)>=0
r =3
the z-intercept is 3 (touching)
22442 -3=0
b=4 and ¢ -3
—4+ /42 —4(1)(-3)
2(1)

 —4+V28
= ===

-4+ 2V7
= ==

= 247

the z-intercepts are —2 + /7

] When y=0,
a=1,

xr =

22 4+ 8z + 11
b=28

I When y=0,
a=1,

=0
11

and ¢
8+ ./82 —
2(1)
—8++/20
2

—8+2V5
2

—4++5

the x-intercepts are —4 + \/5

4(1)(11)
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6 a i y=2"-22+5 ii When z =1,
has a=1, b=-2 ¢=5 y=1>-2(1)+5
b (-2) =1-2+5
T 20 —4
the axis of symmetry is = =1 . the vertex is at (1, 4)
ili  When =0, y=>5, iv

so the y-intercept is 5
When y =0, 2> —-2z+5=0

24+ +/4-20
2

This has no real solutions,
so there are no x-intercepts.

b i y=244z-1 ii When z = -2,
has a=1, b=4, c=-1 y=(-2)2+4(-2) -1
b4, —4-8-1
2a  2(1) =5
the axis of symmetry is & = —2 .. the vertex is at (—2, —5)
iii When z=0, y=-1, iv

so the y-intercept is —1.
When y =0, 2442 —-1=0

—44 /42 Z4(1)(—1)

xr =

2(1)
_ —4+v20
N 2
 —4+2V5
n 2
= —2++5
the x-intercepts are —2 + \/5
[ i y=222—5z+2 ii  When x:%,
has a=2, b=-5 ¢c=2 y:2(2)275(%)+2
b (-5) 5
—— = = =50 _ 25,9
2a 2(2) 4 16 4
9
the axis of symmetry is z = 3 )

iii When 2=0, y=2, iv
so the y-intercept is 2. yoy=3
When y =0, 22?5242 =0 4
(2z—-1)(z—2) =0 2\ ,
z=73 or2 . 2 2 X

2

the x-intercepts are = and 2 l \{)/V(%’_Tg)
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the axis of symmetry is = =

ii When =z

Y

iii When =0, y=-2, iv 3
A 2 2
so the y-intercept is —2. Y ;V(z’ 4)
‘ X
When y =0, —224+3x-2=0 - 1/T\2 >
2 —3z+2=0 ‘
(z—1)(@—2) = 0 2
rz=1or2 / 3
. ¥ xzf
the x-intercepts are 1 and 2
i y=-324+4z-1 il When z =2,
has a=-3, b=4, c=-1 232 2
’ ’ y=-3(3)"+4(3) -1
b 42 o
2¢  2(-3) 3 =-3t3z-1
the axis of symmetry is :§ = %
the vertex is at (%,%
i When x.: 0, y.: -1, v 4y i V(%,l)
so the y-intercept is —1. /6\3 3
When y =0, —322+4zx—1=0 < 9 % 1 %
37° —4z+1=0 -1
Bz —1)(z—1) =0
1 i
=z orl ;
: b=l
the x-intercepts are é and 1
i y=—202+z+1 ii  When m:%,
has a=-2, b=1, c=1 172 1
) > y = 2 = +_+]~
IR S S
2 2(—2) 4 =-gtztl
the axis of symmetry is z = + =3
the vertex is at (i,%
iii  When =0, y=1, iv
. . Yhi (1 o
so the y-intercept is 1. 1 1V(;,§)
When y =0, —222+z4+1=0 =% »\1 x
202 —xz—1=10
2z +1)(x—1) = 0
LT = —% or 1 .
Yx=z

the z-intercepts are —% and 1
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g i
has a=-1, b=6, ¢c=0
b 6

T D

the axis of symmetry is = =3

iii  When z=0, y=0, iv

so the y-intercept is 0.
When y =0, 6x—x> =0
z(6—x) =0
r=0o0r6

the x-intercepts are 0 and 6
y=—x°— 6z —8
has a=-1, b=-6, c= -8
b _ (=6 _

the axis of symmetry is * = —3
iii When z=0, y=-8,
so the y-intercept is —8.
When y =0, —z?—6x—8 =0

2 +6x+8 =0
(z4+4)(xz+2)=0
. x=—4or —2

the x-intercepts are —4 and —2

y:—im2+2m+1
has a:fi, b=2 c¢c=1
b 2
A
the axis of symmetry is « =4

iii  When z=0, y=1,
so the y-intercept is 1.
When y =0, —im2+2x+1 =0
2?2 —8x—-4=0
whichhas a=1, b=-8, c¢c=—-4

—(=8) £ /(=8)* —4(1)(-4)

y = 6z — z° ii

2(1)
8 + /80
2

8 + 45
2

=44+2V5
the z-intercepts are 4 + 2v/5

When z = 3,
y =6x3—3°
=9

the vertex is at (3, 9)

=

y = —(-3)*-6(-3)-8
= —9+18-8
=1

the vertex is at (—3, 1)

i Ay
< 3 )/0\:

7N

=

-2

)-8
x=-3 \
A

y=-114)?+204)+1

= —4+8+1
=5

the vertex is at (4, 5)

iv
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EXERCISE 8l.1

1 a 224+7r-2=0
has a=1, b=7 c= -2

A = b% — dac
=7 —4(1)(-2)
=57

Since A > 0, there are 2 distinct
real solutions.

€ 22°4+3x-1=0
has a=2, b=3, c=-1

A = b% — 4ac
— 32— 42)(-1)
=17

Since A > 0, there are 2 distinct
real solutions.
e 2’+zx+6=0
has a=1, b=1, ¢c=6
A = b% — 4ac
= 1% — 4(1)(6)
= —23

Since A < 0, there are no real roots.

2 a 2224+7r—-4=0
has a=2, b=7 c=-4

A = b% — 4ac
=72 —4(2)(—4)
= 81

VA =9, so the equation
has rational roots.

€ 222 4+6:x+1=0
has a=2, b=6, c=1

A = b% — dac
= 6% —4(2)(1)
= 28

\/Z:\/%:%/?, so the

equation does not have rational roots.

e 42’ -3x+3=0
has a=4, b=-3, ¢c=3
A = b% — 4ac
= (=3)% —4(4)3
= -39
Since A < 0, the equation does
not have rational roots.

2+ 4\/§m +8=0
has a=1, b=4v2, c¢=38
A = b — 4ac
= (4V2)? —4(1)(8)
32-32
=0
there is one repeated real root.
62° +5r—4=0
has a=6, b=5 c=—-4

A = b? — 4ac
= 5% — 4(6)(—4)
=121

Since A > 0, there are 2 distinct
real solutions.

922 +6x+1=0

has a=9, b=6, c=1

A = b? — 4ac
= 62 —4(9)(1)
=0

there is one repeated real root.

322 —Tx —6=0
has a=3, b=-7, ¢c=—-6
A = b® — 4dac
= (=7)* —4(3)(-6)
121
VA =11, so the equation
has rational roots.

622 +192+10=0
has a=6, b=19, c=10

A = b? — dac
= 19% — 4(6)(10)
=121

VA =11, so the equation
has rational roots.

8z2 — 10z —3 =0
has a=38, b=-10, c¢= -3
A = b® —4dac
(—10)* — 4(8)(-3)
= 196
\/Z = 14, so the equation
has rational roots.
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3 a z22+43x+m=0 has a=1, b=3, c=m
A = b —dac = 32 —4()m

=9—4m
i For a repeated root, ii For two distinct real roots,
A=0 A >0
9—4m =0 9—4m >0
dm = 9 coodm < 9
_ 9 9
m T m < 7
b 22-5z24+m=0 has a=1, b=-5 c=m
A = b —dac = (=5)% —4(1)m
= 25—4m
i  For a repeated root, ii For two distinct real roots,
A=0 A >0
25—4m =0 c.25—4m >0
4dm = 25 c.o4dm < 25
_ 25 . 2

€ mz®2—z+1=0 has a=m, b=-1, c=1

A =b* —4dac = (-1)® —4m(1)

=1—4m
i For a repeated root, ii For two distinct real roots,
A=0 A >0
1—-4m =0 oo 1l—=4m >0
odm =1 4m < 1
m = % m < i

d mz®+2:+3=0 has a=m, b=2, ¢c=3
A =b* —dac = 2% —4m(3)

=4—12m
i  For a repeated root, ii For two distinct real roots,
A=0 A >0
4—12m =0 4—12m > 0
12m = 4 12m < 4
m = % m < %

e 222+7x+m=0 has a=2, b=7, c=m
A = b —dac =7 —42)m

=49 — 8m
i  For a repeated root, ii For two distinct real roots,
A=0 A >0
49—-8m =0 c. 49 —-8m >0
8m = 49 C.o8m < 49
m=2 om< 2

f maz®—52+4=0 has a=m, b=-5, c=4
A = b —dac = (—5)® — 4m(4)
= 25— 16m

iii For no real roots,
A<

9—4m <

Im >

m >

o © O O

iii For no real roots,
A <O
25 —4m < 0
dm > 25
25

m>7

iii For no real roots,
A <

1—4m <

dm >

BR = O O

m >

iii For no real roots,
A<

4—12m <

12m >

wi= &~ O O

m >

iii For no real roots,
A <O
49 —8m < 0

8m > 49

49
m > 3
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i  For a repeated root, ii For two distinct real roots, iii For no real roots,
A=0 A>0 A <O
25 —16m = 0 c.o25—16m > 0 c.o25—16m < 0
o 16m = 25 coo1em < 25 oo 16m > 25
_ 25 . 25 . 25
m = g Soom < {5 Soom o>

EXERCISE 81.2

1 a y=2>+7x-2 b y=a?+4v22+8
has a=1, b=7 c=-2 has a=1, b=4V2, c¢=8
A = b? — 4ac oA =1b%—dac
= 72— 4(1)(-2) = (4v2)* —4(1)(8)

Since A > 0, the graph cuts the
r-axis twice.

the graph touches the x-axis.

¢ y=-202+3x+1 d y=62>+5z—-4
has a=-2, b=3, c=1 has a=6, b=5 c=—-4
A = b? — 4ac oA =0b%—dac
=3 —4(-2)(1) = 5% —4(6)(—4)
=17 = 121
Since A > 0, the graph cuts the Since A > 0, the graph cuts the
z-axis twice. z-axis twice.
e y=-2>+2+6 f y=922+6z+1
has a=-1, b=1, ¢=6 has a=9, b=6, c=1
A = V% — dac oA =b* —dac
=12 — 4(=1)(6) = 62 —4(9)(1)
=25 =0

Since A > 0, the graph cuts the
T-axis twice.

the graph touches the x-axis.

2 a 22-3z+6 b 4z—22-6
has a=1, b=-3, ¢c=6 has a=-1, b=4, c=—6
A = b% — 4ac oA =10 —dac
= (=3)* —4(1)(6) = 47 —4(-1)(-6)
since a >0 and A <0, . since a<0 and A <O,

22 -3z +6>0 forall z. 4z — 22> —6 < 0 forall z.

¢ 2% —dx+7 d —2:2+3zx-4
has a=2, b=—-4, ¢c=7 has a=-2, b=3, c=—-4
A = b — 4ac oA =b2—dac
= (—4)* - 4(2)(7) = 32 —4(-2)(-4)
= —40 = 23

since a >0 and A <0,
222 — 4z +7 >0 forall z.

it is positive definite.

since a <0 and A <0,
—2224+3x—4 <0 forall z.

it is negative definite.
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3 32 +kr—1 b 227+ kx+2
has a=3, b=k, c=-1 has a=2, b=k, c=2
A = b? — 4dac A = b? — dac
= k? —4(3)(-1) = k* —4(2)(2)
=k +12 = k?—16
Now k* > 0 forall k Now 2z +kz+2 has a>0.
k*+12 > 0 forall k it is positive definite provided k* —16 < 0
A > 0 forall k k2 < 16
322 4+ kxz —1 has two real —4 < k<4

distinct roots for all k.
it can never be positive definite.

EXERCISE 8)

@ The z-intercepts are 1 and 2.
y=a(z—1)(x —2)
for some a # 0.

But the y-intercept is 4.

a(-1)(-2) =4
. 2a =4
a =2

y=2(z—1)(z—2)
¢  The z-intercepts are 1 and 3.
y=a(z—1)(x—3)
for some a # 0.

But the y-intercept is 3.

a(-1)(-3) =3
. 3a =3
a=1

y=(z—-1)(z-3)
€ The graph touches the z-axis
when z = 1.
y=a(x —1)? for some a # 0.
But the y-intercept is —3.

The graph touches the z-axis
when z = 2.

y = a(x —2)? for some a # 0.
But the y-intercept is 8.

a(—2)* = 8
4a = 8
a =2
y = 2(z —2)?

The z-intercepts are —1 and 3.
y=a(z+1)(z—-3)
for some a # 0.
But the y-intercept is 3.
a(1)(-3) =3
Sooa=—1
y=—(+1)(z-3)

The z-intercepts are —2 and 3.
y=a(z+2)(x - 3)
for some a # 0.

But the y-intercept is 12.

a(-1)* = =3 a(2)(—3) = 12
Loa= -3 . —6a = 12
= —3(z —1)? oa = =2
y=—-2(x+2)(z—3)
a y=2(z—1)(z—4) b y=—(z+1)(z—4) € y=(x—1)(z—4)

has z-intercepts 1 and 4,
and y-intercept 8

its graph is C

has z-intercepts —1 and 4,
and y-intercept 4

its graph is E

has z-intercepts 1 and 4,
and y-intercept 4

its graph is B

d y=(z+1)(z—4) e y=2xz+4)(z—1) f y=-3+4)@x-1)

has z-intercepts —1 and 4,
and y-intercept —4
its graph is F

has z-intercepts —4 and 1,
and y-intercept —8
its graph is G

has z-intercepts —4 and 1,
and y-intercept 12

its graph is H
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8 y=—-(z-1)(z-49) h
has x-intercepts 1 and 4,
and y-intercept —4
its graph is A

@ As the axis of symmetry is « = 3,
the other z-intercept is 4.
y=a(zr—2)(x—4)

for some a # 0.

But the y-intercept = 12

a(—2)(—4) = 12

. 8a =12

12

a:?:

y=3@—2)(z—4)

¢ The graph touches the z-axis at =z = —3,

[N 98]

y=a(z+3)? for some a # 0.
But the y-intercept = —12
a(3)? = —12
9a = —12
12 4
a = -5 =-3

@ Since the z-intercepts are 5 and 1, the
y=a(z—5)(z—1)
for some a # 0.

equation is

But when x =2, y= -9

-9 =a(2-5)(2-1)
. =9 =a(-3)(1)
—3a = -9
a=3
the equation is
y = 3(—5)(@—1)
ie, y = 3(x®—62+5)
ie, y=3z>—18z+15

¢ Since the graph touches the z-axis at 3,
its equation is y = a(x — 3)7,
for some a # 0.
But when =z = -2, y=-25

—25 = a(—2—3)?
—25 = 25a
a=—1
the equation is
y = —(z—3)?
ie, y=—(22—6x+9)
e, y = —z2+6z—9

y=-3x—-1)(z—4)
has z-intercepts 1 and 4,
and y-intercept —12

its graph is D

b As the axis of symmetry is = = —1,
the other z-intercept is 2.
y = a(z +4)(z —2)
for some a # 0.

But the y-intercept = 4

a(4)(—2) =4
. —8a =14

y=—5(+3)

b Since the z-intercepts are 2 and f%, the
equationis y =a(z —2)(z + 1)
for some a # 0.

But when z =3, y=—14

14 = a(3-2)(3+3)
—14 = a(1)(%)

%a = —-14

a = —4

the equation is

y = A -2 +3)
ie, y=—4(z®—-32z-1)
ie, y=—4z®+6x+4

d  Since the graph touches the z-axis at —2,
its equation is y = a(x + 2)?,
for some a # 0.
But when z =—-1, y=14
4 = a(—-1+2)?

4=a
the equation is
y = 4(z +2)°
ie, y=4(z® +4x+4)
ie, y = 4x?+ 16z + 16
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e

Since the graph cuts the z-axis at 3
and has axis of symmetry = = 2,
it must also cut the z-axis at 1.

the z-intercepts are 3 and 1, and
y=alz—-3)(z—-1)

for some a # 0.
But when =z =5, y=12

12 =a(5-3)(b—-1)

the equation is

12 = a(2)(4)
8a = 12
a=3

the equation is

y=3(z-3)(z-1)
e, y = 2(z°—4a+3)
e, y = %xQ — 6z + g

The vertex is (2, 4),

so the quadratic has equation
y=a(x—2)2+4 forsome a#0.
But the graph passes through the origin

S 0=a(0-2)%+4
4da+4 =0
ooa = —1

the equation is y = —(z —2)® +4

The vertex is (3, 8),
so the quadratic has equation
y=oa(x—3)>+8 forsome a # 0.
But the graph passes through (1, 0)
0=a(l-3)%+8
0=4a+8
a = -2

the equation is y = —2(z —3)* +8
The vertex is (2, 3),
so the quadratic has equation
y=oa(x—2)%>+3 for some a # 0.
But the graph passes through (3, 1)

1=a(3-2)%*+3
1l=a+3
a = —2

the equationis y = —2(z —2)* +3

f

the equation is

Since the graph cuts the z-axis at 5
and has axis of symmetry = =1,
it must also cut the x-axis at —3.
the z-intercepts are 5 and —3, and
y=a(z—5)(z+3)
for some a # 0.

But when z =2, y=5

5=a(2-5)(2+3)
5 = a(-3)(5)
—3a =1

3
the equation is

y = —3@—5)@+3)
ie, y = —3(2*—2z-15)
ie., y = f%w2+§x+5

b The vertex is (2, —1),

so the quadratic has equation

y=a(x—2)%> -1 for some a # 0.

But the graph passes through (0, 7)
7=a(0-2)%-1

7T=4a—-1
4a = 8
a =2

the equation is y = 2(z — 2)* — 1

d  The vertex is (4, —6),

so the quadratic has equation
y=a(xr—4)%> -6 forsome a # 0.
But the graph passes through (7, 0)
o 0=a(T—4)7-6
9a — 6 =

a =

whv O

the equation is y = 2(z —4)*> — 6

The vertex is (%, —%),
so the quadratic has equation
— 1\2 _ 3
y=a(z—3)" -3
3 1

But the graph passes through (5, 5

for some a # 0.

27 3
1 _ 3 _1y2_3

3 =a(3 —3) 2

1 _ .3

3 — 073

a =2

the equation is y = 2(z — %)2 — %
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EXERCISE 8K

y=x2>—2x+8 meets y=x+6
when 22 —-2z4+8 =z +6
> —3x+2=0
(z—1)(x—-2)=0
o x=1or2
Substituting into  y = = + 6,
when z =1, y=7
and when z =2, y=38
the graphs meet at (1, 7) and (2, 8)

y=a®—4x+3 meets y=2x—6
when z° —42+3 =22-6
2> —6z+9 =0
(x—3)2% =0
Lo =3
Substituting into y = 2z — 6,
when =3, y =0
the graphs touch at (3, 0)

(0.59, 5.59) and (3.41,8.41) b
(—2.56, —18.81) and (1.56, 1.81)

y=1x> meets =x+2
when z? = z+2
st —z—-2=0
(z+1)(z—2) =0
z=—1or2

Substituting into  y = x + 2,

y=1

and when 2 =2, y =4

-, the graphs meet at (—1, 1) and (2, 4).

when =z = —1,

y=2z —2+3 meets y=2+x+>

when 2z? —z+3 = 2+ +2?
22 —224+1=0
(x—-1) =0
z =1
Substituting into  y = 2+  + z2,
y=24+14+1=4
', the graphs meet at (1, 4)

when = =1,

(3, —4) touching

b y=—22+32z+9 meets y=2z—3

—z2+32+9=2:x-3
ozl —2—-12=0
(x—4)(x+3) =0
r =4 or —3

when

Substituting into  y = 2z — 3,
when z=-3, y=2(-3)—3=-9
and when x =4, y =2(4)—-3=5
the graphs meet at (—3, —9) and (4, 5)

y=—a®>+4x -7 meets y=>5x—4

when —a2? 44z —7 =5x—4
?+z+3=0
whichhas a=1, b=1, ¢=3
—14 /12 — 4(1)(3)
—
2
-1+~
- 2

there are no real solutions
the graphs do not meet.

€ graphs do not meet

b y=2>4+22-3 meets y=x—1

when z?2+2z—-3=2-1
s+ —-2=0
(z—1)(z+2) =0
o x=1o0r -2

Substituting into y =z — 1,
when z=1, y =0
and when z = -2, y = —3

*. the graphs meet at (1, 0) and (—2, —3).

d Nowif zy=4, then y:%

xy=4 meets y=x+3
4
when — =x+3
x
4 =2 +3z

2> +3x -4 =0
(z+4)(z—1) =0
ox=—4dorl
Substituting into  y =z + 3,
when x=—-4, y = -1
and when =z =1,

.. the graphs meet at (—4, —1) and (1, 4)

y =4
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EXERCISE 8L

H(t) = 36t — 2t° b H() =36x9—2x9?
has a=—-2 and b= 36 = 324 - 162
Since a < 0, = 162
the graph is y/\ . the maximum height reached is 162 m.
The maximum height reached occurs ¢ The ball hits the ground when H(t) = 0
36t —2t° = 0
b 36 9
h P = =2 . o
when 2 2(—2) oo 2t(18—t) =0
i.e., the maximum height is reached t=0orl8
after 9 seconds. . the ball hits the ground after 18 seconds.
C(z) = 2% — 24z + 244 b C(12) = 122 —24(12) + 244
has a=1, b=-24 and c=244 = 144 — 288 + 244
Since a > 0, = 100
the graph is \/ .. the minimum cost is $100.
The minimum cost occurs € C0) = 0-24(0) +244
= 244
_ b (=24
when  z = T2 201 12 . if no skateboards are made, there is a
i.e., the minimum cost is when twelve fixed cost of $244.
skateboards are produced.
The driver applies the brakes when ¢ = 0. Note: In the reprint of the text,

the function v(¢) in the
question was altered to be
more physically realistic.

Now o(t) = —2t*+2t+15 - v(0) =15
the car was travelling at 15 m/s when the

driver applied the brakes.

v(t)=—3t°+1t+15 has a=-1, b=1 and c=15

Since a < 0, the graph is
/\ 1

. . b 3
The maximum velocity was when ¢ = —— = ——2 ~ = % sec

i.e., the maximum velocity occurred half a second after the brake was applied.

Since the car was travelling downhill, it was accelerating. Therefore, when the brake was ap-
plied, it took a half a second before the deceleration, due to the brake, cancelled the acceleration
due to the hill. Therefore the speed of the vehicle increased for a short time after the brake was
applied.

v(3) = -3(3)+3(3)+15 d The car is stopped when wv(t) = 0.
— 141415 o=t 3t+15 =0
24— =
_ 15% /s t t—30 =0
(t—6)(t+5) =0
the maximum velocity was 15% m/s. -t =6 or -5

but ¢t >0, so t =6

the car is stopped after 6 seconds.
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P(n) =84n —45—-2n% has a=-2, b=84 and c= —45

Since a < 0, the graph is /\

. . 4
the maximum value of P is when n = _b = __8 =21
20 2(-2)
the maximum profit occurs for a fleet of 21 taxis.
P(21) = 84 x 21 — 45 — 2 x 212 ¢ P(0) = —45, so if no taxis are on the
= 837 road, $45 is lost per hour.
the maximum profit is $837 per hour.
Dusk corresponds to ¢ = 0. b T = %tQ — 5t + 30
Now T(t) = 1t —5t+30 has a=21, b=-5 and c=30
- T(0) = 30°C Since a > 0, \/‘
the temperature at dusk was 30°C. the graph is
the temperature was a minimum
I G
T(10) = 4 % 10> — 5 x 10 + 30 when = o = Tomy =10
= 5°C Now 10 hours after 7 pm is 5 am, so the
the minimum temperature was 5°C. temperature was a minimum at 5 am.
xm If the sides shown are = m long, and the total length

of fencing is 40 m, then the other side must have
length (40 — 2z) m.
brick wall o, theareais A = x(40 —2z) m?
ie, A= —222+40x m>

A= 22 4 40z ¢ A(10) = —2x 10 +40 x 10
has a=—-2 and b=40 = —200 + 400
Since a < 0, = 200 m?
the graph of A has shape /\ . the maximum area is 200 m?.
the area A is maximised
b 40
h =——=———=10
when z 50 =)

the area is maximised when x = 10.

With the axes as described, the parabola has vertex (0, 70).
its equation is y = az® + 70 for some a # 0.
The end of the bridge is 80 m from A,
so the arch meets the vertical end supports at the point (80, 6).
Since (80, 6) must lie on the curve, 6 = a(80)2 + 70

6400a = —64
1
a = — 100
the arch has equation y = —ﬁxQ + 70
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b The supports occur every 10 m.

When z =10, y=—105 x 10°+70 = 69 m
When =20, y=—155 x20°+70 = 66 m
When z =30, y=——=x302+70 = 61m

-

100
When z =40, y=—145 x40 +70 = 54 m
When =50, y=—155 x50°+70 = 45 m
When =60, y=—155 X 60°+70 = 34m
When =70, y=—55 X 70°+70 = 21 m

the other supports have lengths 21 m, 34 m, 45 m, 54 m, 61 m, 66 m and 69 m.

@ The maximum sag occurs in the middle of the cable.
This is halfway between the towers, which are at z =0 and at = = 60 m

the maximum sag is when x = 30 m.

The towers are 50 m and the sag is 20 m, .. at the vertex y =150 —20=30m
the vertex of the parabola is at (30, 30).
b Using a, the parabola has equation ¢ Point X lies at = =50 m
o 2
y =a(x —30)* +30 for some a # 0. oy = (50 —30)2 +30
When z=0, y=50 = & x 400 + 30
oo 50 = a(0—30)° + 30 _ 350
. 900a = 20 9
Q= 20 — 1 = 38.89
= %00 35
the equation is y = 4%(:0 _ 30)2 +30 . the cable is about 38.9 m above X.

REVIEW SET 8A

@ The z-intercepts are —2 and 1.

b The axis of symmetry lies midway between the x-intercepts, so its equation is = = —%.
€ When z=-1, y=-2-2+2)(-1-1) e
-2(3)(-3)
% y==2(x+2)(x—1)
is (_1 9 .
the vertex is 5 %) - >
d When z=0, y=-2(2)(-1)=4 x__g !
the y-intercept is 4 2
@ The axis of symmetry is = = 2. d Ay ,
b When 2=2, y=1(2-22-4 o
= —4
X

the vertex is (2, —4)
€ When 2=0, y=1(-2)%-4
=2-4
= -2
the y-intercept is —2
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a y=a-4dz-1 d y
=2 —dz4+4—-4-1
= (x—2)?2-5 < >

=

b The vertex is (2, —5) -1
=x?—dx—1
€ When =0, y=(-22-5=-1 TR

the y-intercept is —1

a y=2>+6x—3 b
= 2[z® 4+ 3z — 3] ¢

The vertex is (f%, -3

When =0, y=-3

=2 [x2 +3z+(2)*—(3)* - %} the y-intercept is —3.
=2[c®+3c+9 -9 2] d \ ‘y/
X
:2(x2+3m+2)7%7 = g
_ 3\2 15 —
=2(z+3) 2 y=2x2+6x—3 3
(=3.-%)
a ?—1lz =60 b 322 -z —-10=0 ¢ 322 — 122 = 0
o2 —1lz—60 = 0 Bz +5)(x—2) =0 3x(z—4) =0
(z+4)(z—15) =0 x=—2 or?2 z=0or4
rz=—4or 15
2 12 2
a z°4+10 = Tx b ac+?—7 [4 20 —Tx+3 =0
2
L2t —Tr+10=0 2z —1)(z—3) =0
22412 = Tz (22 (@ )
(z=2)(z—-5) =0 ) z=73or3
2 —Tr+12=0
r=2o0rb
(z=3)(x—4) =0
. x=3o0r4
224 Te—4=0 8 2®+4x+1=0
2 Te4(3)? = (3)? -4 =0 2® +4z+4-4+1=0
+2)2 =3
x+IP - _4-9 (@
( 2) ) 7\2 65 m+2:i\/§
(z+3)" =7 oz =243
7 _ 4 65
T+ § =52
_ NG
v = —fa

a 22-7x+3=0

has a=1, b=-7 and c¢c=3
I L E SV G R )
2(1)
Ty 12
o 2
7437

2

e, o = 2+ ¥1

b 2:2-52+4=0
b=-5 and c=4

—(=5) £ V(=5)* —4(2)(4)

2(2)
5+ /25 — 32
4

has a =2,

57
4

ie, ©r =

x has no real solutions.
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REVIEW SET 8B

1 y=-—2?+2r=2(2—2) y v(1, 1)
the graph has z-intercepts 0 and 2, and y-intercept O
Its axis of symmetry is midway between the x-intercepts,
ie,at x =1 2 X
andwhen 2 =1, y=-1242=1 4 \

the vertex is (1, 1)

2 y=-322+8+7 has a=-3, b=8 and c=7

The axis of symmetry is z = f% = f%
ie, = = %
When z =3, y=-3(5)7+8(3)+7
_ 16 , 32
=—-3+5+ 7
— 37
3
the axis of symmetry is x = % and the vertex is (%, % .
3  Method 1 Method 2
y = 2x?+4x -3 y=2z>+4x —3
:2[m2+2m—§} has a=2, b=4, c¢c=-3
=2[a?+2c4+1-1-2 or
[ ) 5 2} The axis of symmetry is = = 72—ba = f%
=2[(x+1)>-1- 3] . m— 1
=2x+1)%*-2-3
— 2z 4+ 175 and when =z = —1,
y=2(-1)>+4(-1)-3
the axis of symmetry is = = —1 —9_4_3
and the vertex is (—1, —5) = _5
the axis of symmetry is = —1
and the vertex is (—1, —5).
4 a 32°-5x+7=0 b 222 -42+3=0
has a=3, b=-5 and c=7 has a=-2, b=—-4 and c=3
A = b% — 4ac s A = b —dac
= (—5)* —4(3)(7) = (—4)* - 4(-2)(3)
Since A < 0, there are no real solutions. Since A > 0, there are two real solutions.

5 54+72+322 has a=3, b=7 and c=5
A b? — dac
= 72— 4(3)(5)
= 11

Since A < 0, the graph of y =5+ 7z + 3x> never cuts or touches the z-axis.
since a > 0, the graph lies completely above the z-axis,
and 5+ 7z + 3z% s positive definite.
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6 y=-—2:>+4c—3 has a=-2, b=4 and c=3

Since a < 0, the graph is /\ and will have a maximum.

The axis of symmetry is z = —— = ———

e, =z =1

When z=1, y = —2(1)*>+4(1)+3
=5

the maximum is 5, and this occurs when = = 1.

7 y=2>—-3z meets y=3z%—5z—24
when 2? — 3z = 32% — 5z — 24
202 — 20 —24 =0
ot —x—12=0
(z—4)(z+3) =0
r =4 or —3

Substituting into y = z* — 3z,

when =4, y=4>-3x4=4
and when z = -3, y = (—3)> — 3(-3)
=94+9=18

the graphs meet at (4, 4) and (—3, 18).

9 @ The total length of wire for the fence

is 60 m.
AB + BC + CD = 60

Since the enclosure is rectangular,

CD = AB

2AB + z = 60

. 2AB=60—=x
AB = 30— 1z

the area of the rectangle is
A =2(30— 3z)

= (3090— %m2) m?

REVIEW SET 8C

1 a 22+452:+3=0
has a=1, b=5 ¢c=3
52,/ —4(1)(3)
“o 2(1)
542512
-

5 1 V13
-3+

8 y=—22>+5c+k

has a=-2, b=5 and c=k.
A = b% — dac
= 5% —4(-2)k
= 254 8k
The graph does not cut the x-axis
if A<O
25+8k <0
8k < —25
k< -2

: 1
ie, k< =33

b A=30z— 1z

1
2
has a=—% and b=30.

Since a < 0, A has a maximum at
the axis of symmetry, and this is at
b 30

20 2(-1)
When z =30, AB = 30— 3 x 30
=15m

=30

the enclosure is 15 m by 30 m.

b 322+11z—-2=0

has a=3, b=11, c=-2

—11+ /112 — 4(3)(—2)
2(3)

—11++121 424

11 145
& L
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2 a 22-5:x-3=0 b 2:2-7x-3=0
has a=1, b=-5 ¢c=-3 has a=2, b=-7 ¢c=-3
. —(=5) £ 1/(=5)? — 4(1)(-3) . —(=7) £/(=7)? — 4(2)(-3)
- 2(1) B 2(2)
5425+ 12  T+I9+ 24
a 2 a 4
= §+ =1+
a x=-5828 or —0.1716 b z=-1.135 or 1.468
4L a x=05858 or 3.414 b z=-0.1861 or 2.686
5 a 2:2-5z-7=0 b 322 -24z+48=0
has a=2, b=-5 ¢c=-7 has a=3, b= —-24, ¢=148
A = b? — dac A = b% — dac
= (=5)* —4(2)(-7) = (—24)" — 4(3)(48)
= 25+ 56 = 576 — 576
=81 =0

A>0 and VA=9

there are two distinct real rational roots

6 222 —3z4+m =0
has a=2, b=-3 and c=m
A = b? —4dac
= (=3)? = 4(2)m
= 9—-8m
b There are two distinct real roots if A > 0
ie, 9—-8m >0
8m < 9
m<%
7 3¢ 4z +t=0
has a=3, b=4 and c=t
A = b? — dac
= 4% —4(3)t
=16 — 12t

b  There are two distinct real roots if A > 0
ie, 16—12t >0

a There is a repeated root if A =

C

there is a repeated real root

There are no real roots if A <

@ There is a repeated root if A

ie.,

ie.,

ie.,

0

9—-8m =0
m=3

0
9—-8m < 0
8m > 9
m>%
=0

16 —12t =0
12t = 16
=1

€ There are no real roots if A < 0

ie.,

12t < 16
4
t< 3
8 Suppose AB is z cm in length.
Then, using the information
given, we can label the diagram:
A
xCcm

16 — 12t < 0O
12t > 16

4

t>§
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Now by similar triangles, BE = &0 7 - r
AB  AC x z+ (z —2)
7 T
T 222
712z —2) = 2?
14z — 14 = 2°

2 — 14z +14 = 0
whichhas a=1, b=-14 and c=14

_ —(H14) £ /(-14)2 — 4(1)(14) _ 14 + /140
- 2(1) T2

=12.92 cm

14 + /14
Now x >0, so JZ:—’_TO

AB is approximately 12.9 cm long.

9 Let the hypotenuse have length = cm.
the longer of the remaining sides has length (z — 2) cm,
and the third side has length (z — 9) cm.

By Pythagoras’ theorem,

(x—2)2+ (x—9)? = 22
cm
22 —dx+4+22— 18z +81 = 22 o (x=9) cm
x? — 22z +85 =0
(z—=5)(z—17) =0
. x=5o0r17 (x=2) cm

But if = was 5, the shortest side would have negative length.

the only solution is that the hypotenuse has length 17 cm.

REVIEW SET 8D

1 y=3z(x—2) has z-intercepts 0 and 2
and y-intercept 0

] y=3x(x—2)
2 a y=(r—2)7-4 hasvertex (2, —4) b y=-1(z+4)°>+6 hasvertex (—4,6)
and axis of symmetry x = 2. and axis of symmetry = = —4.

When =0, y=(-22-4=0 When =0, y=—-1(4)*+6=-2

2

so the y-intercept is 0. so the y-intercept is —2.

o (<464 4
T2 =24

y
~
|
S}
<
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y=2x2+4z—1
has a=2, b=4 and c= -1

. . b
The axis of symmetry is z = 9
a
ie, T = — 1
T 2x2
ie, =z = —1

When =0, y=-1,
so the y-intercept is —1

When y =0, 2z°+42—-1=0

—44 /42 —4(2)(-1)
v 2(2)
 —4+V24
4
—4+2V6 L

the z-intercepts are —1 + /6

y=2x2+3zx—7
has a=2, b=3 and c=-7

A = b? — 4ac
=3 —4(2)(-7)
= 65

Since A > 0, the graph cuts the z-axis
twice.

Since a > 0, the graph is

S W A

y:—21:2+3m+2
has a=-2, b=3 and c=2

A = b? — 4dac
= 32— 4(-2)(2)
=25

Since A > 0, the function is neither
positive definite nor negative definite.

The graph has z-intercepts £3, so
its equation is
y=a(z+3)(z—3) forsome a#0.
Its y-intercept is —27, so
a(3)(=3) = =27
. —9a = 27
a =3

the equation is  y = 3(x + 3)(z — 3)

b When z= -1,

y=2(-1)2+4(-1) -1
2-4-1

the vertex is (—1, —3)

y=—-3z>—Te+4
has a=-3, b=-7 and c=14

A = b? — 4ac
= (=7)> —4(-3)4
=97

Since A > 0, the graph cuts the z-axis
twice.

Since a < 0, the graph is

-— .
YN

Yy = 3z +x+ 11
has a=3, b=1 and c=11
A = b? — 4ac
=12 —4(3)(11)
= —131
A <0, and since a > 0, the
function is positive definite.

The quadratic has vertex (2, 25)
its equation is y = a(x — 2)? + 25
The y-intercept is 1, so
a(—2)*+25 =1
o da = —24
a = —6

the equation is y = —6(x — 2)® + 25
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7 Let the number be . 8 le— x CM —»
its reciprocal is é . . e—4.cm
1 . (x—8)cm
T+ = 255 = 35
241 = %x
30z% 4+ 30 = 61z Since the container has a square base, the
3022 — 61z +30 = 0 original tinplate must have been square.
(6z —5)(5x —6) = 0 Suppose its side was x cm long, so the base
T = % or g of the container is (z — 8) cm by (z — 8) cm.
the number is % or g The height of the container is 4 cm, so its

9 y=—-2>—5x+3 meets y=ax>+3zx+11
when —22—5z+3 =22+3z+11

capacity is  4(x — 8)(z — 8) cm®.
4(x —8)% = 120

z—8)2 =30
( )
r—8 = +/30
z = 8++30

Clearly, * > 8, so x =8+ /30 = 13.48
the tinplate was about 13.5 cm by 13.5 cm

20 + 8 +8 =0
22 +4x+4 =0 Substituting into y = 2% + 3z + 11,
(x+2)* =0 when z = -2, y = (-2)>+3(-2) +11
=92 =4—-6+11
=9

the graphs touch at (—2, 9).

REVIEW SET 8E
1 a The graph has z-intercepts —3 and 1,
so its equation is
y=a(z+3)(z—1) forsome a#O0.
Its y-intercept is 18, so
a(3)(—1) = 18
.oa=—b6
So the equation is
y=—6(z+3)(z—1)

2 a Since one z-intercept is 7 and the axis
of symmetry is « = 4, the other
z-intercept is = = 1.

the graph has equation
y=a(z—T)(x—1) forsome a# 0.
The y-intercept is —2

a(=7)(-1) = -

a = —

|
Do

o NI

*. the equation is y = —

(x —7)(z—1).

The graph has vertex (2, —20), so
its equation is
y=a(x—2)% 20 forsome a # 0.
Now an z-intercept is 5
a(5-2)2-20=0
20

9a = 20 and so a = %

So the equation is y = %(:c —2)%2 —20.

The graph has vertex (—3, 0), so
its equation is
y=a(z+3)? forsome a# 0.
The y-intercept is 2
a(3)? =2
2

9a = 2 andso a =3

So the equation is y = 2(z + 3)%.



180  Mathematics SL, Chapter 8 - QUADRATIC EQUATIONS AND FUNCTIONS

3 The z-intercepts are 3 and —2, so the equation is y = a(z — 3)(z +2) for some a # 0.

But the y-intercept is 24 . a(—3)(2) = 24
. —6a = 24
oo = —4

the equationis y = —4(z —3)(z+2) e, y = —4(z®—z—6)
ie, y= —4a®+4x+24

L The graph touches the z-axis at 4, so its vertex is (4, 0).

its equation is y = a(x — 4)* for some a # 0.

The graph also passes through (2, 12) . a(2 — 4)2 =12
©oda = 12
a=3

the equation is y = 3(z —4)? ie, y = 3(z? — 8z +16)
ie, y = 3z%—24x 448

5 The quadratic has vertex (—4, 1), so its equationis y = a(z +4)> +1 for some a # 0.
The graph also passes through (1, 11)
1l =a(l+4)2+1
25a = 10
2

a:g

(2?4 8z +16) + 1

the equationis y = 2(z +4)>+1 e, y =%
ie., y = %xQ + %m + 3?7

6 a y=32+4x+7 b y=-222—5x+2
has a=3, b=4 and ¢c=7 has a=-2, b=-5 and c=2
Since a > 0, Since a < 0,
the graph is the graph is /\
and so has a minimum. and so has a maximum.
This occurs on the axis of symmetry This occurs on the axis of symmetry
__b _ b
v 2a e 2a
' 2(3) 3 o 2(-2) 4
When = = —3, When z = —3,
y=3(=3)" +4(=3) +7 y=-2-3)"-5(-%) +2
—4_8 _ 50 , 25
=3—35+7 =-—LH+Z+2
=i _ —25+50+16
- 8
the minimum is % when = = —% _ 41
= 8

the maximum is % when = = f%



Mathematics SL, Chapter 8 - QUADRATIC EQUATIONS AND FUNCTIONS 181

7 y=2>—-2z+k has a=1, b=-2 and c=k

A = b* — 4ac
= (-2)* -4k
=4 —4k
The graph cuts the z-axis twice if A > 0
4—4k >0
4k < 4
k<1
8 a The total length of fencing is b The area of each pen is
(8x + 9y) m A=uxy
8z + 9y = 600 (600—8$) 2
=z(—— | m
. 9y = 600 — 8z 9
_ 600 — 8z
V="
€ A=z (%) d The maximum area of each pen is
1 1
9 9 _ 15 100
which has a:fg, b:% 2 3
= 1250 m?
Since a < 0, A is maximised at the axis
of symmetry, whichis z = _L
2a
600
9
e, = —
2(=3)
: 7
e, z=0=2

600 —8(Z) 600 —300 300
When z =2, y = 5 27 — 5 :T:%

for maximum area, each pen should be

374 m x 333 m

9 a AB=CD==zcm
since AB + BC + CD = 24 cm,
BC = 24 — 2z cm
the cross-sectional area is A = z(24 — 2z) cm?
b A= 2(24-22)
= 24z — 22® whichhas a= -2 and b=24

Since a < 0, A is maximised at the axis of symmetry, which is = = —2£
a
. 24
..., T = —m =6

the bends should be 6 cm from the ends of the sheet.



Chapter 9

THE BINOMIAL THEOREM

EXERCISE 9A
1 a (x4 1)3 b (x+2)3

=2® 4+ 322(1)" + 3z(1) + (1)® = 2% 4 322(2)" + 3z(2)? + (2)®
=24+ 322 + 3z +1 =2% 4622 + 12248

c (z—4)° d (©2z+1)°
=% + 322 (—4)! + 32(—4)? + (—4)* = (2z)® + 3(22)%(1) 4+ 3(22)(1)® + (1)?
=% — 1227 + 48z — 64 =82% + 1222 + 62 + 1

e (2z-1)°

= (22)% + 3(22)%(—1) + 3(2x)(—1)* + (—1)3
=8z — 1222 + 62— 1

3z —1)®
= (32)% + 3(32)%(—1) + 3(3z)(—1)> + (-1)3
=272 — 272> + 9z — 1

-

(2z + 5)* h (2$+ i)s
= (22)% +3(22)%(5) + 3(22)(5)* + (5)®

1 1\2 /13
— 823 + 6022 + 150 + 125 = 20"+ 320 (5) +3C2) () +(3)

1
=8:c3+12:r+§+—3
x x

2 a (z+42)* =2 +423(2)" +62%(2)% +4x(2)® + 2*
= 2% +82® 4 242® + 32z + 16
b (z—2)* = 2* +42%(—2)" + 622(—2) + 4a(-2)> + (—2)*
= z* — 82 4 242% — 322 + 16

¢ (2z+3)* = (22)" +4(22)%(3)' + 6(22)%(3)? + 4(2x)(3)® + (3)*
= 162" 4+ 12 x 82° + 54 x 4z% + 108 x 2z + 81
= 162" + 9623 + 2162% + 216z + 81
d (3z-1)* = 3x)* +4(32)%(—1) + 6(3z)* (1) + 4(3z)(—1)3 + (-1)*

8l —4x 2723 +6x 92?2 — 4 x 3z +1
= 81z* — 1082% 4+ 54z? — 122 + 1

4 2 3 4
) e Qe ) )
xr X X X X
4 1
x4+4$2+6+—2+—4
T T

= 162" — 3227 + 24 — %Jr%
x x
3 a (z+2)° =2 +524(2) +102%(2)? + 102%(2)® + 5z(2)* + (2)°
= z° +10z* + 402> + 8022 + 80z + 32
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b (z-2)° = 2° +52*(—2) + 102%(—2)? + 102%(—2)® + 5x(—2)* + (-2)°
= 2% — 10z* 4 4023 — 8022 + 80z — 32
¢ (2z+1)° = (22)° +5(22)*(1) + 10(22)3(1)% + 10(2x)%(1)* + 5(2z)(1)* + (1)°
= 322° + 5 x 162* + 10 x 82% + 10 x 42> + 10z + 1
= 32z° + 80z* + 802> + 4022 + 10z + 1

d (290 - é)s
= (22)° + 5(22)* <,é> +10(22)? (7%)2 +10(2)> <7é>3 +5(22) (7é)4 I <,l)5

:32x5780x3+80x7?+—7—

a 1 5 10 10 5 1  «— the 5th row
16 15 20 15 6 1 «— the 6th row

b i (z+2)° = 25+62°(2) + 152*(2)% + 202°(2)® + 1522 (2)* + 62(2)° + (2)°
= z% + 122° + 60z + 160z + 24022 + 192z + 64
(22)8 + 6(22)°(—1) + 15(22)* (—1)% 4 20(2z)*(—1)® + 15(22)*(—1)*
+6(22)(=1)" + (-1)°
= 642° — 6 x 322° + 15 x 162" — 20 x 82® + 15 x 42? —6 x 2z + 1
= 642° — 1922° + 2402* — 16023 4 60z% — 12z + 1

1 6
(++3)
T
2 3 4 5 6
= 2% 4 62° (l>+15x4 <1> + 2023 <1> + 152> (l> + 6z <l> +(l>
x x x T xT x
5 6 1

2 ozt 26

il (2z-1)°8

=25 4+ 62* + 1522 4+ 20 +

a  (1+v2)" = (1 +30)° (V2) +301) (v2)" + (VB)°
14+3V24+3x2+2xV2
1+3V2+6+2V2

=74+5V2
b (1+V5)" = (' +4(1)° (V5) +6(1)° (V5)" +4(1) (V5)" + (vB)°
= 1445+ 30+ 205 + 25
= 56 4 241/5
c (2 - \/5)5
— (20 +5(2)* (—v2) +102)* (—v2)° +102)* (—v2)° +5(2)" (~v2)" + (—v2)°
= 32 — 80v/2 + 160 — 80v/2 + 40 — 42
=232 — 1642

a (2+2)° = (2)°+6(2)°%z +15(2)*x? +20(2)%z® + 15(2)%z* + 6(2)2® + 25
= 64+ 192z + 24022 + 160z> + 60z + 122° + 2°
b (2.01)° is obtained by letting x = 0.01
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(2.01)° = 64 + 192 x (0.01) + 240 x (0.01)® + 160 x (0.01)* + 60 x (0.01)*
+ 12 x (0.01)® + (0.01)°

= 65.944 160601 201

64
.92
.024
.00016
0000006
000000001 2
.000 000000001
7 (2z+3)(z+1)* 65.944 160 601 201

= (22 4 3)(z* + 4% + 627 + 42 4+ 1)

= 22° 4+ 8zt + 1223 + 822 + 2z

+ 3z* +122% + 1822 + 122 + 3
= 22° 4+ 112* + 242> + 2622 + 142 + 3

[ olelololl

8 a (3a+0b)°=(3a)"+5(3a)*+10(3a)*b + ......
the coefficient of a®b* is 10 x 3* = 270
b (20 +3b)° = (2a)® + 6(2a)°(3b) + 15(2a)*(3b)* + 20(2a)*(3b)® + ......
the coefficient of a®b® is 20 x 23 x 3% = 4320

EXERCISE 9B

1 a (1+20)" = 1"+ ()12 + (5)1°20)° + oo+ (30) 11 (22) " + (57) (22) ™
1+ (1) @22) + (%) (22)* + o+ (o) (22)" + (11) 22)"

b <3x+ %)15
= (32)5 + (115) (3z) (%) i (125) (32)'3 (%)2 T + (12)(33«’) (%)14 N Gg) <%>15

20
C 2x — E)
T

= (20)2+ (%) (20)"° (_%) +(20) (20)8 (_%)2+ ,,,,, + (39) (22) (_%)19+ (&) (_%)20

2 a For (2245, a=(22), b=5 and n=15
Now Tyrq1 = (")a”_TbT and letting r =5 gives Ts = (155) (2m)1055.

T

9
b For <m2+%>, a=(z?), b:<§> and n=29

T

T

Now Tri1 = (")a”’TbT and letting r =3 gives Ty = (9) (x2)8 (2)3

x
17
¢ For (w—z> , a=x, b= <—z> and n =17
x x
2 9
Now Trq1 = (:)a"_rbr and letting r =9 gives Tig = (197):::8 (—;)

21
d For (2:02 - i) , a=(22%), b= (—é) and n =21

T

1 8
Now Tyi1 = (")a”’rbr and letting » = 8 gives Ty = (281)(2332)13 (——) .
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3 amm (3+22%)", a=3 b=(2¢) and n=10

Now Try1

= (")a"‘rbr We now let 2r = 10
(1)310r2m Lor=5
So, Ts= (150)35253310
_ (l )310 TOT 2r

the coefficient is (150) 3595,

6
b In (233272) , a=(2z%), b:(f§> and n=26
T T

Now TT+1

= (")a"""b" We now let 12 —3r = 3

(%)

= (%) (22*)°7" (_ﬁ)r o=

- \r T coor =3
P S

= (9)25-7(=3)Ta12 <. the coefficient is  (§)2%(—3)°.

12
¢ In (23:2—%) , a=(227), b:(—é) and n =12

Now Tr+1

2
L a For (w+—2
x

Now Tr+1

- (:)an_rbr We now let 24 — 3r = 12
_ (12) (21,2) 12—r < 1>T S 3r = i2
- _t oz
T

= (LZ)gia-rg2ar = So, Ts = (7)2°(-1)""

™ :ET \
- (1T2)212—7‘(_1)7’m24—37‘ . the coefficient is (142)28.

)15, a=ux, b:% and n=15

= (:)an_rbr The constant term does not contain x.
_ (15)$15—r (l)T s 15=3r=0

" x2 .or=5
— () L nd Ty = ()2’

the constant term is (155) 25,

9
b For (m—%), a=uz, b:(—%) and n=9
x x

Now Tr+1

= (:)a"_rbr The constant term does not contain x.
3\" . 9-3r=20
= (g)mg_T (_F> o r=3
_ (g)mg_T (=3)" and Ty = (g)(73)3x0
T wQT

the constant term is (g) (—3)3.



186  Mathematics SL, Chapter 9 — THE BINOMIAL THEOREM

5

ab

Row 1 11 sum=14+1=2 2!
Row 2 121 —— sum=1+2+1=4 =22
Row 3 1331 sum=1+3+3+1=38 =23
Row 4 14641 ~—— sum=1+44+6+4+1=16 =24
Row5 151010 5 1 sum=1+5+10+10+5+1=132 2°
€ It secems that the sum of the numbers in row n of Pascal’s triangle is 2".
(14+a)" = (P + (H1" e+ (5)1" 22 + ()17 %2 + o+ ()12 + (D)2
n n n 2 n 3 n n—1 n n
= (0) + (1)‘” + (2)m + (3)x Tt (nfl)w + (n)x

{as all powers of 1 are 1}

Now letting =1 gives LHS = (1+1)" =2"

and RHS = () + (1) + (3) + (5) +

)+ )+ )+

a  (z+2)(z*+1)°8

=(z+2) [(m2)8 + (f) ()71 + (3) (%1% +

.. coefficient of z° is 1 x (8)

t

only terms which when multiplied give an %

6 (g) =28

b (2 —z)(3z +1)°

=2-2)[32)°+ () Bx)® + (5)32)" + (3) 32)° + () (3z)® + ....]

t ¢ f !
!
. coefficient of 2% is 2 x (3) x 3%+ (—1) x (§) x 3> =2(3)3° — (§)3°
= 91854

a Notice:

(7{) =mn  {the 2nd member in each row 11 these are (711) values

of Pascal’s triangle} 121
13 31
3x2
M= wma Q=225 14640
1 51010 51

() =8 and () ="2T=2 v

(2) =20 and (¥) = 2 ; 19 190 v
b (1+2)" has T3 = (;) 1" 222 and n>2

- (e
But this term is 362 : (g) = 36
n(n 1):36 on=9 o —8
But n>2 ... n=9
won(n—1) =72

oonP-n—-72=0
(n—=9)(n+8) =0

and Ty = (g) 173,83

-

= 8423
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¢ (I+ka)" =17+ (11" Hka)' + (3)1" > (ka)*+ ...
=1+ (Vka + 5K+ ...
(T)k = —12 and (3)k* = 60
nk = —12  and @lﬁ = 60
n(n —1)k? = 120
But k=2 . nn— 1)y =120

144(n —1) = 120n  {n > 2}
144n — 1200 = 144

24n = 144

. n==56
12

andso,as k=-—-——, k= -2
n

REVIEW SET 9
1 The sixth row of Pascal’s triangle is 16 15 20 15 6 1
(a+b)5 = a® + 6a°b + 15a*b* + 20a°b° + 15a°b* + 6ab® + b°

a (z—3)°% = 2%+ 62°(=3) + 152*(—3)? + 202°(—=3)® + 152%(=3)* + 62(—3)° + (=3)°

= 2% — 182° + 1352* — 540> + 121522 — 1458z + 729

L 6,15, 0 15 6 1
B xz x?2  xd  zt x> b
2 In the expansion of (2 +5)°, a=(2z), b=5 n==6

Trt1 = (:f) a"b" For the coefficient of 2> we let 6 —r = 3

= (ﬁ) (2m)6_T5T and Ty = (g) 235323
_ (?)26—rmﬁ—r5r N——
the coefficient is  (5)2°5% = 20000.

|
w

r =

3 (V3+2)" = (v3)" +5(v3) @2 +10(v3)’ (22 +10(V3)* (2 +5(v3) (2 +2°
= 9v/3 490 + 120+/3 + 240 + 80v/3 + 32
= 362 + 2093

b (4+2)° =4 +34)°%" +3(4)' 2 +2°

64 + 48z + 1222 + 2°
Letting 2 = 0.02 gives (4.02)3

64 + 48(0.02) + 12(0.02)% + (0.02)3
64 + 0.96 + 0.0048 + 0.000 008
64.964 808
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>, 1\® 2 1
5 For <3$ —|——>, a = (3z°), bz(—), n=3=§
x x
Try1 = (’TL) a™"h" Now a constant term does not contain x
s o 8—r (1\7 16 —-3r =0
= (7) (32%) (;) " 3r =16
C e — 5l
_ (78~)3877‘x1672rfr Soor =53
_ (8) 87 16-3r which is impossible as r is in Z
T no constant term exists.
2 5
6 (32-——>
“ T

810a®  1080a®  720a* = 240a® 32
_ 10
=207 == 2 b I
3\12 3
7 In (21’7;) , a=(2z), b:<fﬁ), n=12
Try1 = (:f) a™ """ For the coefficient of 7% we let 12 —
12 12— 3\" '
= () ea™ (-3)
. So, Tr = (162)26(73)633_6
(12)2124 12-r (=3) —_——
[ 2r
N the coefficient is (162) 20(—3)°.
— (13)21277*( 3)7“%12737“
15
8 For <x2—|—§> . a=(z?), b:<é>, n=15
T x
Try1 = (:f) a™ " "h" For the coefficient of 2% we let 30 — 3r =
o r oo 3r
= ()" (3) -
z So. T — (15)55415
5 o, To=(3)5°x
_ (15):630727’ 2 N

T :LwT‘

_ (15\gr .30—3r
= (T)E) T

9 (2z +3)(z — 2)8

= (2z + 3) [2° + 62°(—2) + 152" (—2)* +

ot t

the coefficient is (155) 5°.

f

|

coefficient of z° is

2x 15 % (—2)* +3 x 6 x (—2)
120 — 36
84

oo 3r

3r

r

r =

e sty (-2) s () s () s ()5 (-

—6
18



Chapter 10

PRACTICAL TRIGONOMETRY WITH RIGHT ANGLED TRIANGLES

EXERCISE 10A

1 a 12+2%? =122 {Pythagoras} b z? = 3.82 4 2.1 {Pythagoras}
® =122 -1° coom=1/3824212
z = /1.22 — 12 S =434
r = 0.663
< z? = 1.8% +1.32% {Pythagoras}
ox = +/1.82 4+ 1.322
T = 2.23
2 a b

z? +8% = 9.2 {Pythagoras} 2 4+9.22 = 10.1> {Pythagoras}
z® =92°-8’ ooox? =10.1% —9.22
T = +/9.22 — 82 ooox = 4/10.12 —9.22
T = 4.54 cooox =417
the height is 4.54 m . the height is 4.17 m
3 142m o z? = 2082 + 142% {Pythagoras}
ox = /2082 + 1422
T = 252 m
208 m must hit the ball (in the air)
xm
(252 — 15) m
= 23Tm
-
4 a 74 km b x? = 46% + 74> {Pythagoras}
Lx = /462 + 742
46 km x = 871

is 87.1 km from the start.

EXERCISE 10B

1 B 22 = 5%+ 112 {Pythagoras} But 4z + 2 m is needed
T =B F112 ie, (4x12.083+2)m
S_{n x = 12.083 =50.3m
11m xm
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2 AB? = 10® + 10> {Pythagoras}
A = 100 + 100
) =2 .
00 C diagonal
10cm But BC? = AB? 4+ AC? {Pythagoras, again}
2 2 10cm
] . BC® =200+ 10
- 10cm 8 theE(fa ;nal?;(s)oﬁ_?)lzn? lon, A
base g g.
3 D
B D
3m xm
4Am B 4m 3m
= N4 m A Cc B C
A —m ¢ 7m xm
z? =42 4 7% {Pythagoras} y? = 2 + 3% {Pythagoras}
y2 — 42 +72 +32
y = 42 + 72 + 32
y = 8.60
So, the distance is about 8.60 m
M N
. M
50m B M m B
= 50® {Pythagoras} 2 = 40% +2* {Pythagoras}
2
= Y = 40% + %
= 5
2
y = /402 +
. y #
each slant edge is 53.4 m long.
5 a Both are right angles. b In APQR, ¢ In AKPR,
PR?* = a® +b? KR? = KP? + PR? {Pythagoras}
{Pythagoras} KR? = ¢ +a? + b?
KR = Va2 + b2 + 2
EXERCISE 10C
1 a b
x
5 [
* 5
O 13
4
z? +4% = 5% {Pythagoras} x? +5% = 132 {Pythagoras}
G v = VIT -5
z =3
z =12
ing — 3
So, sinf = o So. sing — %
— 4
cosf = 3 cosf = £
_3
tanf = 3 tanf = 3
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z? +5% = 6% {Pythagoras}
2= T
r = 11
So, sinf = 2
cosf = g
_ _5
tan@ = \/T
X

z? = 4% 4 6% {Pythagoras}
T = v/H2
So, sinf = \/%
cosf = \/%
4_ 2
tanf = g = 3
2
as cosf = 3 x
[
1
2?4 1% = 22 {Pythagoras}
2 =4-1
z =13
So, sing = 7 = 3
tanf = % =3
“
- as tanf@ =3
3

z=5 {345A}

sin 6 :9
c
cosf = a4
c
tanf = é
a

d
z? = 12 + 2% {Pythagoras}
Tz =+1+4
z =45
So, sinf = %
cosf = %
tanf = % =2
f
X
]
7
z? + 7% = 8% {Pythagoras}
22— 82 _ 72
T = /64 —49
T = V15
So, sinf = %
cosf = @
_ 7
tan9 = \/T
3
22 +22 = 3?2 X =
22 =9-4
z =15
So, cosa = z_ ﬁ
3 3
tana = 2:1
x5
4 4
So, sinff = — ==
T 5
3 3
cosfl = S
b
cos & ¢ a a
c
ﬂ = tan6
cos
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L a b 90—-0 i
a —
i =

b

C

sin 6

ii cosf iii
c c

b b

i The sine of an angle is the cosine of its complement.

ii The cosine of an angle is the sine of its complement.

EXERCISE 10D

sin 60° = AN = @
2
cos60° = %
tan 60° = ATN =3
T
in35° = —
sin 30
30 x sin35° = x
r = 17.2
cos 65° = 3
T
L3
" cos65°
xz = 7.10
sinf = 0.9364
6 = sin~'(0.9364)
0 = 69.5°
cosf = %
0 = cos™* (%)
0 73.4°
; _ V3
sinf = 1—13
0 = sin~?! (%)
0 = 9.06°
sinf = %
= sin! (%)
0 = 56.4

sin(90 — ) v

cos(90 — )
- a
b
b sin45° = 1 = L
PRNG
1 1
cosdh’ = — = —
PR
tan45° = T =1

b AABC is equilateral and AN is
perpendicular to BC.

N is the midpoint of BC.

BN
AN?
AN

a 2 =124+12=2
z = /2 {Pythagoras}
a «ABN = 60°
ABAN = 30°
ii sin30° = %
cos 30° = A—2N = g
1 1
t e — _—_ =
an 30 AN 73
b o 2
cos 50 100
400 X cosb50° = z
T = 257
e tan36.7° = @ f
413
" tan36.7
x = 554
b cosf = 0.2381
6 = cos 1(0.2381)
0 = 76.2°
e sinf = %
0 = sin~?! (%)
6 = 19.5°
_ 5
h cosf = e
= cos™! (\/%)
34.7°
b tana = % C

=1
= 2% — 1% {Pythagoras}
=3
T
tan 60° = —
an 8.7
tan 60° x 8.7 = x
r = 15.1
sin53.9 = @
L, _ 369
" sin53.9
x = 457
tanf = 1.7321
6 = tan~'(1.7321)
0 = 60.0°
tanf = %
0 = tan"! (%)
0 = 77.9°
_ 4
cos@ = g
B = cos™! (%)

B = 482
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a C z® = 4> +5> {Pythagoras}  tanf = 3
T = /42 + 52 0 = tan~! (%)
5 4 . a— VA 9 = 38.7
A OB AC = V41 m LA = 38.7°, £C = 51.3°
S or = 6.40 m
1
b AR = 90° — 51° sin51? = ?0 tanb51° = —O
ym = 39°
P ] Q v — 10 10
" sinble vy = o
O 10m . tan51
z =129 y = 8.10
R So, PR =129m So, PQ = 8.10 m
2 2 2 2
a z°+3° =4° {Pythagoras} tanf = = = 7
T = /42 - 32
—1 .
2 = VT (or 2.65) 6 = tan (17) and so 0 = 37.1
b sin 38° = % sinf = % . 850.3157°
10 X sin38° = x sing = 6.1566
T = 6.16 8 38°
0 = sin? (6.18566) 2 b .
0 = 50.3 cos38° = 1% and cos50.3157° = 2
Now y =a+b
= 10 cos 38° 4+ 8 cos 50.3157°
= 13.0
a b 4 2.43 cm
u
xcm 15cm
° 6.94 cm
el . 15¢m 5
2cm 2cm 2
cos61° = 2 cosa = 1—5 sin (Eﬁ>: 2.43
= 6 s 6.94
2 — el (L )
_ = COS _— _ 1 2.43
v cos61° L ooEE B = 2xsin (m)
r = 4.13 o B8 = 41.0
a b c
p ¢ 10cm
10cm
_ 4
cosf = ¢ €in62° — 11«_0
6 = cos™! (%) 10
6 = 36.9 " T Sin62e
r = 11.3
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xT

5.7

sin44.5% =
5.7 X sin44.5° =
T = 3.995
S 2 =799
chord is 7.99 cm long.

8

1 12

3.8m

{0 ]
9.2m

3.8
tanf = 9—2

—1 (3.
0 = tan (%)
0 = 224

the angle is 22.4°

13

20 =

2 x tan™! (5%) = 119.49

3.5

So, the larger angle is = 119°

o 55°

wn
@,
=)
\]
IS
Q
Il

But

Y
3
y = 3 X sin70°
sin55° = <
T
3 X sin 70°
T
3 x sin 70°

= ——— =344
v sinb5°  ° 3

sin 55° =

A_.
“ 9.4cm
(7]
sinf = &8
0 = sin~
0 = 44.6
20 = 89.2

angle is 89.2°

sinf = & =04
! (%) s 0 =sinT1(0.4)
20 = 2 xsin"1(0.4)
= 47.2

angle is 47.2°

xcm
T43.2° =
12.6 cm
o T
tan 43.2° = 126
12.6 x tan43.2° = x
r = 11.8

the shorter side is 11.8 cm long

14
sin 10.9° = 6.9
z
6.9 .
© = Smi0ge - 000
sides are 36.5 cm long
5/ix x \9
j —
70°
z
in70° = =
sin 5
5 xsin70° = x
z
Now sina = =
ow sina = =
. 5 X sin 70°
sinqg = ———
6
o = sin~! (75 X Sén 70 ) =515
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16 y 2 X tan 10° = % Now tanf = %
3 xtanl0® = z tanf = 0.8237
3 3 sz = 0.5290 6 = 39.48°
But y+2+z =5 So, [ = 90 + 39.48°
6° 10° y = 3—0.5290 B = 129°
2 y = 2471
EXERCISE 10E
1 2 a b
12K ‘ —
hm - Km b km =1 1500 m
18° 18° 4
L sealevel
9.32m
h h ) 500
o _— 1 0 = — 18° = —
tan 63 932 sin 18 15 sin .
tan63° x 9.32 = h 1.2 x sin18° = h g = 200
h = 18.3 h = 0.371 sin 18
z = 1618

the height is 18.3 m

height is 371 m above sea
have walked

level.
1.62 km up the hill.
3 Let AB = zm L -
120 :
Now tan37° = — 200m %
ow tan - 55m
120 0° i
T = -
tan 37 . 5.5
) sinf = 5535
z = 159 0 ek
. . 0 = sin™ (ﬁ)
the canal is 159 m wide
0 = 1.58
i.e., an incline of 1.58°
5 - 6
¢ 16°
56 m 120 m
6° H 16°
113 m xm
tand = 15_163 tan 16° = 120
. _ T
0 = tan~! (15—163) 190
6 = 26.4 T = tan 16°
angle of elevation is about 26.4° o = 418

The angle of depression is also 6°,
about 26.4°

{equal alternate angles}

ie.,

boat is 418 m out from the base
of the cliff.
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i

hm

l

tan 23.6°

250 x tan 23.6°
h
tree height

109.2

109.2 + 1.5
110.7 m
111 m

10

F

50

51°

xm
T

ym

A 40m B

tan51° =

40 x tan51°
Yy

Y

tan56° = <

40 x tan 56°
r+y

x

T

xr = 9.

it is 9.91 m high

ie.,

11

Y
40

49.396

ty
40

ty

59.302
59.302 — 49.396

91

12

75406 =81m
8.1

9 = =
COS 33

0 = cos™! (8'1

8.3

cos 23°

)

T

T

D
457 120m
A 32 45 c
B
ABCD is right-angled isosceles
. BC = 120 m also
12
In AACD, tan32° = A_((Z)
120
AC = ———=
¢ tan 32°
oo AC = 192
she walks (192 — 120) m
= T72m
a v =./grtand
=+/9.8 x 100 x tan 15°
= 16.2 m/s
b v = /grtan@
20 = /9.8 x 200 X tan @
400 = 9.8 x 200 x tan6
% = tan6
-1
0 = tan™'(5%)
0 =115
i.e., a banked angle of 11.5°
xm
2 0
8+0.8
=8.8m
_ 88
88
~ co0s23°
= 9.56

a beam is 9.56 m long
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13

15

30cm
20°
30
tan20° = —
an 20 5
30
h= tan 20°
h = 82.42 cm
V = %717"2h
= 27 x 30% x 82.42
= 77683 cm®
capacity is 77683 mL
ie, =77.7L
C
ym
B
xm
38°
36° .
200m A
T
tan36° = ——
an 36 300
200 X tan36° = x
r = 145.31 ... (1)
o_ TH+Y
t =
an 38 500
200 x tan38° = z +y
z+y = 156.26 ... 2)

Using (1) and (2)
y = 156.26 — 145.31
y = 10.9

the pole is about 10.9 m long.

14 70° Height AN = PY also
P
x|d A Now cos70° = z
X1 1
20° 1 ) z = cos 70
¥ 2 and sin70° = %
y = 2sin70°
/
YT N
70°
Now PY =z+y
= cos 70° 4 2sin 70°
= 2.22m
A is 2.22 m above the floor
16
7 |10
150 m
5 19° 7°
xm B, ym B
tan 199 = @
T
150
T = s $435.63 (1)
tan7° = 150
r+y
1
Tty = 500 = 1221.65 ... 2)
tan 7

From (1) and (2)
y = 1221.65 — 435.63
y = 786

needs to be 786 m closer in.

ie.,
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17 Hi x km H2
h km
309
60° ground
(@]
distance
speed = time
100 = i
ﬂ hours
3600
z =100 X 5225
_ 20 _5
36 9
5
Now tan30° =
ow tan30 b
5
_ 9
h = tan 30°
h = 0.962

is about 962 m above ground level.

19 A ykmN xkm C

60° H 45°
x km
45

B
ANBC is right angled isosceles

BN = z km

Now tan60° = z

Y

T
V3 5—x

{as z+y=5}
5\/§—m\/§ =z
5v3 = z(1++/3)
5v3
14+v3
rz = 3.17
is 3.17 km from the shore

18 xkm A 2km B
40° 252
h km
40°\ | 25° ground
C
Notice that
tan 40° = h
x
and tan25° = h
T+ 2
. h = xtan40°
and h = (z+ 2)tan25°
ztand0° = (x + 2) tan 25°
r+2  tan40°’
x  tan25°
L2 . 179945
x
x4+ 2 = 1.79945z
2 = 0.79945z
T = 2.502
So h = 2.502 x tan40°
h = 2.10
i.e., 2.10 km about ground level
20 Each triangle is:
: 360°+5="72°
xm ¥
90° —36° =54°
10m
10 10
54° = — =
o8 T cos b4°
x = 17.01
tan 54° = % y = 10tan54°
y = 13.76
But d=x+y
= 17.01 + 13.76
= 30.8

i.e., width of land is 30.8 m
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EXERCISE 10F

4-5 —4— =2
1 f— =
a tan 6 - b tand e
tanf = :—é = é ==
_ 1
f = tan~! (%) -2
0 = 18.4° 0 = tan™" (3)
0 = 26.6°
d tand = 21 _47 2 m = tan60°
. =173 or 3
- 75
=1
0 = 135°
3 a 0 = 60° b 0 = 120°
tanf = V/3=m m = tan 120°
y = V3z+2 m = —3
y = —V3zx
REVIEW SET 10A
1 sing=L 2
P
O
5
z? = 52 + 7% {Pythagoras
z = VFEIT
z =74
So, sinf = \/%, cosf = \/%
L 5
Pl o
O] [
X 11
z? +6% = 9> {Pythagoras} 2*+11% = 13?
r = /92 — 62 r = /132 —112
xr = V45 r = \/E
So, sinf = @ So, sinf = \{—4_38
COSH—%=§ cose—%
tanf = @ tanf = @

—5—-1
¢ tanf =
an T——5
- _8
3
= -2
6 = 180° — tan"*(2)
0 = 116.6°
b
75°
15° 165°
m = tan 165°
= —0.268
4 0 = 30°
_ 1
tanf = ﬁ
So, y = %x +c

But (2v/3, 0) lies on the line

0= —(2v3)+c
0=2+c
c= -2
: P _
ie, lineis y = 7T 2
3
P
x
x? +3% = 82 {Pythagoras}
ox = /82— 32
.z =+/55
_ 3
So, tanf = =
[ 32cm
m
18cm
xcm
a z® = 18% 4 32°
x = /182 + 322
x = 36.715

So, the support is 36.7 cm long

_ 32
b tanf = s

0 = tan"" (32) = 60.6
makes 60.6° with the wall.
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7 8
1m
(x+0.8)m
@ 4m
xm
0
hAm
a 22 = h?+4% ... ()
and (z +0.8)% = h? + 52
(x+0.8)* —25 = 2> — 16
22 +1.624+0.64 —25 = 22 — 16
1.6z = 8.36
S.ox = 5.225
and z+ 0.8 = 6.025
the extended ladder is 6.025 m long
. . 5
b sinf = =995 sm(c9+a)f—6.025
0 = 49.956 0 + o = 56.086
a = 56.086 — 49.956 = 6.13
9 R
yom o 7cm
38° .
P xcm Q

4APRQ = 52
tan 38° = Z and sin38° = 7
€z Yy
xr = —7 - — 7
~ tan3se Y= Snsse
z = 8.96 y =114
So PQ = 8.96 cm PR =114 cm
REVIEW SET 10B
1 z? = 8.6% +13.2%
T = /8.62 + 13.22
N4 86km z = 15.75
L]
@ So, distance is 15.75 km
km 13.2km

K
00
17cm
xcm
24°
L yom M
0° = 90° — 24° = 66°
o _ Y : o_ T
cos24° = A sin 24 T
y = 17cos 24° x = 17sin 24°
y = 15.5 =691
So, KL = 6.91 cm
LM = 15,5 cm

angle increases by 6.13°

10
h'm
28°
13.7m
h
28° = ——
tan 28 57
13.7 x tan28 = h
h = 7.28

the height is 7.28 m

13.2
tanf = —=
an 8.6
13.2
o (2
%6
S0 = 56.9°
and 90° +56.9° = 147°

bearing is 147°
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2 3 ta— g km —>te x km
.
-t | g
3 10 km i
36°\\21° ¢
s {assuming a vertical mountain}
5.6 tan 36° = 10 and tan21° = 10
_1 (23 a :
o <_> 10 10
5.6 a = 36° and atz— ,
0 = 22.30 : |

a = 13.764 and a4+ z = 26.051

So, the angle of elevation is 22.3°
26.051 — 13.764

r = 12.287
12.287 km
speed = QL = 369 km/h
S5 hours
4 a sinf = 0.8147 b cosf = 0.0917 ¢ tanf = 5.23
. 0 = sin"1(0.8147) o0 = cos™1(0.0917) o 6 = tan"1(5.23)
0 = 54.6° o0 =847° S0 =179.2°
5 a sind = g b cosh = % ¢ tanf = 0.7452
1
_ -1 (V1D s 0 =cos! (8 oo 0 = tan™(0.7452)
f = sin ( 5 ) ) S0 =367
0 = 44.4°
0 = 41.6°
' 52cm
k
\9)
sin57° = 2
r
52
~ sinb7°
r = 6.20

So, the angle measures 25.2°
the radius is 6.20 cm

a If the radius OC is  cm b sinf = 3 g
r
then OA = (’I" — 1) cm 0 = sin71(0.6)
(r—1)2+3% = r? {Pythagoras} 0 = 36.9
rP—2r+149 =12 e
% 4+10=0 So, BC subtends 36.9°
. r=2>5 at O.

So, the radius is 5 cm
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19.
9 10 sin56° — 126
) 196
pole __| \xm T Gae
19.6 m
r = 23.64
056 ond 32 = 70.9
Sin57° — 8.2 So, the total length is 70.9 m
T
= £*978 i.e., sides are 9.78 cm lon,
T osinb70 T o ' g

REVIEW SET 10C
1 a z? = 22 + 3% {Pythagoras} b tand =
e L= VP © 0= )
= o o v B0 S0 =337
3m . beam AB is 3.61 m long. - beam is inclined at
33.7° to the horizontal.

wlro

76_(_4)7107 5 _ o__ 1
2 tanG—T?—TG——g 3 m—tan30—ﬁ

f = 180° — tan! (%) o equationis y= %m _3
0 = 121°

wlu
n

]

E
e emwe A
D S0 =590 A =

So, «HDE is 59.0° xcm

xT

d D —C By Pythagoras 2? = 15% + 177 and tan¢ = )
xcm 15 em c.oox o= /152 4172 © ¢ =tan~! (Lsm)
B w207 S ¢ = 683
ie., 4AAGC is 68.3°
5 a G b E

v 62 +8%cm 6cm
A B D B
12cm V122182 cm

12 6 6
tana = ——— tan g = =
V62 + 82 p V122 + 82 V208

1

6
oo B=tan! [ —— ) =226
an~' (£) 502 V208

So, the angle measures 22.6°

17cm

N

tan o

& =
[=}

a =

So, the angle measures 50.2°

6 a M b RN =V52+102 ¢ tang = 528
fem - Vi o ¢ =tan! (—“725) = 57.9
= 11.180......

O
J125¢cm R = 11.2 cm ie, ARMN is 57.9°
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1+ tan@ cm

7 a z? +x? = 200> {Pythgoras}
D 200 m C 2
2z = 40000
2 _
am 200 m M .oz = 20000
Also A%+ 2% = 2002
a *m h? = 2002 — 20000
M xm C A B -
. h = +/2002 — 20000 = 141
. h . 141.42 i 141 m hich
b g = — = 1.€., g
ST 900 T 200
141.42
0 = sin™! ( ) = 45°
sin 200 .
o h . o
tan 32° = B Now if the new height is H cm
1 =
N 12 % tan32° — h 5 X24x H 179.96
32 h = 7.4984 12H 7 179.96
Area = % base x height H= 1142%%77
= 1 %24 x7.4984 tand = —o
= 89.981 0 = tan—! (141397)
new area = 2 X old arza =513
= 179.96 cm So, the new base angles are 51.3°
9 (5—x)cm 10 P
P xCcm N i Q 6.7 8.2°
& =0 200m
xicm 6.7°
45° - 8.2°
3 Q dm B, xm B,
R
Let NR = z cm Let QB =dm and BiBs =a2m
Now APNR is right angled isosceles tan8.2° — 200 and  tan6.7° — 200
o, PN =2zcm also d d+x
andso QN = (5—z) cm d = 200 = 1387.9
tan 8.2
- i 2
Now tané - {in ARQN} and d4z— 00 = 17025
tan 6.7
(5-=)tand = = So z = 17025 — 1387.9 = 315
Stanf —xtand = = i.e., the boats are 315 m apart.
5tanf = z 4 xtanf
5tan® = x(1 4 tan0)
5tan 6
e,
1+ tan@
ie, RN — —otanf



Chapter 11

THE UNIT CIRCLE

EXERCISE 11A

1 a The y-coordinate at 0° is 0, sin0° =0
b The y-coordinate at 15° is = 0.26, sin 15° = 0.26
€ The y-coordinate at 25° is = 0.42, sin 25 = 0.42
d The y-coordinate at 30° is = 0.5, sin 30° = 0.50
@ The y-coordinate at 45° is = 0.71, sin45° = 0.71
f The y-coordinate at 60° is = 0.87, sin 60° = 0.87
8 The y-coordinate at 75° is = 0.97, sin 75° = 0.97
h The y-coordinate at 90° is 1, sin90° = 1
3 @ The z-coordinate at 0° is 1, cos0° =1
b The z-coordinate at 15° is = 0.97, cos 15° = 0.97
¢ The z-coordinate at 25° is = 0.91, cos 25° = 0.91
d The z-coordinate at 30° is = 0.87, cos 30° = 0.87
e The z-coordinate at 45° is = 0.71, cos45° = 0.71
f The z-coordinate at 60° is = 0.5, cos60° = 0.5
g The z-coordinate at 75 is = 0.26, cos 75° = 0.26
h The z-coordinate at 90° is 0, c0s90° =0
5 The coordinates 6 y(cos75ey sin75%)
(cos 55, sin 55) ’ (cosp, sing)
ie, (0.57,0.82) ‘g‘. (cos20°, sin20")
N
7 a As cos?f+sin?0=1, b As cos?6+sin?0=1,
then sinf = /1 —cos?0 as sinf >0 then cosf = m as cosd >0
= /1-(08)? = /1-(0.7)2
=06 = 0.714

EXERCISE 11B
1T a 098 b 098 ¢ 087 d 087 e

05 f 05 g 0 h o

3 a [Itappears that 4 a -034 6 a cos(180—60)° =—cosh°
sin(180 — 6)° = sin §° b 034 b
b Q(cos180-9), sin(180-6)) ¢ 064
v _gp
K 100 ey @ 064
rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr e —0.77 )
N f 077
h x g -1 Qis
P and Q have the same h 1 (cos(180 — 6))°, sin(180 — #)°)
y-coordinate. The z-coordinate of Q is the
sin(180 — )? = sin 6° negative of the x-coordinate of P.
cos(180 — 6)° = — cos 6°
7 a sin 45° b sin51° [ sin 74° d sin 82°
= sin(180 — 45)° = sin(180 — 51)° = sin(180 — 74)° = sin(180 — 82)°
= sin 135° = sin 129° = sin 106° = sin 98°
ie, 0=135° ie, 0=129° ie, 0=106° ie, 0=98°
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8 a sin 130° b sin 146° c sin 162° d sin171°
=sin(180 — 130)°  =sin(180 — 146)°  =sin(180 — 162)° = sin(180 — 171)°
= sin 50° = sin 34° = sin 18° = sin 9°
ie., 6=50° ie, 6=34° ie, 6=18° ie, 6=9°

9 a sin 137° b sin 59° C cos 143°

= sin(180 — 137)° = sin(180 — 59)° = — cos(180 — 143)°
= sin 43° =sin121° = —cos 37°
= 0.6820 = 0.8572 = —0.7986
d cos 24° e sin 115° f cos 132°
= —cos(180 — 24)° = sin(180 — 115)° = —cos(180 — 132)°
= —cos 156° = sin 65° = — cos 48°
=0.9135 = 0.9063 = —0.6691
10 a £AOQ + £BOQ = 180° b 0OQ is a reflection of OP in the y-axis
0° + £4BOQ = 180° and so Q has coordinates (— cos 6, sin )

£BOQ = (180 — 0)°

EXERCISE 11C

1

i’ C(cos 199°, sin 199°)
. . i A0.899, 0.438) B(—0.829, 0.559)

REVIEW SET 11

sin70° =094 b

> C(—0.946, —0.326)
l b i

C(cos(—35°), sin(—35))
ii  A(—0.545, 0.839) B(—0.326, —0.946)
C(0.819, —0.574)

cos0’ =1, sin0°=0 b c0s90° =0, sin90° =1

cos 35° = 0.82

2 M(cos 73°, sin 73°) = (0.292, 0.956) N(cos 190°, sin 190°) = (—0.985, —0.174)
P(cos 307°, sin 307°) = (0.602, —0.799)

3 The z-coordinate of A =

5 a

6 a

cosf =
0 =
0 =

sin 47°
= sin(180 — 47)°
= sin 133°
6 =133°

sin 159°
= sin(180 — 159)°
= sin 21°
= (0.358

—0.222 4 a sin120° =sin(180 — 120)° = sin 60°
—0.222 o 0=60°
cos™"(~0.222) b sin165° = sin(180 — 165)° = sin 15°
102.8° S 0=15°
€ sin95% = sin(180 — 95)° = sin 85°
0 = 85°
b sin 8° < sin 86°
— sin(180 — 8)° — sin(180 — 86)°
=sin 172° = sin 94°
0 =172° L0 =94°
b cos 92° < cos 75°
= —cos(180 — 92)° = —cos(180 — 75)°
= —cos 88° = —cos 105°

—0.035 = 0.259

€ cos(180 — 6)° = —cosf°, sin(180 —0)° =sinh°

c 2 a i A(cos26°, sin26°) B(cos146°, sin 146°)

A(cos 123°, sin 123°) B(cos251°, sin 251°)

cos 180° = —1, sin180° =0 d cos270° =0, sin270° = —1
cos(—90°) =0, sin(—90)° =—-1 f cos450° =0, sin450° =1
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d sin 227° = sin(—47)° cos 320°
= —sin47° = cos40°
= —0.731 = 0.766
7 a (0.5,0.866) ¢
X
(=0.5,-0.866) (—0.5,-0.866)
cos240° = —0.5 o, cos480% = —0.5 o, cos(—840%) = —0.5
sin 240° = —0.866 sin 480° = 0.866 sin(—840°) = —0.866
8 @ cos360° =1, sin360°=0

b cos(—180°) = —1, sin(—180°) =0
€ cos(630°) =0, sin(630°) = —1

9 a sin 101° b sin 127° < sin 168°
— sin(180 — 101)° — sin(180 — 127)° — sin(180 — 168)°
= sin 79° = sin 53° = sin12°
0 =179° -, 0=153° s 0=12°
10 a

11 a y b
106

sin 106° 254° = 74° +180°  sin286° = — sin 74°
= sin(180 — 106)° o, sin254° = —sin74° = —0.961
= sin 74° = —0.961
= 0.961

d 646° = 360° + 286°
sin 646° = sin 286°

= —0.961 {from ¢}

v
12 a cos138° b ﬁ. c
X 42

= —cos(180 — 138)°
= —cos42° @‘7'
= —0.743

cos 222° cos 318° cos(—222)°

= —cos 42° = cos42° = —cos42°
= —0.743 =0.743 = —0.743
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NON RIGHT ANGLED TRIANGLE TRIGONOMETRY

EXERCISE 12A

1 a Area b Area C Area
=3 x 9 x 10 X sin40° = 3 x 25 x 31 X sin82° =2 x10.2 x 6.4 X sin125°
= 28.9 cm? = 384 km? = 26.7 cm?
2 Area = 150 cm? 3 C L C
1 h RO —
5 X 17 x z X sin68° = 150 Acm 12 cm
.- 2 x 150
~ 17 x sin68°
s A 5 B A 12cm B
x = 19.0 cm
Area Area = 2 x area AABC
= 2x area AABC =2x 1 x12° xsin72°
=2x 2 x4x6xsin52° = 137 cm®
=18.9 cm?
5 12cm [ 7
60° i
12 cm
xm
0 . — [} x m
~em 360°+5=72
Area Area = 2 x %3:2 sin 63° Area of A = %
igi jrialo;i neor v = 5050 o=
e s N L 2338
=374 cm sin - "~ 5 xsin72°
= 515230 Doy 2 x 338
o ~\/ 5 xsinT2°
x =749
coox =119
So, sides are 7.49 cm long. So, OA = 11.9 m long.
8 a If the included angle is 0 b Likewise,
then 1 x5x8xsing =15 2 x 45 x 53 x sinf = 800
20sinf =1 . ; _
Os?ne 35 o sing = 500X2
sSmb = g . o —1 (1600
= (3 0= ()
4

§ = 42.1° or (180 —42.1)°

0 = 48.6° or (180 — 48.6)° b~ 4210 137 0°
= 42. or .

ie, 0 = 48.6° or 131.4°

9 Total area of 8 coins Area of $10 note Fraction covered
=8x12x $r?singoc = 8r>xdr 2t
g " = 48r? (%) =32r T 32r2

_3 . 1
360°212=30° = 24r =4 .. 7 isuncovered
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10 a i Area = 1 base X alt ii 52#26
5 1
As =S = A DE- DG
2 = 6 cm? = V6 x3x2x1
= 6 cm?
b SZW:B s A= /13(13-6)(13— 8)(13 — 12)
= /13 x7Tx5x1
= 21.3 cm®

2

EXERCISE 12B
1 a i arclength

,_ T2489+497 _

129 . A

V129 x 5.7 x4 x 3.2
= 30.7 cm?

b i arclength

_ (416 (122
= (4:8) x 27 x 9 = (32) x2r x 4.93
= 6.53 cm = 10.5 cm

ii area ii area
= (369) x ™ x 9? = (32) x ™ x 493
=294 cm? = 25.9 em®

2 a 60=1079° [=5092

360

(%6e7) x 2m xr = 5.92 = 9.30 m?

p = _0:92x360
1079 x 2 xw
r = 3.14m
3 a Area = (%) X 772 b Perimeter
208 = (£2) x r =1+2r
208 x 360 _ = (82) x 21 x 5912+ -
68.2 x m 1 2% 5.912

. 20.8 x 360 = 18.9 cm
68.2 x

V/12.9(12.9 — 7.2)(12.9 — 8.9)(12.9 — 9.7)

b Area = (L2) x 7 x (3.1436)°

r = 5.91 cm
L a [ = (%)x%rxr b Area = (%)xwr2
2.95 x 360 30 x 360
43m  Txrxas ! R T
0 = 39.3° coo0 = 34.4°
5 a s = 62 +10% {Pythagoras} d arc length = (%) X 2mr
0em| \sem s = V6T 107 S gk x 2% x 11.6619 = 37.6991
s = 11.6619 . 376991 x360 _
5om s = 11.7 cm o 2x 7w x 11.6619
b r=s5s=11.7cm 6 = 185°

€ arc length = 27 X 6

= 37.6991....
= 37.7 cm
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distance distance
_ 0 _ . : _
6 a | = (ﬁ) X 27r b Speed = W . time = W
1
= £% X 2 X m x 6370 km 2130 km
= 1.852957 ...... km 480 n miles/h
~ __ 130km
= 1.853 km ~ 180 x 1.853 kmvh

= 2.3947 ... hours

= 2 hours 23.68 min
= 2 hours 24 min

7 a Area b Area of sector C Area of segment
:% x 12 x 12 X sin 110° _ (M) w1 X 122 = area of sector — area of A
- 290 = 138.2 — 67.7
= 67.657..... = 138 cm? 705 om?
= 67.7 cm? = Hoom
8 a tana =2 b 0-+2a =180 {angles on a line}
AL 30rmm B & a=tan ! (3) z = ig " 2% 18.43
N a = 18.43 T
Ci1sm D
Note: r? = 5% + 157 € Area = 2 x area ACDB + area sector
r? = 250 =2x 1 x15x5+ (&) x 7 x 250
= 387.3 m?
9 T cos = ¢ =2 Area
é ﬁ 0 — cos! (%) = e;rea E(;2fA —|— Zré:z;;)f sector
= 2 X 9% x sin 96.
om om S 0= 48.19° ’ 263.62 92
So, 360 — 20 = 263.62° + (3507) x 7
=227 m?
10 a sina=%=01 b 0+ 90 + 90 4+ 2. = 360
a = sin"1(0.1) s 0 =180 — 2
4cm a = 5.7392..... = 180 -2 x 5.739
4cm — 2cm oo = 5.739 = 1685
2 € ¢+0 =360 d length of belt
cm . -
S ¢ = 3601685 =2x20+ 555 x 27 x 4
¢ = 1915
+§2L0 X 2w X 6
= 71.82 cm

EXERCISE 12C

1 a BC? = 212 +15% — 2 x 21 x 15 x cos 105°

BC = /212 + 152 — 2 x 21 x 15 x cos 105° = 28.8 cm

b PQ? = 6.3%2 +4.82 — 2 x 6.3 x 4.8 X cos 32°

PQ = v6.32 +4.82 — 2 x 6.3 x 4.8 x cos32° = 3.38 km

< KM? = 6.2%2 +14.82 — 2 x 6.2 x 14.8 X cos 72°

KM = /6.22 + 14.82 — 2 x 6.2 x 14.8 X cos 72° = 14.2 m
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122 + 132 - 112 132 + 112 — 122

2 A = B=—""—4— = (180 — A — B)°
o 2x 12 x 13 o 2x 13 x 11 ©= é:?o )
A = cos™? (%) . B =cos ! (%g)
A = 52.0° ;. B =593
2 52 102
3 COSQ = 5—’_7—10 L a b
2x5x7
13cm /9 ~Tcm
Q = cos™! (—7—2(‘]6) 11cm t 4cm
Q = 112°
17cm 9cm
The smallest angle is The largest angle is
opposite the shortest side. opposite the longest side.
COS&_132+172—112 COS¢_42+72—92
 2x13x17  2x4x7
6 = cos™! (%) ¢ = cos™! (—%)
0 = 40.3 ¢ = 106.60
So, the smallest angle So, the largest angle
measures 40.3°. measures 107°, approx.
22 2 42
5 a COS@ZL b 22 =52 4+32-2x5x%x3xcosh
2x2x5
13 sz =+52+32-2x5x%x3x0.65
— 20
: = 3.81
= 0.65 o= a8
EXERCISE 12D.1
1 a By the sine rule, b By the sine rule, € By the sine rule,
T 23 T 1 T 4.8
sin48° ~ sin37° sin115°  sin48° sin51° ~ sin80°
v — 23 X sin48° C e 11 x sin 115° C e 4.8 x sin51°
~ sin37° a o sin 48° . ~ sin80°
T = 28.4 ST =134 Sooxo=3.79
2 a b B
a (180-82—-25)°=73°
18cm 49— B 34cm
63° 82° 25°
A A 5 C
a 18 . b 34
4 __° 1 i 2 =
Sn63°  sndge  \sinerule} By the sine rule. - 573 = Snas
o — 18 X sin 63° 34 xsin73°
~ sin49° ~ sin25°
a = 21.25 cm b = 76.9 cm
c A (180-21-48=111° By the sine rule, —<— = —04
- Y * sind8° | sinlll’
c o G4 xsind8
~ sinl11°
B ¢ = 5.09 cm
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EXERCISE 12D.2
1 By the sine rule a sin 4 = SH;JB
. o a
51?10 = Sm840 g A _ 146 xsin65°
11 X sin 40° - 174
sinC = — >S4 L (14.6 x sin65°)
8 A = sin -
. 17.4
. _1 (11 x sin40°
C = sin (T) A = 49.5° or 180° —49.5°
C = 62.1° or (180 — 62.1)° A = 4957 or 130.5°
C = 62.1° or 117.9° Check: A = 130.5° is impossible as
A+ B =130.5° +65° is already over
180°. A = 49.5°
b sinB _ sin43° c sinC _ sin71°
43.8 314 48 6.5
snB — 43.8 ;<1illn43 sinC — 4.8 ><62n 71
B — sin-! (43.8 ;121143 ) C = sin~! (4.8 ><6.s;n 71 )
B = 72.0° or 108° C =44.3° or 135.7°
both of which are possible as But 135.7+71 is already > 180
108 + 43 = 151 which is < 180. this case is impossible C =44.3°
3 The third angle is 51?182 and su; 287 it is not possible as
180% — 85?2 — 68° B '7 B 4 sin 85° £ sin 27°
— 97° = 0.08738.... = 0.046 32.... 114 98
i.e., the sine rule is violated.
A B In AABD, Now —& - 20
R sin 12 sin 66
0 = (1800 —12—102) L 20xsin1
0 = 66 ~ sin66°
z = 4.55

A

5 First we find the length of the
diagonal, d m.

d 22
sin118° ~ sin30°
d— 22 x sin118°
sin 30°
d = 38.85

Using the sine rule

y 3885
sin58°  sin95°
_ 38.85 x sin58°
y= sin 95°
y = 33.1

BD is 4.55 cm long

0 = 180° — 30° — 118° = 32°

£ACD = 58°
T 3885
sin(180 — 95 — 58)  sin95°
v 38.85 x sin 27°
sin 95°

x =177
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EXERCISE 12E

1 By the Sine Rule, and sinbH3° = %
_LO = Ao . h = xsinb3°
% SIn28T - sin25 = 22.22 x sin53°
xm hm 20 x sin 28° . ’
xr = ,7250 = 17.7 m
o o sin
28 53 ) - the pole is 17.7 m high
20m CooT o= 2222
6° +28° = 53°
{exterior angle of a A theorem}
0 = 25°
2  PR® = 63% +175% — 2 x 63 x 175 x cos 112° 3 cosT = 220° + 340" — 1657
N T 2x220 x 340
PR = /632 + 1752 — 2 x 63 x 175 x cos 112°
L (136775
PR = 207 m . T = cos (149600)
T = 239

was 23.9° off line.

In AABD, In AACD,
2
c0s(23.6 4 15.9)° = 200 h 2592
z sin 15.9° sin 113.6°
T = 200 259.2 x sin 15.9°
= 053957 s = 2ZEXSROT
sin 113.6°
xr = 259.2
h =775
is 77.5 m high.
5 5m 6 A
13.2°
42m
19m/g 21m
4 98318 g1.7°
: ghm
D g3° C
cosh — 1921 =5 o o g a0
9 = cos—! (Z7Z In AABD,
(%) AD 42
0 =132 sin98.3°  sin4.9°
le of vi is 13.2¢ i ©°
angle of view is . AD — 42 ><. sin 953.3
sin4.9
AD = 486.56 m
In AADC,
. h + 42
13.2° =
sin13 486.56
h + 42 = 486.56 x sin 13.2°
h+42 = 111.1
. h =691

the hill is 69.1 m high
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7 T ! By the sine rule Now sin22° = 10;3.38
X0 _a 10 — 101.38 x sin 22°
40°\ (180-40-68)°=72°  sin40 sin 72 - 380
150m . — 150 x sin40° v s
- i © o __ Y
am sin 72 and cos22° = T
68 220 xm a : 101.38
B ym y = 101.38 X cos 22°
y = 94.0

the tree is 38.0 m high and 94.0 m from the building.

(VIT3)? + (VE5)* — (V&0)?

8 Using Pythagoras’ theorem Now cos@ =
& fythag @ 2 X /113 x /65
RQ = V42 + 72 =65 m oo (58
PQ — VT — VI3 em cos0 = (7#13)
PR = /87 1 4% = v/80 em 0 = cos™' (1)
6 = 55.1 So APQR measures 55.1°
9 C T 12 Y
(180— 42— 67) = 71° sin67°  sin71° " sin42°
n ., . l2xsin67° o 12 xsind2°
. ykm o h sin 71° T sin71°
= 117 y = 8.49
42° 67°
A .
12 km So, C is 11.7 km from A and 8.49 km from B.
10 a QS = /82 +122 -2 x 8 x 12 x cos 70° b 1 hais 100 m x 100 m
= 11.93 = 0.1 km x 0.1 km
_ 2
area = 3 X 8 X 12 x sin70° + 3 x 10 x 11.93 x sin 30° = 0-0Lkm
70 1 km® = 100 ha
- Ao area = 7490 ha

6 km

Distance = speed x time
So, after 45 min = 0.75 h
ST = 6 x 0.75 = 4.5 km
SP = 8 X 0.75 = 6 km
e p Now PT = V452 + 62 — 2 x 4.5 x 6 x cos 120°
. PT = 9.12
AC 200
In AABC 9107 = Sinss’
AC = 200X II0T . 505 o6
sin 38
. T 305.26
and m AACD Tgo = m
- 305.2.6 X sﬂln8 - 84.968
sin 30

the metal strip is 85.0 mm wide.
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13 x = /6% + (4.5)2 — 2 x 6 x 4.5 x cos 148°
: = 10.1

is 10.1 km from the start.

14 In APST, tan25° = — In APMT, tan15° = h
> N x Y
L gt . _h
N A tan 25° Y= tan 15°
= 2.145h = 3.732h
250 T But £STM = 65° {equal alternate angles}
652
xm Lfm and 100% = 22 + y? — 2zy cos 65°
S 150 .. 10000 = (2.145h)% + (3.732h)* — 2 x (2.145)(3.732)h* cos 65°
100m =, o 10000 = 11.763h
h? = 850.15
h = 29.2 So, the tree is 29.2 m high.
REVIEW SET 12A
1 Area = 3x73x94xsin38° 2 a Area= (25%)x 7T x 13> =118 cm®
. 2
= 21.1km b Area = 1 x 11 x 9 xsin65° = 44.9 cm?
3 a Perimeter =2x 11+ (£5) x2rx11 b Area = (£5) x 7 x 11°
11 cm =34.1cm = 66.5 cm?
11cm
4 Perimeter = 2r + (%) X 2mr  Area = (%) X 7r?
36 = 2r + 1 x 2mr = §xmx (8.7925)°
= 81.0 cm?
36 = r(2+ ) S enem
r 36
T = -——>7 tm
24 &
- r = 8.7925.....
r = 8.79 cm
5 Area = 42cm® .. %x7><13><sinx:42
sinz = 42 x 2
T Tx13
= sin™* (%)
= 67.4 or 180 —67.4
= 674 or 112.6

{assuming the figure is not drawn accurately}

6 Area = 80 cm?®
1 o . x =sin"! <$>
5 X 11.3 x 19.2sinz® = 80 160 11.3 x 19.2
sinxr- = m xr = 47.5 or 180 —47.5

r = 47.5 or 132.5
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When z =475, AC = /19.22 +11.32 — 2 x 19.2 x 11.3 X cos47.5° = 14.3 cm

When =z =132.5, AC = /19.22 +11.32 — 2 x 19.2 x 11.3 x cos 132.5° = 28.1 cm

7 Non shaded area
= area of A + area of sector

shaded area
=7 x 7% —117.12 cm?

=1 X Tx7xsin130°+ (£3) x 7w x 7 = 36.8 cm®
=117.12 cm®
8 a BD = /1257 + 120% — 2 x 125 x 120 X cos 75° = 149.2

area = 3 x 120 x 125sin75° + & x 149.2 x 90 x sin 30°

= 10600 m?
b =1.06ha (10000 m? = 1 ha)

9 Shaded area = area of circle — area of hexagon
=7 x 7% — 6x area of one
=497 — 6 x 2 X 7 x 7 x sin60°
= 26.6 m’

REVIEW SET 12B

132 + 192 — 112
2x 13 x 19

__ 409
COSx = 194

1 (409
& = COSs (m)
r = 34.1
112 +19%2 — 132
2 a = b
cos® 2x 11 x 19
COST = 3—£
1 (313
r — COSs (4_18)
x = 415

Neon

V152 + 172 — 2 x 15 x 17 x cos 72°
T = 18.9

x = /142 + 212 — 2 x 14 x 21 x cos47°
r = 154

sin C sin 74°

11 12.554
. 11 X sin 74°
sinC = —5=1
11 x sin 74°
— i1
¢ = sin ( 12.554 )
C = 57.4° or 122.6°
T

impossible as 122.6 + 74 > 180

£C measures 57.4°
£ A measures 48.6°

3 AC = /112 +9.82 — 2 x 11 x 9.8 x cos 74° Now
AC = 12.554.....
AC = 12.6 cm
4 DB = /72 + 112 —2x 7 x 11 x cos110°
= 14.922

total area = £ x 7 x 11 x sin110° + £ x 16 x 14.922 X sin 40°

2 2
113 ecm?

215
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5 6 3 D
m hm
20° 23°
A 80m B C
i AABD, —2 — 80
h 50 sin 20 sin 3
sin8° ~ sin72° P 80 x sin 20°
50 x sin8° sin 3
- sin72° = 522.8
= 7.32
Now sin23° = h
i.e., the tree is 7.32 m high z
h = 522.8 x sin 23°
h = 204
So the building is 204 m tall.
7 £ASP = 203° — 113° = 90°
Now z? = 310% 4+ 430% {Pythagoras}
x = /3102 + 4302
T = 530
they are 530 m apart.
P and tanéd = %
6 = tan~! (%) = 54.2
and 2346 = 77.2
239 . .
bearing of P from A is 077.2°
8 In 45 minutes, 140 x % = 105 km is travelled.
In 40 minutes, 180 x % = 120 km is travelled.
N We notice that 6 + 43 4+ 32 = 180 {allied angles add to 180°}
° . 0 =105
F\137

17 T = 178.74

So, is 179 km from the start.
sing  sin105°

105 km

g3 Now 305 = 17874
. 105 x sin 105°
sing = — 7
¢ = 34.6

0 = 180 — 105 —34.6 —32 =84 =38
So, the bearing is 352°.

and so, x = /1202 4 1052 — 2 x 120 x 105 x cos 105°
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shaded area of sector

= area of sector — area of A

1 1

=12 — 1 xr xrxsin60°

6 2

shaded area of figure
3202 - ] + 42 ()

r2_ %\/57,2

INIERNTE
3

| 3
—
3

I
>



Chapter 13

PERIODIC PHENOMENA

EXERCISE 13A

1 a iy o° ° b
: 4 !
3
- =4 2
2 4 6 § 10 12 N
" - X
¥ o A Jl 2 : 4
Data exhibits periodic behaviour. Not enough information to say data is
periodic. It may in fact be quadratic.
¢ A ry ‘ o ¢ o ‘ d 10 ry ° o ‘
4
3 s ) ] °
24 o 2 6
— - 4 ° . ;
y 1 2 3 4 Y 2 4 6 8§ o 12 "
Not enough information to say data is Not enough information to say data is
periodic. It may in fact be quadratic. periodic.
2 a b The data is periodic.
- ﬁgf;%ﬁtd"b%“\ I i The minimum value from the table is
;g (cm) A\ 7\ 0 and the maximum value is 64.
40 / X / L So, the principle axis is y = &26—4 s
fg J ¥ ie., y=32.
1 f/ \\,,/‘/ distance\ﬁ‘egelled II The may.{iml.lm 'Value is 64 cm (approx).
4_%’ 50 100 150 2@0 250 3@0 350 4¢0 o Il The perlod 1S = 200 cm.

iv The amplitude is = 32 cm.
€ A curve can be fitted to the data as the distance travelled is continuous.

3 a periodic b periodic € periodic d not periodic e periodic f periodic

EXERCISE 13B.1

=180° b —Z=-45° < 7 = 180° d -
= 45° oo B =2 x180°

= 270°

3

1 a —270°

FPNERSY
[\

= 180° f
= 60°

w3 3
ol N
I
w
[e=}
o

(-3
=)
S
Q
=
w

2 a 307 is 1—12 of 360° of 360° ¢ 150° is of 360°

_ 1 . —
d—§X27T L. =

==z - d=

X 27 cood = X 27

3 o= ol=

ol gle &l

d 135° is % of 360° e 240° is = of 360° f 45° is 1 of 360°
= % X 27 cood=

d= % sod =

X 27 od=—-ixorn

B Wi Wi w

w[§
Q.
Il
|

NN
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QO aAn O o

EXERCISE 13B.2

1

d

d

From d, h 270° is £ of 360°
=3 3
4 = -2 X 27
3
d=—=
AOAP is isosceles, so  £AOP = 60° 6 = 60.
60° is % of 360°, d=1x2r ie, d=3%.
As AP < arc AP, then AP <1 0 < 60°, ie., 0O decreases.
When d = w, 6=180°
1 o
So,when d =1, 6= 80 = 57.3
180° = 7 radians b 180° = 7 radians 4 180° = 7 radians
90° = % radians 60° = 3 radians 30° = & radians
180° = = radians e 180° = 7 radians f 180° = 7 radians
18° = {5 radians 9° = g5 radians oo 45% = 7 radians
135° = %" radians
180° = = radians h 180° = = radians i 360° =2 x180°
45° = Z radians 90° = 7 radians = 2m radians
225°% = %’T radians 270° = 37” radians
720° = 4 x 180° k 180° = 7 radians | 180° = 7 radians
= 47 radians 45° = Z radians 540° = 37 radians
315° = %’ radians
180° = = radians n 180° = 7 radians o 180° = 7 radians
36° = % radians 10° = {5 radians 10° = {5 radians
o __ 8w : o __ 237 .
80° = 3% radians 230° = =% radians
41 :
=3 radians
36.7° b 137.2° C 317.9°
= 36.7 x 155 radians = 137.2 X 755 radians = 317.9 X 755 radians
= 0.641 radians = 2.39 radians = 5.55 radians
219.6° e 396.7°
= 219.6 x 135 radians = 396.7 X 155 radians
= 3.83 radians = 6.92 radians
s 3 3 s s
5 b = < I d 3% e 3
__ 180° _ 3x180° _ 3x180° _ 180° _ 180°
5 5 1 18 9
= 36° = 108° = 135° = 10° =20°
T ™ 3 H 51 H ™
T s % h 5 i 5 i 5
_ 7x180° _ 180° __ 3x180° __ 5x180° _ 180°
D = 10 20 i =78
= 140° =18° =27° = 150° =221°
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4

2¢ b 1.53¢ (4 0.867¢
=2x % degrees =1.53 x % degrees = 0.867 x % degrees
= 114.59° = 87.66° = 49.68°
3.179¢ e 5.267°¢
= 3.179 x % degrees =5.267 x 8% degrees
= 182.14° = 301.78°
Degrees 45 90 | 135 | 180 | 225 | 270 | 315 | 360
. ™ s Ly iy s 7
Radians I 5 ST T 57 37 T 27
Degrees 30 | 60 | 90 | 120 | 150 | 180 | 210 | 240 | 270 | 300 | 330 | 360
i arc length, AB ii  sector area
c 0°
— A= 2
[ = Gy X 27r 27e X T
= rf = %729
ie, I =r0 ie, A= %7’29
0° . .
{ is the fraction of the
2me
whole circle}
i (=70 ii =70 iii =10
=12cm x 0.8 =8cm x 1.75 = 1lcm x (27 —2)
= 9.6 cm =14 cm = 47.1 cm
i =70 ii =70 iiii =70
6 = 80 8.4 = 50 31.7 = 8(2w — 0)
0 = 0.75° 6 =522 2 — 9 = T
6 = 1.68° 6 = 2m — 21
0 = 2.32°¢
i A=1r% ii A= 1r’0—1r’sing iii A= 1(OA)(OP)sin(0.66)
— 1 x5 x0.7 — 12(0 — sin6) — 3(0A)? x (0.66)
— 8.75 cm? = 1 x122(1.5 —sin1.5) = 3(12)(30) sin(0.66)
= 36.2 cm? — 2(12)* x (0.66)
= 62.8 cm?
arc length area
=7l = %7"20
=5x2° _ % %52 % 92
2¢ =10 cm 5
5com =25 cm
_ _ 1,2
13cm l=r0 and A = 370
13 =106 = 1 x10°x 1.3
0 =13 65 e
9 —10cm = boom




Mathematics SL, Chapter 13 — PERIODIC PHENOMENA 221

EXERCISE 13C.1
1 a (0,0)

Va
<

INIE]
w o w o
E 2 E 2
—~ = = A
| | ST ERCI
IS EREVIE ~
- —
([
([ - o
| o
—_
W \\‘2
N =
o
=
()] Q w o
I
wfF s S 5
_ -
([ -
o
| o
—

(0,1 (0,-1)
2 a cos?f+sin®0 =1 b cos?0+sin?6 =1 € cos?f+sin?0 =1
cos29+%=1 c0329—|—%:1 cos?0+0=1
cos’f = 3 cos’ = £ cosf = +1
cosf = +¥3 cosf = +¥3 d cos?6+sin?6 =1
p)
23:/5 cos?0+1=1
=+£5° cosf =
3 a cos? 0 +sin?60 = 1 b cos?6+sin?6 =1 € cos?f+sin?6 =1
%+sin29:1 %+sin20:1 1+sin?6 =1
. 20
sin® 0 = 5 sin? 0 = & - 511.1Z—8
sinf =
sinf = :t% . sinf = :I:%
d cos?0+sin?60 =1 osin?0 =1
0+sin?6 =1 . sinf = 1
h a Quadrant | Degree measure | Radian measure | cos6 | sinf b i land4
1 0<6<90 0<0<3 +ve | +ve " 2and 3
m 3
2 90 < 0 < 180 s <O<m —ve | +ve . )
v
3 180 <0 <270 | m<f<3E | —ve | —ve
4 270 <6 <360 | 3L <O<2m | +ve | —ve
5 a cos’0+sin?0 =1 b cos?0+sin?0 =1 € cos?f+sin?60 =1
3 +sin®0 =1 cos’f+ 5 =1 cos’f+ = =1
sin?6 = % cos? 9 = g—é s cos?h = %
sinf = :té . cosf = :I:@ oo cosf = i%
But 0 is in quadrant 1 But 0 is in quadrant 2 But ¢ is in quadrant 4
where sinf > 0 where cosf < 1 where cosf > 0
sinf = % . cosf = f@ o.ocosf = %
d cos?0+sin?0 =1 e cos?f+sin®0 =1 f cos?0+sin?0 =1
%+sin20:1 i+sin29=1 cos29+%:1
sin?0 = % sin?6 = % cos? 0 = %
sinf = +32 . sinf = i@ cosf = :t%
But 0 is in quadrant 3 But 6 is in quadrant 4 But 6 is in quadrant 3
where sinf < 0 where sinf < 0 where cosf < 0
sinf = _% sinf = —@ . cosf = —%
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EXERCISE 13C.2

1 1 1 a b 3 d e
(‘/E ‘/E) So cos(}) = % @ 1 1 1 0 1
z 1 sinb | 75— % 7
sin(§) = —= 1 1 1 1
V2 cosb | = - 5 -l -
Draw separate unit circle
diagrams for each case.
2 Likewise, draw separate unit circle diagrams a b P d e
for each angle. . 1 /3 1 /3 1
sinf | 3 % -3 —% 3
V3 1 V3 1 V3
csf | 5 -3 —% 3 %

(3.2)

3 a sin?60° 2’2 b
= sin60° x sin 60° 60°
—fg
_3

1
< 4 sin 60° cos 30° 13 d
3\ (3 (z2) RERY
=415 ) (%5 ﬁ(z’z)




Mathematics SL, Chapter 13 — PERIODIC PHENOMENA 223

0 = 210°, 330°, 570°, 690° 0 = 270°, 630°

a cosG’:% b sinHz@ € cosf=-1

d

sin?0 = 1
sinf = +1
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EXERCISE 13D.1

1 a y=3sinz b y=-3sinz
has amplitude 3 and period 2% = 27 has amplitude |—3| = 3 and period 2~
When z = 0, Yy = 0. When = = 0, y = 0. = 2.
31y 3tV .
2 y = 3sinx 5 y = —3sinx
- 2, < x
] g T - s R
-2 -2 It is the reflection
-3 -3 of y=3sinz in
the z-axis.
C yzgsin:c d yz—%sinx
has amplitude % and period QT” = 2. has amplitude ‘_%| = g and
When =0, y=0. period 2T =2r.
A
31
o i y= —%an
- > > B X
-1 T 2
-2 -1
-3 -2
-3 It is the reflection of
' y = %Sinx in the z-axis.
2 a y=sin3z b y=sin (%)
h litude 1 iod 2F. . 2
as amplitude 1 and period =5 has amplitude 1 and period Tﬂ- = 4.
When z =0, y=0. 1
When =0, y=0.
. y y=sin3x l‘y y=5in(§)
. .~ - < > X
VU VU™ 7 NS
—0.5 i
-1 —1‘
¢ y=sin(—22) 24 y=sn(-2)
has amplitude 1 and period % = 0.5 /\ /\ /\
When z =0, y=0. ‘05 n\/ zn\/ 3 "
It is the reflection of
y = sin2z in the x-axis.
27 2 2 2
3 a period = — b period = — ¢ period = — d period = —
14| |—4| |%| 0.6
. m o 207'('
=3 =3 =6 ===
2 2 i 5
_ 10
3
2 2T 2T 2T 2m 2T
4 a =L _ b L -2 ¢ Z_qo d £ -4 ==
5 o5m 5 3 5 ™ 5 e 5 00
2 1 x 2m ™
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5 a b
4
5 y=2sinx +sin2x y=sin sin2x + sin 3x
- /\ /\ 3 Z\J\ X
5 360 720 - 180~ 300 540~ 730
: SR Y
-4
i —43
(4 Ay ‘
_ (1
4 Y= (Sinx)
2
‘ X
360 540 — 720
-4
3
b ) v
[N W > [ A
2'7r 27 X
_05 =05
o] L o
Ly
1
Prediction: :0'5 dr
—-05 2T X
- I
-1y
EXERCISE 13D.2
1 a Ay b %
3 3
i y=snx—2 i y=sin(x—2)
‘_1 P % 7 SR 7w x
-2 /\/ =2
-3 -3
3 3
This is the graph of y =sinz This is the graph of y =sinz
translated by [_02]. translated by [(2)]
< 4 d y=sinx+2
i =sin(r+2) i/\/
- 1 i3 2n ;c = -1 T 2 ;c
0N -2
3 -3
3 3

This is the graph of y =sinx

translated by [702] .

This is the graph of y = sinz
translated by [g]
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Y Ly
¢ 3y f 3 y=Sln(x—%)+l
2 y=sn(x+72) 2
1 11
Az —
o 7 27 X _1 w 27
_2 -2
-3 -3
' w
This is the graph of y =sinz This is the graph of y =sinx
translated by [_oﬂ' translated by E]
. 2 . 2 . 2
3 a period = ‘—; == b period = ﬁ =8 ¢ period = |_7;‘ =
1 —
2 2 i 2 2
. _ 27
B =2 s B =20 L B=&=% B =5
5 @ A translation of [_OJ, i.e., vertically down 1 unit.
b A translation of [ﬂ, i.e., horizontally 7 units right.
¢ A vertical dilation of factor 2. d A horizontal dilation of factor %.
. _ . . 1
e A vertical dilation of factor % f A horizontal dilation of factor + = 4.
1
g A reflection in the z-axis. h A translation of [:g]
i A vertical dilation of factor 2 followed by a horizontal dilation of factor %
j A translation of [ﬂ
EXERCISE 13E
1 a Month, t | 1 2 3| 4 5 6 718 9 | 10 | 11 | 12
Temp, T | 15 | 14 | 15 | 18 | 21 | 25 | 27 | 26 | 24 | 20 | 18 | 16
30 R
20 [ oo ° s
o o o© [
10
O -
1 23 456 7 8 9101112 time(month)
Lo 2T ) - .
The period is 12 months so 5= 12 . B=2Z% {assuming B > 0}.
Amplitude, A = max. ; min. = 27 ; 14 6.5
o S . . 27T+ 14
As the principal axis is midway between min. and max., then D = = 20.5

When T is 20.5 (midway between min. and max.)

C = 2%7 = 4.5 {average of ¢ values}

6.5sin I(t — 4.5) +20.5 (Note: I = 0.524)

T 6

b Using technology, T
e, T

6.14sin(0.575¢ — 2.70) + 20.4
6.14sin 0.575(t — 4.70) + 20.4
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Month, t | 1 2 3 4 5 6 | 7] 8 9 10 11 12

Temp, T | 15 | 16 | 141 [ 12 | 10 | 73 | 7| 73 | 83 | 105 | 125 | 14
20 o7, - -
10 e
t
O >

12 3 45 6 7 8 9 1011 12

The period is %r =12 - B=Z {B>0}

[§

Amplitude, A = M —min . 1627,

2 2 16+ 7
As the principal axis is midway between min. and max. then D = + =11.5
Atmin, t =7 andatmax., t=2+12=14 .. C = 7214 =10.5

So, T = 4.5sinZ(t—10.5) +11.5

b Using technology, T = 4.29sin(0.533t + 0.769) + 11.2

ie, T = 4.29sin0.533(¢+ 1.44) + 11.2
Note: (1) £ =0.524 V
(2) Z(1.44 — (—10.5)) = 6.25 = 27
Month, t | 1 2 3 4 5 6 7 8 9 10 11 12

Temp, T | 0| =4 | =10 | =15 | =16 | =17 | =18 | =19 | =17 | =13 | =6 | —1

AT

< . . . . . . . . . — s
~10 8
-20 T o o °

2
The period is % =12 - B=Z%Z {B>0}

6

max. — min. | 0— (—19)

Amplitude, A = = = 9.
mplitude, : 3 = 5 = 9.5
p = mex. -+ min. - 0+ (—19) - g5
2 2

Atmin, t=8 andatmax., t=1+12=13 s C= 8—;13 =105

So, T = 9.5sinZ(t—10.5)— 9.5 ... (1)
From technology, 7" = 13.1sin(0.345¢ + 2.37) — 5.43

ie, T = 13.1sin0.345(t +6.87) — 5.43 ... 2)

. T =13.1sin0.345(t +6.87)-5.43
,"—o t

1e ™ 4 £ £ 7 o 0 1091 45
ES Au.\‘\) J \%J T \°J 7 ‘;!-,V y L
-20

¥

T = 9.5sing(r-10.5)-9.5

The model does not seem appropriate.



228  Mathematics SL, Chapter 13 — PERIODIC PHENOMENA

5 a Forthemodel H = AsinB(t—C)+ D
2m

. 2T .
period = 5= 2x124hours . B = 218 0.253
We let the principal axis be 0, i.e., D=0
A, the amplitude = 7, i.e., min. is —7, max. is +7
Let ¢t =0 correspond to ‘low tide’ ... ¢ = 12.4 corresponds to ‘high tide’
c- 9t124 o,
2
So, H = 7sin0.253(t — 6.2) +0
ie, H = 7sin0.253(t —6.2)
b
AH
7
t
h 672 18.6 -
- N
3
6 Let the model be H = Asin B(t — C) + D metres
When ¢t =0, H =2 and when t =50, H =22
i 7
min. max.
27 27 s
iod = — =100 .. B=—=—
Perod = g 100 ~ 50
A =10 {from the diagram} D= w = % =12
C = 0 —;50 =25 {values of ¢ at max. and min.}

H = 10sin & (t — 25) + 12

EXERCISE 13F.1
1

@ When sinz =0.3, z=0.3, 2.8, 6.6, 9.1, 12.9
b When sinz =—-0.4, x=25.9, 9.8, 12.2
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©

i

@ When sin(2z) = 0.7, = =0.4, 1.2, 3.5, 4.3, 6.

b When sin(2z) = —0.3, z=1.7, 3.0, 4.8, 6.1,

EXERCISE 13F.2

1 a sinz =0414 b
r = 0.4268, 2.715, 6.710
€ sinz =1.289 d

There are no solutions as all values
of sin x lie between —1 and +1.

7, 7.5, 9.8, 10.6, 13.0, 13.8
8.0, 9.3, 11.1, 12.4, 14.3

sinz = —0.673
r = 3.880, 5.545
sin2x = 0.162

z = 0.08136, 1.489, 3.223,
4.631, 6.365, 7.773

e sin(%) = —0.606 f  sin(z+2) = 0.0652
z = 7.585 x = 1.076, 4.348, 7.360
g sin(z — 1.3) = 0.866 h  sin(z— %) = 0.7063
ox o= 2.347, 3.394 r = 1.831, 3.405
i sin(3) = -09367 .. =z = 6532, 7.605
EXERCISE 13F.3
1 a x:%—}—klz“ and 0 <z < 360 b x——%—!—%T" and %’Swé
oo F M 2 oo -1 %
< z=-Z4+%% and L << d x:‘%’—i—’%" and OSxSMT”
g — & m 3m 5m Tm _3m _5m g — 2n 5m 8m llm l4n 17n 20m 23z
= T2:2-72>72°72° 2> 2 6>6°6° 6° 6° 6° 6
2 a 2sinz =1, 0<z<6m b 2sinz =1 0<z<4r
1 i - L
siInxr = 3 smxr = 75 .
.............. y:ﬁ
xr = i}+k27‘l’ xr = 32"}4—]4;271-
T T
_ mw 137 25w 5w 17w 297 T T T T
T =5 N v =5 5
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€ 2sinz—1=0 —27r<z<2n d 2sinz—1=

sinz = 3 o sinz =

=

e
g sin2x:%, 0<x<3n h V2sin3z+1=0, 0<z<2r
. 1
sindr = ——=
3 V2
3x =
iy 51
12
r = + kr . r = 12 +k27r
ol o s 3
12 T
r = & 137 257 5w 17w 29w . _ 5w 13w 2lm 7m 157 23w
12° 12 ° 12 ° 12° 12 ° 12 ST = 955 T2 G20 T20 120 12
__ bmw 7w 13w 5w 7w 23w
LE, T = 19, 12> 12> 4> 4> 12
i 2sin2z

2x
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3 a sin?z +sinz —2 = 0 b 4sin’z = 3
(sinz — 1)(sinz +2) = 0 o sinz = 2
sinx =1 or —2 sing — :I:@

But values of sine can only lie

between —1 and 1 inclusive.

sinx = 1

w 4m 27w 57w

- T=173,73>73>3
r ==
2

.2 s d .2 o .
(4 2sin“x = sinxz + 1 2sin“x+1 = 3sinx
2sin?z —sinz—1 = 0 - 2sin?z —3sinz+1 =0

(2sinz + 1)(sinz —1) = 0 . (2sinz —1)(sinz —1) = 0

sinm:% or 1

m 7m 1llw
T=73-%""6
4 @ The zeros of y=sin2z are the b The zeros of y=sin(z — %) are the
solutions of sin2z =0 (0 <z < 7) solutions of sin(z— %) =0 (0<z < 3m)
y=0 y=0
2 =0 k us
z + 7; r—% =0+knm
=0+k3 =2 +kr
=0 I, 7 . _ m 5r 9«
2 ST =7 T

EXERCISE 13F.4
1 a P(t) = 7500 + 3000sin(Zt), 0<t< 12

i P(0) = 7500 + 3000sin0 ii P(5) = 7500 + 3000 sin(%")
= 7500+ 0 = 10271.63....
= 7500 grass-hoppers = 10300 grass-hoppers
b The greatest value of P(t) occurs when sin (%t) =1
. . t
ie., is 7500 4 3000 = 10500 grass-hoppers when % = 3+ k27
t
3= 142k
.t =4+16k
. t=4 {as 0<t<12}

i.e., after 4 weeks
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¢ |1 When P(t)=9000, ii

7500 + 3000 sin (&) = 9000
3000sin (%)

5

sn (%)

1500

~
N

}+k27r
}+k2
}+k16

2
3or63

0.9}
mlg‘ ol

o
ol o=

oS el

t =

—
I=

ie., at 1% weeks and 62 weeks

d 1If P(t)> 10000,
7500 + 3000 sin (%) > 10000

)
3000sin (%)
)

then

> 2500

Sin

3

5
> 5

using technology

51 or 5.49 So 2.51

Solving sin (%) = 2
t = 2.

2 H(t)=20—19sin (33)

a H(0) = 20-19(0)
=20m

When P(t) = 6000,

7500 + 3000sin (%) = 6000
3000sin (%) = —1500
sin (%) = 4

mt =
g_HTW}—FkQTr
t_ %
gz%}-FkQ
28
t_434}+k16
3
1
t =93

ie., at93 weeks

< t < 5.49 weeks.

b H is smallest when sin (@) =1

2mt .
i.e., 20 m above the ground 3
2t
3 = % + k2
t=3+k3
t=3min {as k=0}
2
¢ period = 5~ = 3 min d .
2? M H(?)
one revolution takes 3 min 40
30
20 (3,20)
10
- 4
v 1 2 3
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3 P(t) =400+ 250sin (%) years

1
a P(0) = 400 + 250(0) b i P(3) = 400+ 250sin ("(22)>
= 400 water buffalo = 400 + 250 sin(%)
_ 1
= 4004250 x -
= 577 water buffalo
o il  P(2) = 400+ 250sinm
¢ P(1) = 400 + 250sin(%) = 400 + 250(0)

= 400 + 250 x 1 = 400 water buffalo
= 650 water buffalo

This is the maximum herd size.

d P(t) is smallest when sin (%t) =—1 andis 400 — 250 = 150 water buffalo.

It occurs when
Tt
t 3
3 =5+ k2
t =344k So, the first time is after 3 years.

e If P(t) > 500 then
400 + 250sin (%) > 500

ulln

250sin (%) > 100

sin (%t) > %

~

-
2
t = 0.262 or 1.74

sin (Z£) =2 when 0.4115 or m—0.4115

So, for sin (3£) > £, 0.26 <t < 1.74

4 C(t) =9.2sin Z(t — 4) +107.8 cents/L

a i 107.8 is the median value. Values are between 107.8 —9.2 and 107.8+9.2
ie., 98.6 cents/L and 117.0 cents/L

T !

the statement is true. min. max.
- . 2w
Il period = — =14 days .. true
7

b C(7) = 9.2sin Z(3) + 107.8 = 116.8 cents/L

¢ When C(t) =$1.10/L then 9.2sinZ(t—4)+107.8 = 110

2.2
sin (¢ — 4) = 55 = 023913

I(t—4) = 023913 or m—0.23913

t—4 = 0.533 or 6.467
oot = 4.53 or 1047
i.e.,, on the 5th and 11th days
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d The min. cost/litre is —9.2 4+ 107.8 = 98.6 cents when sinZ(t—4) = —1
ie, Z(t—4) =32
t—4 3
72
2t-8 =121
2t = 29
t =145

i.e., on the 15th day

5 a S5(10) = 3sin5(4) + 23 T(10) = 5sin 75(10) + 24
= 3sin(%) + 23 = 5sin(2F) + 24
= 25.6°C = 28.3°C
So, the inside temperature is 25.6°C. So, the outside temperature is 28.3°C.
b D == S - T ‘D (oc)
= 3sin5(t —6)+23 —5sin5(t —6) —24 2
= —2sin&(t—6)—1 °C 5 10 15 20"
¢ The outside and inside temperatures are -1 7 (hours)
the same when D(t) =0 -2
i.e., where the graph cuts the ¢-axis, -3
i.e., at about ¢t =4 and t =20 i.e.,, 4 am and 8 pm.
EXERCISE 13G
1 a y=cosz+2 #§V b y=cosz—1 y
3 2
\_/ - X
> X - w
l ’ B
i.e., a vertical translation of i.e., a vertical translation of
y = cosz through [g] y = cosx through [PJ,
€ y=cos(x—F)Ay d y=cos(z+%) 4y
2
—7 L 4
-t - X -t - X
_ ~_T b2
-2
i.e., a horizontal translation of i.e., a horizontal translation of
y = cosx through [%} . y = cosz through 70%
e y=2cosz y f y=2cosz x\
3 = p L X
T~—=m T~ - —n -
-2
i.e., a vertical dilation of i.e., a vertical dilation of

y = cosz with factor % y = cosz with factor %
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§ y=—cosx h y=cos(z—%)+1
y y

<~ - < >

-2

i.e., areflection of y =cosz

i
! ! i.e., a translation of [6 ] .
in the z-axis. !

i y=cos(z+%)—1 ] y=cos2z
y y
2
1
3 g I\ / N\ o
-7 7 S N\ N T\
-2 -1
ic. a translation of {*ﬂ i.e., a horizontal dilation of factor 1.
., e
k y=cos(%) I y=3cos2z

y

- N NN
S Y S VALVARY

i.e., a horizontal dilation of factor 2. i.e., a horizontal dilation of factor %
followed by a vertical dilation of factor 3.

[N]

. . . 2
a period = %’“ b period = TW =61 € period = Tﬂ =100
3 50
A controls the amplitude B controls the period, period = %
C controls the horizontal translation D controls the vertical translation
2T
a If y=AcosB(zx—C)+ D, then A=2, =5 B=2
C and D are 0 as there is no horizontal or vertical shift. .. y = 2cos2z
2
b If y=AcosB(x—C)+ D, then A=1, 47r:§ . B=3
A vertical shift of 2 units, no horizontal shift . D=2, C=0.
So, y=cosi(z)+2 ie, y=cos (%) + 2.
2
€ If y=AcosB(x—C)+ D, then A=3, 8:§7r B=1%
C =D =0 {as no translation} oy =3cos (%m)
d If y=AcosB(x—C)+ D, then A= -5, 6:% B=1%

C =D =0 ({asno translation} o, y=—bcos (%x)
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EXERCISE 13H

8]
I

= 0.975, 5.308, 7.258

¢ cos(z—1.3)=-0.609, 0<x<12
x = 3.526,

e b5cos2x—+2

cos 2z

a cosx

0 forall x
—-0.4

}+k7‘l’

2

5

0.991
2.150

5.358, 9.809, 11.641

T —COS
4 iy et i e N
a xr=12,51,74 b x=44 82 107 ¢ x=0.5,538,6.7
=C0s
G 89+ +1¢ 1 / 1
a r=05+kr or 26+km b 2cos2x+0.6 =0 0.9
] 05 2cos2z = —0.6 ST = 2.2} + km
1.€.,, T = 2.6 + km cos2r = —0.3
a coszx = 0.561, 0<z<10 b cos2x =0.782, 0<x<6

0.336, 2.805, 3.478, 5.947
d 4cos3z+1=0, 0<z<5

T

cosdz = —0.25, 0<z<5H
z = 0.608, 1.487, 2.702,
3.581, 4.797
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¢ 2cosz++3 d cos(zx— &
cos T o 2m
x—T}—i—kQW
=z T =
__ 5w
r = ) xr =
e \/ﬁcos(xf%)Jrl:O, 0<z<3m f cos2zx+1
cos(z — %) = —== S, cos2x
2x
3
x—%_54}+k27r T =
Tﬂ'
r =
T = ;}+k27r
2
x:w,37r,3?”
g 2cos3z+1 =0, 0<z<m h 2cos?z=cosz+1, 0<z<3n
cos3x = —% 2cos’z —cosz—1 =0
0 (2cosz + 1)(cosz —1) = 0
3w = cosz = —3 or 1
3 :
2
=] T =25+ k2w
9 Am
3
o
r =0, 27, 2;,%“, 4;
5 a The period is 4 seconds. D=1+3=4
o A C=0
B o, H(t) = 3cos 5 (t —0) +4 metres
B =3 ie, H(t) = 3cos(5t)+4 metres

Amplitude is 3 Check: When t=0, H(0)=3cos0+4=7 v
A=3

b X enters the water when H(t) = 2
3 cos ( ) +4 =2

cos( ): —%

Using technology, ¢ = 1.46 sec

EXERCISE 131

1 a sinf + sin b 2cosf + cosf C 3sinf —sin6
= 2sinf = 3cosf = 2sinf
d 3sinf — 2sin6 e cos — 3 cosf f 2cosf — 5cosf

= sinf = —2cos b = —3cosb
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2 a 3sin? 6 + 3cos? 6 b —2sin? 60 — 2cos? 6 C —cos® 0 —sin? 0
= 3(sin” 0 4 cos? 6) = —2(sin” f 4 cos? ) = —(cos?# + sin? §)
=3(1) =-2(1) =—(1)
=3 = -2 =-1

d 3 —3sin%6 e 4 —4cos?0 f sin® 0 + sin 6 cos? 6
= 3(1 —sin? ) = 4(1 — cos? ) = sin O(sin? @ + cos® )
=3cos? 0 = 4sin* 0 =sinf(1)

=sinf

g cos?6—1 h sin?6 — 1 i 2cos?6 — 2
=1—sin?0—1 =1—cos’0—1 = —2(1 —cos?0)
= —sin?6 = —cos? 6 = —2sin% 6

i 1—sin?0 k 1—cos?0 I cos?0 -1

cos? 0 sin 0 —sin6
_ cos? 0 _ sin? 0 1 —sin?6 —1
" cos?26 ~ sinf - —sing
=1 =sin6 —sinZ6
T Tsing
=sin6

3 a (1 +sing)? b (sina — 2)?
=1+ 2sinf +sin® 6 =sin®a — 4sina + 4

C (cosa —1)? d (sina + cos a)?
=cos?a—2cosa+1 =sin? a + 2sin acos a + cos? o

=1+ 2sinacosa

e (sin 8 — cos 3)* f —(2 — cosa)?
:Sin2B—QSiHﬁCOSﬁ+COSQﬁ :—[4—4cosa+cos2a]
=1—2sinfcos 3 = —4+4cosa — cos® o

L a 1—sin?6 b sin?a—cos’a ¢ cosPa—1
= (1+sin6)(1 —sinb) = (sin o + cos &) (sin a — cos @) = (cosa+ 1)(cosa — 1)
d 2sin’gB—sing e 2cos¢+3cos’ f 3sin®0—6sind
=sinf(2sinf —1) = cos ¢(2+ 3cos p) = 3sinf(sinf — 2)
g sin’6+5sinf+6 h 2cos?0+7cosh+3 i 6cosPa—cosa—1
= (sinf + 2)(sin 0 + 3) = (2cosf + 1)(cosb + 3) = (3cosa+1)(2cosa — 1)
— N 2 2 —
5 a 1 s1.n «@ b cos“ 3 —1
1—sina cosf+1

_ (L+sina)(J —sira) ' ! fcosAFT)(cos f — 1)
1—simao _cosB=+T |

:1+Sina :Cosﬂ_l
cos® ¢ — sin® ¢ d cos? ¢ — sin® ¢
cos ¢ + sin ¢ cos ¢ — sin ¢
:l_ﬁcgs—éﬂf—/mn/qb) (cos ¢ — sin @) _ (cos ¢ + sin ¢)(cos¢—=Tin ¢) '
1 i N 1 =5in ¢

= cos¢ —sin¢ =cos¢ +sing
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sina + cos a ¢ 3 —3sin?0 _ 3(1 — sin® 6)
sin? a — cos2 o 6cosf 6cosf
lsino +eosor 3cos? 6
|(sina—+cos@) (sin o — cos a) ~ 6cosb
1 __cosf
sin o — cos o 2
(cos 6 + sin 0)% + (cos @ — sin )2 b  (2sinf +3cosh)? + (3sinh — 2cosh)?
cos® 0 + 2.cosfsimf + sin? 0 = 45in” § +_12sirfcosd + 9 cos® 0
+ cos? 0 — 2 cos@siml + sin’ 0 + 9sin? 0 — 12sim#cosH + 4 cos? 0
2cos? @ + 2sin® 4 = 13sin? 0 + 13 cos? @
2(cos” 0 + sin? 6) = 13(sin? 0 + cos® 6)
2(1) =13(1)
=2 =13
(1 — cos0) (1+ L) d (1+,L) (sin@ — sin® 9)
cos 6 sin 0
Lfcosgfl =sinf —sinH + 1 —sin 6
s0 =1—sin%0
1
—cosf = cos’ 6
cos 6
1 cos
cos® cos (cos@)
1—cos?6
cos 6
sin? 6
cosf
sin 0 +1+Cost9 f sinf  sinf
1+ cosf sin 0 1—cosf® 1+ cosf
sin® 0 + (1 + cos 0)(1 + cos 0) _ sinf(1 + cosf) —sinf(1 — cosh)
sin 6(1 + cos 0) N (1 —cosb)(1+ cosh)
sin2 0 + 1 + 2cosf + cos? _ sirt + sin 6 cos 6 — s + sin 6 cos 0
sin (1 + cos 0) 1 —cos?6
1+1+2cosf — 2sinf cos 6
sin 0(1 + cos 6) sin” 6
I _ 2,s:+n’ﬂ'c.059
Ml simfsin 6
2 cos 6
2 ~ sino
sin 0

1 + 1
1—sinf 1+4siné

1+sinf+1—sinf
(1 —sin@)(1 4+ sinb)
2
1 —sin%0
2
cos? 0
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EXERCISE 13)

1 a sin2A = 2sinAcosA
=2(3)(3)
_«u
25
2 cos24 = 2cos?A—1
= 23 -1
=2x3§-—
=2-1
- _T
9
L a Sinoz:—% IS A
o is in Q3 ag \
cosa <0 T c
b cosp=2 S A
L BN
(B is in Q4 Ny
sinB<0 T C

5 o« isacute

a cos2a =

7

9
2¢cos’a =

COS2 a =

cosax =

= sin 2«

d
= cos 23

—cos2M
2sin 2A cos
=sin2(2A)
= sin4A

—cos2(30)
— cos 60

2cos? 3 —1

2¢cos2a — 1

2cos?a—1

Wik o= o

2 sin a cos a

2sin? M — 1
—(1 — 2sin* M)

2A

1—2cos?383
—(2cos?38 — 1)

3

cosa and sina are positive

b c0s24 = cos? A —sin? A
_ 9 _ 16
= 25 25
- _ T
= 735
cos2¢ = 1 —2sin®¢
= 1-2(-2p
=1-2(3)
—1-_8
= 9
-1
=9
cos? v +sin?a = 1 sin2a = 2sinacos
2 4
cos“a+3 =1 _ 2 V5
9 =2(-3) (-%)
cos?a = % B
cosa = —% e
cos?B+sin?8 =1 sin23 = 2sinBcos 8
75 +sin® f =1 —2(—4F) (3)
sin 3 = 2
421
sinfg8 = —@ - T2
b cos2a = 1 —2sina
. 3
s 2 47 16
2sin“a = 15 = 3 1
.2 _ 8
S =g sina = ¥
sina = 2—‘3/5
4 cos asin [4 sin a cos «
=2(2sinacos ) = 2(2sinacosa)
= 2sin2a — lginoa
1—2cos? ¢ f 1—2sin® N
= —(2cos’¢p— 1) = cos2N
= —cos2¢
cos? o — sin? a i sin? o — cos? a
= cos 2 = —(cos® o — sin” @)
= —cos 2
2 cos 3a sin 3« | 2cos40 — 1
= sin2(3a) = cos 2(40)
= sin 6« = cos 860
1 — 2sin? 5a o 2sin?3D -1
= cos 2(5a) = —(1 —2sin?3D)
= cos 10« = —cos2(3D)
= —cos6D
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P cos’2A4 —sin®24  q cos’(%) —sin’(%) r 25sin® 3P — 2 cos® 3P

= cos 2(24) = cos2(2) = —2[cos? 3P — sin’ 3P]
= cos4A — cosa = —2cos2(3P)
= —2cos6P
a (sin 6 4 cos 0)? b cos® § — sin* 0
= sin? @ + 2sin cos O + cos® § = (cos? @ + sin® 0)(cos? § — sin? 0)
=sin” 0 + cos®> 0 + 2sinfcos b =1 X cos 260
= cos 260
=1+sin20
a sin2z +sinx = 0 b sin2x — 2cosx = 0
2sinzcosz +sinz = 0 . 2sinxcosx —2cosxz = 0
sinz(2cosz+1) = 0 2cosz(sine —1) = 0
1

sine =0 or cosz = —3 s, cosx=0 or sinzx =

=0
x==3
=03, 4 21 Lor=35
(4 cos2x —cosz = 0 d cos2x +3cosx = 1
2cos2z—1—cosz = 0 2cos2z—1+4+3cosz—1=0
2cos’z —cosz—1 =0 2cos’z+3cosz—2 =0
(2cosz + 1)(cosz —1) = 0 (2cosz —1)(cosz +2) =0
cosx:—% or 1 cosa::% or —2
cosz =3 {as —1<cosz <1}
_ m™ bm
=133
e cos2x + Hsinx = 0 f sin2z + 3sinz = 0
1—2sin’z +5sinz = 0 o, 2sinzcosz 4 3sinz = 0
2sin’z — 5sinz —1 = 0 o, sinz(2cosz+3) =0
) 5+ 4/25 —4(2)(-1) o, sinek=0 or cosa::—%
sinxz = 1
4
impossible
54433 P
n 4
= 2.6861 or —0.1861 y=0

sinz = —0.1861
{as —1 <sinz < 1}

r=0,m, 27

r =m+ 0.1872
or 2w — 0.1872
z = 3.33 or 6.10
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EXERCISE 13K.1

1 a tan 0° b tan 15° tan 20° d tan 25°
=0 = 0.27 =0.36 =047
e tan 35° f tan 45° tan 50° h tan 55°
= 0.70 = 1.00 =1.19 =1.43
.. o NT 1 T
3 In ATON, ON=NT =1 (A is isosceles} tan45° = ON-1- 1
1
L The graph does not extend far enough to find tan 85°.
tan 85 = 11.43 o T N
EXERCISE 13K.2
1 a i y=tan(z—%) is y=tancx ii y=—tanz is y =tanx reflected
z in the x-axis.
translated {3 } .
A A
41 4t
2 2
- X - X
7 27 3n 7 2x 3n
-2 -2
—4 —4
3 3
iil y=tan2z comes from y=tanxz P
under a horizontal dilation of factor %
2
< X
h 77 X 3o
-2
-4
v

2 a translation through [(1)] b

S

reflection in z-axis

€ horizontal dilation, factor k = 2

tanl = 1.6 {point A}
tan2.3 = —1.1 {point B}
tan1 = 1.557

tan2.3 = —1.119

When tanx =2, z=1.1,4.2,74
When tanx = —1.4, x=22,5.3
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4 a period=Z%=n7 b period = % c
EXERCISE 13L.1
1 X=tan'2 X = 1.107 + km
a If tan2z = 2 b tan (%)
then 2z = 1.107 + k7 T
z = 0.554 + k(%) 3
x
2 X =tan '(-3) = —1.249 4 kr
a tan(z—2) = -3 b tan(3z)
r—2 = —-1249+ km 3z
x = 0.751 + k=
x
3 X =tan ' (\/5) =Z+kn
a tan(z—%) =3 b tandz =
t— % =Z+4knm dr =
T =5 +kr T =
EXERCISE 13L.2
1 a tan0
_0
1
(1,0) —0
4 tan(%)
(ﬁ l) 1
2'2 _ 2
s 4
_ L
VS
0,1 iy
e “( ) tan(%)
=1
{ % } 0
i.e., undefined
5T
g 51 tan(T)
4
— 3.1
2 T2
=—V3
-
J2' 2
i /\ tan(—%)
— 3.1
\ =z =772 732
3
Gog 77
2" 2

period = =
2 ¢ tan(z+1.2) = 2
1.2 =1.1
1.107 + kn v 07+ b
xz = —0.0929 + km
3.32 4+ k3~
= -3 ¢ tan (%) = -3
= —1.249+k
+ k:: g — 1249+ kr
= —0.416 + —
: + 3 r = —2.50 + k27
\/§ [4 tan?z = 3
% + kmw tanz = :I:\/§
W km o
-3
1 1 s
b (%57) tan®)
1
V2
=1
2’ 2 V3.1
e )
3
~ V3
f tan(2X)
% %) &
4 == -
=-1
h tan(3L)
- _1
~— 70
i.e., undefined
(0,-1)
] /\ tan(—2L)
-1 . 1
V2T V2
ey =
V2! V2 4
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2

ISE

s
’Z+

3

: w 5T
1.C., e

0,0+m 0427

ie., 0, m 27

3tanz — tanx

= 2tanx
sinx
tanx
. in
=sinzr +
cosx
. cosx
=sin X —
sinx
= cosx
i -1
sinz = 3

b

o
ie., ST”,%"
gt
ie. %,z

tanx — 4tanx
= —3tanx

3sinx + 2cosxtanx

. sinz
= 3sinx + 2cosx

=3sinx + 2sinx
= Hsinx

b COSCIZIl

C

s
+

Towly
W

=
e

g
w|g w!? I3
3

_.
d
|3

tanz cosz
sin x

X Ccosx
CcCoS T

=sinz

2tanx

sin x

2<sinx> . sinzx
cosz/) = 1

2sinx 1
X

cosT sinx
2
cosx
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EXERCISE 13M

s 51
1 a b z=7%or
Y=COSX _.corererr ¢ If sinz = cosz then ST 1
S o cos T
- P 4 X tanaz — 1
n T i B =
l FR TN T 2 R
__________________ ==z -
T 5T
T=17
2 a sine = —cosz b sin(3z) = cos(3z)
sinr  —cosx sin(3x)
cosx  cosw cos(3z) 1
tanz = —1 tan(3z) = 1
3
T = F +km 3 =2 +kn
3r Tm T .
T= T r= {5+ 5
g — & 5m 91 13w 17x 21x
c sin(2z) = \/5(:05(2:5) 12> 12> 122 12 ° 12 12
_ 57 3w 13w 17w 7w
sin(2z) T =15 12> 4 iz 120 4
=3
cos(2x)
tan(2z) = V3
L 2x = % +krm
o= T+l
_ w™ 4m 7w 10w
T=5% 66
. w 2w 7w 5w
1..,, T = 6> 3°6° 3
4 a sinx = Scosx b 4sinz+3cosz =0
tanx = 5 4sinz = —3cosx
r = tan"1(5) sinz 4
= 1373+ k= cos T 4
x = 1.37, 451, 7.66 tanz = —2
z = tan '(—2)
r = —1.081 + kn
z = 2.50, 5.64, 8.78
REVIEW SET 13A
1 a 120° b 225° C 150° d 540°
=2 X 60° =5 x 45° =5 x 30° =3 x 180°
=2xZz =5xZ =5xZ =3m
— 2n — 5m = 5z
3 1 6
2 a 71° b 124.6° (4 —142° d —25.3°
= 71 x 155 radians =124.6 x 155° = —142 x %5° = —25.3 X 155°
= 1.239¢ = 2.175° = —2.478¢ = —0.4416°
3 g 27 _ 20800 5t _ 5(180%) Tmo_ 7(180°) 4 lm _ 11(180°)
5 5 4 4 9 9 6 6
= 72° = 225° = 140° = 330°
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L a 3 b 1.46 C 0.435 d —5.271
=3x (1&)° =1.46 x (£2)° =0.435 x (182)° = —5.271 x (1£2)°
= 171.89° = 83.65° = 24.92° = —302.01°
5 a pointis (cos320°, sin320°) b pointis (cos163°, sin 163°)
ie., (0.766, —0.643) ie., (—0.956, 0.292)
6 by both 7 a b (_%'é)
oth are 480°
positive
> x
o both are
negative
cos 120° = —% cos480° = —%
sin120° = & sin480° = 2
8 150° b 300°
"k‘ cos 150° = —@ cos 3007 = %
i' sin 150° = % sin 300° = —@
4-%)
2772
9 Look for points where the y-coordinate is the negative of the z-coordinate
or notice that if cos@ = —sin@ then sin 0 =—1 ie, tanf = —1.
cos @
REVIEW SET 13B
1 a 3 b
2 cos(‘%") =0 COS(*%) =0
sin(3) = -1 sin(—%) = -1
_z
2
2 cos?f+sin’h =1 3 cosf = -3
%—i—sinzé?:l cos? @ +sin?f = 1
22 7 . 020 —
sin” 0 = {5 . %—Fsm@fl
s 29 _ T
sing = + 47 sin”0 = 15
sinf = T7, but sinf > 0
sinf = 4
4 a sin120° = £ b cos(3T) — sin(2x
2 — 1 1
(-1.83) sin? 120° = (73> =AY
o _1 1 =-=Z
120 _ 3 ( ﬁﬁ)
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5@ (7 %)
i
(4

[ N M)

6 a If cosh= —@
0 = 150°, 210°

7 a cosfh=-1

x=—1§
0 =m+ k2w
8 y
4 .
) y=4sinx

REVIEW SET 13C

N

1 a period = Tﬂ- =6
3

iod= 2 — =
b period = 3L =
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3 Momth | 1 | 2 [ 3] 4 516 78 ]9 1w0]11]12
Temp | 31.5 | 31.8 | 29.5 | 25.4 | 21.5 | 18.8 | 17.7 | 18.3 | 20.1 | 22.4 | 25.5 | 288

3547

30 /N\ /b/o'/<—
25 \ /

20? ~ ;

2 2 s
T = Asin B(t — D jiod=2-=12. - B=2L_-"_
sin B(t — C) + period B .o =6
max. — 31.8 oA max.gmm. = 31.8;17.7 = 7.05
min. = 17.7 .
D— max. + min. = 31.8+17.7 = 9475
2 2
14 .
C = 7—; =10.5 {values of ¢ at min. and max.}

So, T = 7.05sin Z(t — 10.5) 4 24.75

From technology, 7 = 7.21sin(0.488t + 1.082) + 24.75
= 7.21sin0.488(¢ +2.22) + 24.75  Note: 0.488(2.22 — —10.5) = 6.21

=27
4 a sinz = 0.382 b sin (%) = —0.458
z = 0.392, 2.750, 6.675 @ = 17.235
5 a sin(z—24) =0.754 b sin(z+3) = 06049
x = 3.254, 4.687 sow o= 1.445,5.89, 7.73

V2sing —1 =0, —2r<z<2n

sinx = ==

6 a 2sinx =

sinx =

_ I
r = xr = S_ﬂ_}
4
_ 7w 197 1llwm 237w T s s us
T =G 6 e 6 v=4 4 -0 -7
7 a 2sin3z+v3=0 0<z<2n b V2sin(z+3%) =0 0<z<3r
sin3x = —é sin($+ %) =0
»=0
PEEN v
3z = :;r + k27 = S+ =04kn
? r = —7 +kr
4am
=R 27 _ 3 7m 1llw
l’_;}ﬂfs e T
9

_ 4r 10r 16r 5m 1llm 17xw
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8 a sin?z —sinz—2 =0
(sinz — 2)(sinz +1) = 0
sine =2 or —1

But sin z values lie
between —1 and
1 inclusive

sinx = —1
T = 3§+k27r

9 P(t)=5+2sin(%), 0<t<8
a P(0) = 5+2sin0
=5

i.e.,, 5000 water beetles

b Smallest P = 5+2(—1) =3
Largest P = 5+42(1) =7
smallest is 3000 water beetles
largest is 7000 water beetles

REVIEW SET 13D

1 a vy
1 y = cosx
X
h ) T 2
=21 e
=3t T
v e y=cosx — 3
(4
'ea
2 \\‘ e ~'\‘ y = 300S 2x /."
5 '/ \‘ K
_\"\ i N /f’— ZC
- ) 7 0 7 L.
\ T / 21
5 e
-2 N "
¥
— in2c (¢t — 37 3
2 P(t) =40+ 12sin 22 ( 12) m

a P(t) isaminimumof 404 12(—1)

= 28 mg/m®
b when sinZ(t-—3) = -1
B(- %) = Fhor
4t-3) = §+2
So, t—31 =2l4k7
t=83+kT7

1 gl 1
t = 1§, 85, 155, etc.

on Mondays at 8.00 am
{13 days after midnight Sat.}

b

4sin?z =
sin? z

sin

_ %
T= 5n
6
C If population is > 6000,
then P(t) > 6
5+ 2sin (%) > 6
2sin (%) > 1
sin (%t) > %

Using technology,

0.5<t<2b5 and 65<t<8

I

o
L

~.

L
5
L
L
........

Sy
¥

a If y=AcosB(t—C)+D
then A = —4, %r:ﬂ
B =2
C=D=0
= —4cos2z
b If y= AcosB(z—C)+ D
2
then A=1 F=8 . B=7%
D:max.—|—m1n.:3—}—1:2
2 2
C=0
So, y:cos(%m)+2
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L a cosr=04379, 0<z<10 b cos(zr—24) = —-0.6014, 0<x<6
z = 1.12, 5.17, 7.40 @ = 0.184, 4.62
5 a cosdr = 0.3, forall x b 4cos2z+1=0, 0<xz<5
4z = cos™1(0.3) ‘ o cos2z = —1
7w —1.318
2r = 2
v 7r+1.318} k2w
1.2661
= g 1.2661} 2 |
fa
0.317 0.912 X=-7
— jus L. = k
v 1.254} +k(3) T = 9930 ( THT
z = 0.912, 4.05, 2.23
6 a cosx:f%, 0<x<4r b cos(w+%")=%, —2rn << 27

x=- T = _f} + k27
T = —%,
o= 4 5
7 a ﬁcos(m—l—%)—lzo, 0<z<4r b 2cos2zx—1 =0, forallz
z cos2x = é
2r = i} + k27
3
3
T = 5_1}—1—]{:71'
6
2
0—1
8 a cos® 0 + sin? 6 cos 0 b COSST C 3cosf — cosf
= cos 0(cos? 0 + sin® 9) ) =2cosf
_ cos6(1) _ —(1 — cos®0)
B 0 sin 6
= cos
_sin29
sin 6
= —sin@
d 5 — 5sin’ 6 s1n2(90—1
cos
=5(1 —sin? 9) i
=5cos?0 :7(1—sm20)
o cos
7700529
T cosf
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(2sina —1)2

=4sina—4sina+1

=1—sin2«a
REVIEW SET 13E
1 a 1 —cos?0 b sina — cos « 4sin®a —4
1+ cosf sin? a — cos? a 8cosa
_{(L!peos’@)(lfcose) - sino —eesar ! ~ —4(1 —sin’a)
o _Leost | (sin a + cos a) (sina—eesry 1 - 8cos a
=1—cosf _ 1 _ —4cos? o
sin a + cos « ~ 8cosa
:—%cosa
cos 6 1+ sinf 1 9
a b 1+ — 0 — 0
2 1+sinf cosf ( * cos@) (COS cos )
~ cos® 0+ (1 +sinh)? = cost/ — cos” 0 + 1 — cost
" (1+sinf)cosf =1—cos’@
— ain2
cos?0+ 1+ 2sinf + sin’ 0 = sin"0
(1+sinf)cos@
2+ 2sinf 9 . 2
= — 0 0=1
(1+sin6)cosd {cos” 0+ sin }
2(1 sirdy
| (L simt] cos §
2
cos 6
3 a sin24 = 2sinAcosA b cos24 = cos®> A —sin? A
5 \(12
= 2(13)(53) =(£)?2- (%)’
— 120 _ 144-25
169 = T169
_ 119
— 169
h cos?a+sin?a =1 sin2a = 2sinacosa
2 9 _
cos“a+ 5 =1 = 2(,%)(,4)
cos’ a0 = 1—76 _ 37
B
cosa = :I:%
Butin Q3, cosa < 0
cosa = —4

b (cos a — sin a)?
= cos® a — 2sinacosa + sin? a
= cos? a +sin?a — 2sina cos a
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5 cos2A = 1—2sin? 4
cosz = 1 — 2sin? (%) {letting 2A =2, A= %}
—% = 1— 2sin? (%)
2sin? (%) = %
sin? (%) = %
Y.
Sin (5) = im
s T 3 :
But 7 <3 <= (inQ2)
e\ ST
Sin 5) = %
6 a i tanz =14 ii tan (%) =4 iii tan(z—1.5) =4
ie, = = 133+ km =283+ k
z = 5.30 + kdn v T
b i tan(z+ z) = -3 ii tan2z = —/3 iii tan’z-3=0
er%:zT”Jrlmr 2x:2?”+k7r tanz = +/3
™ .y ﬂ s
.TIE-‘FIC?T $73+2 :C—;;_}-i—kﬂ'
=5
C tan(z — 1.2) = —2
tan(z — 1.2) = —2
r—12 = —0.588 + k7
o = 0.612+ km
7 tanf = -2, Z<O<m S |gA
sinf _z
cosf® 3 T C
sinf = —2k, cosf = 3k But in Q2,
but cos?6+sin?6 = 1 sinf > 0, cosf <0
2 2 _ _ 1
= : 2 _ 3
P sinf = Wart cosf = -5
Vi3

2sinacosa — sina
2cos2a—1—cosa+1
. 1
sin a(2 coser="T)
cos a(2cose—1J 1

sin «

sin 2a — sin «

cos2a —cosa + 1

COs

tan o
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MATRICES

EXERCISE 14A
1

a 1 row and 4 columns

€ 2 rows and 2 columns

(2 1 6 1]

3 200 g

1000

1500
800

1200

300 g

1500
1000
2300
1200

500 g

1250
1000
1300
1200

EXERCISE 14B

1 A+ B
(3 4
|5 2

—11
6
7

+

Friday Saturday
85 102
92 137
52 49

1x

2x2

week 1
week 2
week 3
week 4

17
-2
3

3
-8
11

4

—4
8
—4

Il

b

3
10
-2

52 49 101

b 2 rows and 1 column 2x1
d 3 rows and 3 columns 3x3
1.95 c (2 x1.95) + (1 x 2.35)
2.35 + (6 x 0.15) + (1 x 0.95)
0.15 represents the total cost of
0.95 the groceries.
pies pasties rolls buns
40 50 55 40 Friday
25 65 44 30 Saturday
35 40 40 35 Sunday
35 40 35 50 Monday
b A+B+C
[9 1 -3 7
=3 3 } + { 4 -2 ]
6 8
-1 1
d C+B—-A
I A I R
T -4 -2 -2 1 5 2
o o
S -11 =3
b P-Q
3 3 5 —11 17 -4 3
-8 =10 2 6 |—|-2 8 -8
11 -2 -1 7 3 -4 11
-14 9 -14
=12 -6 14
-5 3 —4
5 —11 4 -9 14
2 6 =|-12 6 -—14
-1 7 5 -3 4
Total for Friday 85 102 187
and Saturday =192 |+ | 137 | =] 229
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i Cost price i Selling price b In order to find David’s profit/loss
1.72 1.79 matrix we subtract the cost price
27.85 28.75 matrix from the selling price matrix.
0.92 1.33
2.53 2.25
3.56 3.51 1.79 1.72 7 0.07
28.75 27.85 0.90
€ Profit/Loss matrix = 1.33 — 0.92 = 0.41
2.25 2.53 —0.28
3.51 3.56 | —0.05
i Lou Rose ji Lou Rose iii Total sales for November and December
23 19 18 25 23 19 18 25 ] 41 44
l17 291 [7 13] :ll? 29]+l7 13 =[24 42
31 24 36 19 31 24 36 19 | 67 43

If F represents the furniture in one flat, 12F represents the furniture in all 12 flats.

HEI R R P

Equating corresponding elements: Equating corresponding elements:
r=y, 2°=4 and —~1=y+1 T = -y
Sooy=-2 and T = £2 Y=z S y=0,z=0
But z=y .. x=y= -2
[2 1 -1 2 [ -1 2 2 1
A+B = 3_1}—1—{2 3] B+A = 9 3}-1—{3 _1}
T2+ 142 142 241
- 3+2  —1+3 Tl 243 3+(-1)
13 13
15 2 Tl 52
A+ B =B+ A forall 2 x 2 matrices A and B because addition of numbers is
commutative.
-1 0 3 4 4 -1
[2 4 MRS
0 3 -1 3
[ 6 3]
Tl -1 6
[ -1 0] 3 4 4 -1
svaro =[] ([ 2 S]] 4 F])
[ -1 0] 703
=l 1 s +[—2 1}
[ 6 3]
-1 6
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b a b

Let A:{
c
(A+B)+C
_ a b p q
<[c d]+{r s
| a+p b+gq n
| ct+r d+s Y
| a+p+tw b4+g+z
T et+r+y d+s+z

EXERCISE 14C
1 a 2B b B ¢ 5B d -iB
_,[ 6 12 1 12 a6 12 _ a6 12
24 6 31 24 6 2124 6 2| 24 6
C[12 24 (2 4 31 [ -3 -6
T 48 12 T8 2 BER | -12 -3
2 a A+B b A—-B
[2 35 L2 23 5] [1 21
11 6 4 1 2 3 11 6 4 1 2 3
241 342 541 [2-1 3-2 5-1
Tl 141 6+2 4+3 Tl 1-1 6-2 4-3
3 5 6 11 4
12 8 7 10 41
c 2A + B d 3A - B
2 35 121 2 35 121
_2[1 6 4}+{1 2 3} _3[1 6 4]_[1 2 3]
4 6 10 L2 6 9 15 [1 21
12 12 8 12 3 13 18 12 1 2 3
C[4+1 642 10+1 [6-1 9-2 15-1
Tl 241 1242 8+3 T 13-1 18-2 12-3
5 8 11 5 7 14
13 14 11 12 16 9
3 a 6 b 6 < 6
12 g 1| 12 B 12
2H =2 o Ho=4] o 150% of H =15 |
30 30 30
12 3 9
24 | s |18
120 | 30 90
60 15 45

)|

D[z -
v [0 b+

p q} and C::[w x}
ros y oz
A+ B+C0C)
__ b p q w T
|-l ()l

ptw g+
r+y s+=z

w T

is]

)

o

c+r+y d+s+z

[ a4+p+w btg+z ]

—(A+B)+C
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4 a

30 40 40 60 35 46 46 69 rounded to the
Increase of 15% = 1.15 50 4030 75 1 | 58 4635 86 | et whole
o 40 40 50 50 | | 46 46 58 number
10 20 20 15 12 23 23 17 ’
b
30 40 40 60 260 34 34 5171 o 4edio the
Decrease of 15% — 0.85 50 40 30 75 | | 43 34 26 64 nearest whole
o= 40 40 50 50 |~ | 34 34 43 43
number.
10 20 20 15 9 17 17 13
5 a Weekdays ~ Weekends b 75 136 211
75 136 VHS 27 |+ | 43 | =] 70
27 43 DVD 102 129 231
102 129 games
1 12
. . 4 48
¢ The sum matrix of b represents 6 The matrix is 12F = 12 9 | = | o4
total weekly average hirings.
1 12
EXERCISE 14D
1 a A+2A=3A b 3B-3B=0 ¢ C-2C=-C
d -B+B=0O 2(A + B) = 2A + 2B f - A+B)=-A-B
g —(2A — ©) h 3A — (B — A) i A+ 2B — (A —B)
=-2A+C =3A—-B+ A =A+2B-A+B
=4A — B =3B
2 a if X+B=A b if B+X=C
then X + B 4 (—B) = A + (—B) then B+ X 4 (—B) = C + (—B)
X+0=A-B O+X=C-B
X=A-B X=C-B
< if 4B+ X = 2C d if 2X=A
then 4B + X + (—4B) = 2C + (—4B) then 1@2X) = 1A
O+ X=2C-4B IX = 1A e, X=1A
X =2C — 4B
. f if A—-X=B
e it 3X =B then A—X+X=B+X
then %(3X):%B A+0=B+X
1IX = 1B ie, X=1B . A=B+X
o and A+ (—-B) = B+ X + (—B)
9 if 3X=C A-B=X+0
then 2(3X) = 2C A-B=X
1X = 2C e, X =2C . X=A-B
i if A—4X =C h oA =B
then A —4X + 4X = C + 4X then 32X —A) = 3B

A+0=C+4X
A =C+4X

and A — C = 4X
1A -0 = 1(4x)

X =121A-0)

IX+A) =3B
X+A=1B
X+ A+ (-A) = 3B+ (-A)
X+0=3B-A
X=1iB-A
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3 a if 1X =M
then 3 (3X) = 3M
X = 3M

12

_3{3 6

b if 4X =N then 1(4X)

if A—-2X =3B
then A — 2X + 2X = 3B + 2X
A = 3B — 2X

A+ ('—.33) = 3B — 2X + (—3B)

A — 3B = 2X
1(A - 3B) = 1(2X)
1(A - 3B) = IX
X = (A — 3B)

X = IN
11 -2 —12
2 -1 1
12 9]-[E Y
4 4
_[—1 —6}
-7 0
EXERCISE 14E.1
1 a 5 b 5
[ 3 1][4} [132][1
7
=B x5+ (1) x4 —[1x5+3x1+2x7]
=[15—-4] — [543+ 14]
= [1] = [22]
¢ 1
[6 -1 2 3] 31 =[6x1+ —1x0+4+2x—1+ 3x4]
4 =[6+0-—2+12]

= [16]

[wwyz] =[w+x+y+z]

—

1(w+ z +y+2), which is the average

of w, x, y and 2z, can be represented as

4
3 a Q:[31 P=[27 35 39] b toalcost =PQ=[27 35 39][

2

4 a P=[10 6 3 1] b total points =PN =] 10 6 3 1 |

=[10x3+6x%x2+3x4+1x2]
=[30+12+12+2]

3
2
4 = [56]
2

[wmyz]

LN LN TN S

=[27x4 4+ 35%x3 + 39 x 2
=[291] .. total costis $291

N o N W

So, the number of points awarded is 56.

|
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EXERCISE 14E.2

1 A:[4 2 1] which is 1 row X 3 columns

1 2 1 L.
B = [ 01 O] which is 2 rows x 3 columns

AB cannot be found because the number of columns in A does not equal the number of rows in B.

2 Ais 2xn and Bis m x 3.

a We can find AB if the number of columns in A equals the number of rows in B, ie., n=m.
b If AB can be found its order is 2 x 3.
¢ BA cannot be found because the number of columns in B does not equal the number of rows
in A.
. . 2 1
3 a Bislx2andAis2x?2 BA =[5 6}{ }
1 t 3 4
BAis1x2 —[5x246x3 5x1+6x4 |
=[10+18 5+24 |
=[28 29|
b i Ais1x3 and Bis3x1, . ABis1x1 and
t 0t
1
AB =[2 0 3 ][4 |=2x140x4+3x2]=[2+0+6]=8]
2

ii Bis3x1 and Ais1x3, -, BAis3x3 and
t

1 1x2 1x0 1x3 2 0 3
BA = | 4 [2 0 3]——l4x2 4%0 4x3]-—[8 0 12]
2 2x2 2x0 2x3 4 0 6
4 a 2 3 1
[1 2 1][0 1 o] is1x3by3x3 .. resultant matrix is 1 x 3
10 2 1t

[1x2+2x0+1x1 1x34+2x1+1x0 1x1+2x0+1x2]
[240+1 3+2+0 14+0+2 |
[3 5 3]

b T 10 -1 2
-1 1 0 3 is3x3by3x1 .. resultant matrix is 3 x 1
0 -1 1 4 Lt

=| (-1)x2+1x3+0x4
L 0x24+(-1)x3+1x4

[ 2+0—4 ‘|

1><2+0x3+(1)><4]

=| —-2+3+0
0-3+4

-2
= 1
| 1




Mathematics SL, C

hapter 14 — MATRICES

259

5 a adults  children
Cc— 12.5 N — 2375 5156 first day
T 95 | 2502 3612 second day
. . [ 2375 5156 ] [ 12.5 ]
Nis2x2andCis2 x 1 NC =
NCis 2 x 1 I 2502 3612 9.5

[ 2375 x 12.5 + 5156 x 9.5
2502 x 12.5 + 3612 x 9.5

|

T | 31275434314
[ 78669.5 | income from day 1
~ | 65589 income from day 2
¢ Total income = $78669.50 + $65 589 = $144 258.50
6 a me friend b P 7 3 19 store A
1 1 hammers o 6 2 22 store B
R= 1 2 screwdrivers
2 3 cans of paint
€ Pis2x3 and Ris3 x 2, PR is 2 x 2
PR — 7 3 19 1; o Tx1I4+3x14+19%x2 Tx14+3x2+19%x3
16 2 22 9 3 T 6x142x1422%x2 6x142x2+22x%x3
PR — 7T+3+38 7+6+57 | | 48 70
T | 64+2+44 644466 | | 52 76
d My costs at Store A are $48; my friend’s costs at Store B are $76.
€ My costs at Store B are $52. Therefore I should shop at Store A, which is cheaper.
7 apples bananas oranges
6 7 9 first day 18 apples
Fruit matrix F = 5 8 4 second day cost matrix C = | 15 bananas
4 7 2 third day 13 oranges

29 687.5 + 48 982 ]

The total cost of the three types of fruit over the three-day period is represented by FC.

Fis 3 x 3 and FC
Cis 3x1,
FCis 3 x 1.
FC
total cost

EXERCISE 14F
1 a 16
[ 5

10

18
21

15
16
22 24

6 7 9 18 6x18+T7x15+9 x 13
[5 8 4 [15]—l5x18+8><15+4><13
4 7 2 13 4x18+7Tx15+2x13
108 + 105 + 117 330
[ 90 4+ 120 + 52 _l262]
72 + 105 + 26 203

$330 + $262 + $203 = $795

b 10 6 -7
9 3 0
4 -4 -10

|

|
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¢ 22 0 132 176 198 d };2
44 154 88 110 0 16
176 44 88 88 132 L6

2 a nights  breakfasts dinners

Numbers matrix N = [ 3 3 2 }

b Bay View Terrace Staunton Star
125 150 140 room
Prices matrix P = 44 40 40 breakfast
75 80 65 dinner

¢ Total prices for each venue = numbers matrix X prices matrix = NP

Nis1lx3 and Pis3x3, ... NPislx3
125 150 140 (usin
NP =[3 3 2]| 44 40 40 |=][657 730 670 | techﬁolo )
75 80 65 &y
$657 for Bay View, $730 for Terrace, $670 for Staunton Star.
d 125 150 140 (usin
Total prices = [ 2 1 1 || 44 40 40 | =] 369 420 385 |, s
75 80 65

ie., $369 for Bay View, $420 for Terrace, $385 for Staunton Star.

e To include both scenarios we calculate

3.3 2 14245 145()0 14;100 _ | 657 730 670 using technolo,
2 1 1 s s 65 | L2369 420 385 ) & gy
3 125 To find total income we calculate:
Prices matrix — 315 prices matrix X numbers matrix.
ggg [ 125 50 42 18 65
. 315 65 37 25 82
o 405 120 29 23 75
| 375 42 36 19 72
[ 51145
— | 0965 using technology
- 61575
| 51285

total income = $51 145 + $60 655 + $61 575 + $51 285 = $224 660

] 225 195 215 240 352 321
7 62 50 92 8 97
62 54 55 72 102 112
95 60 68 8 115 146

Numbers matrix N =

Cost price matrix C = [ 1.95 2.10 1.45 0.95 |
Selling price matrix S = [ 2.55 4.40 3.50 1.80 ]

technology }
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Profit per day = (selling price per drink) x (number of drinks sold)

— (cost price per drink) x (number of drinks sold)
= SN-CN 225 195 215 240 352 321
75 62 50 92 80 97
62 54 55 72 102 112
95 60 68 8 115 146

225 195 215 240 352 321
7 62 50 92 80 97
62 54 55 72 102 112
95 60 68 8 115 146

[ 255 4.40 3.50 1.80 |

-[ 195 210 145 0.95 |

= [ 515.35 421.30 414.55 575.45 702.05 769.40 | using technology

the profit for the week = $515.35 + ..... + $769.40 = $3398.10
A quicker way to solve this problem is to create a ‘profit/loss per drink’ matrix,
ie., a selling price matrix — cost price matrix
=S-C
=[ 255 440 350 1.80 | —[ 1.95 210 145 0.95 |
=[060 230 205 085 ]

225 195 215 240 352 321
75 62 50 92 80 97
62 54 55 72 102 112
95 60 68 8 115 146

We then calculate [ 0.60 2.30 2.05 0.85 |

Using technology the result checks with the result obtained above.

a Income matrix I = [ 125 195 225 }

Cost matrix C = [ 85 120 130 }

15 12 13 11 14 16 8
7
3 1 4 4 0

Numbers (bookings) matrix N = [ 4 3 6 2 0 4
3 2

profit per day = (income from room) x (bookings per day)
— (maintenance cost per room) X (bookings per day)

= IN-CN 15 12 13 11 14 16
=[125 195 225 || 4 3 6 2 0
3 1 4 4 3

15 12 13 11 14 16 8
7[85 120 130] 4 3 6 2 0 4 7
3 1 4 4 3 2

= [ 1185 800 1350 970 845 1130 845 |, using technology

profit for the week = $1185 4 $800 + $1350 + $970 + $845 + $1130 + $845
= $7125
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b If the hotel maintained every room every day we would need to calculate
(income from room) X (bookings per day) — (maintenance costs per room) X (number of rooms)
15 12 13 11 14 16 8]

:[125 195225]>< 4 3 6 2 0 4 7
3 1 4 4 3 2 0

20 20 20 20 20 20 20
—~[8 120 130 | x| 15 15 15 15 15 15 15
5 5 5 5 5 5 5
*. using technology, profit per day = [ —820 —1840 —455 —1485 —1725 —920 —1785 ]
" the profit per week would be (—$820) + ..... + (—$1785) = —$9030, i.e., a loss of $9030.

€ Profit per room matrix = income per room matrix — cost per room matrix
=I-C
=[125 195 225 | —[ 85 120 130 |
=[40 75 95 |

the result in @ can be obtained if we calculate:

15 12 13 11 14 16
[ 40 75 95 ] 4 3 6 2 0 4
3 1 4 4 3 2

O 3 oo

This checks
using technology.

EXERCISE 14G

[t o[-t 1] [ =140 140 [ -1 1
1AB[1 2}{0 3][1+0 1+6}{1 7}
| -1 1 1 0| | -1+1 0+2 |
S I | v sed B
AB # BA .. in the general case AB does not necessarily equal BA

" Ta b5][0o 0] [o+0 040] [0 0] _
2 A0 _{c d}[o o]_[o+o o+o]_[o 0}_0
a b] [o0+0 040] o o] . o
|:c d]_[ow o+0}_[o 0]_0 S A0=0A=0

1 2 1 1 2 3
3 aLetA_{34},B—[1l]andC—{l 1],say

A(B + C) AB + AC

12 3 4 12 L) 2 2 3
13 4|2 2 T3 4|11 3401 1
[ 3+4 444 142 142 L] 2+2 342
T 9+8 12438 T | 3+4 3+4 6+4 9+4
78 _[3 3 R
“ |17 20 7o 10 13

[ 7 s

|17 20

I
Z
=]
+
e
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U

b A_{ab ,B_[pq
c r

[a b

c d
(@ b P q
c d r s

AB + C)

r+y

AB + AC

N

cp+dr cq+ds

cp+ cw + dr + dy

¢ Using the matrices in a,

p+w g+
s+ z

ap+aw—+br+by aq+ ar+ bs+ bz
cq+cx+ds+dz

} and C—[w x}
s Yy oz

ap + aw + br + by
cp+ cw+dr + dy

aq + ax + bs + bz
cq+cx+ds+dz

Il

cally

| ap+br aq+bs] [

aw + by

cw + dy

ax + bz
cx +dz

} =A(B + C)

(3 3|[2 3 12 /[1 1][2 3
ame= | 33T Y] wme= LR ([10][T )
[ 6+3 9+3 [t 2] [2+1 341
Tl M4+7 2147 13 4| 2+1 3+1
[ 9 12 1 203 4
“ 121 28 13 4|3 4

d  Using the matrices in b,

_ [ ap+br aq+bs w

(AB)C = cp+dr cq+ds } [ y
_ [ apw + brw + aqy + bsy

T | epw + drw + cqy + dsy

a w

A(BC) = . } { Y

[a b P q
d r s
a b
d
apw + brw + aqy + bsy
cpw + drw + cqy + dsy

RE

o

rw + Sy

w T

e[l

equating coefficients of corresponding elements:

which checks with the coefficients in the second line.

b In a we showed that

2 x 2 matrices A where 1 = [ é (1) :|

cpr + drx + cqz + dsz

AX = A where X =

9412 12416
9 12
| 21 28 } =(AB)C

]

apr + brx + aqz + bsz
cpx + drx + cqz + dsz

:]

pw+qy pxr+qz
T+ Sz

apx + brx + aqz + bsz ] —(AB)C

then aw+by axr+bz | | a b

cw+dy cx+dz | | c d

w=1 y=0, z=0, z=1
w=z=1, ie, Xis | 1 0

Al = 1A = A for all

o 1]
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, [2 1 2 1 s[5 -1 5 — 5 —1
aA_3—2H3—2} bA-24H24H24]
[ 4+3  24(-2) [ 254 (-2) -5+ (—4) 5 —1
T | 64+(—6) 3+4 | 10+8 -2+ 16 2 4
70 [ 23 —9 5 —1
“lo 7 118 14 2 4
[ 1154 (~18)  —23+ (-36)
- 90 + 28 —~18 + 56
[ 97 —59
~ 118 38
1 2
a A=|3 4 A%is 3x2 by 3x2
5 6

243

so A2 does not exist.

b  We can square a matrix when the number of columns equals the number of rows,
i.e., if it is a square matrix.

> _[1 0
e=lh

Il

P=1P=1=0F=1

a AA+)
=A% + Al
=A%+ A

d AAZ+A-2
=A% + A% — 2A1
=A%+ A% -2A

8 (A + B)(A — B)
=(A+BA - (A+BB
=A% + BA — AB — B?

a A2=2A-1 A3

}:

1+0 0+0
0+0 0+1

=[5

b (B+2DB
= B? + 2IB
= B2 + 2B

€  (A+B)C+D)
=(A+B)C+(A+B)D
= AC + BC + AD + BD

h A2
=A+DA+T
=A+DA+ A+
=A?+TIA+ AL+ PP
=A+A+AFI
=AZ+2A+1

=A x A?
=A(A - 1)

= 2A% — Al
=22A -1)— A
=4A — 21 — A
=3A — 21

]:1

A(A? —2A + 1)
=A% — 2A% + Al
=A% —2A% + A

(A + B)?
= (A + B)A + B)
=(A+B)A+ (A +B)B
= A% + BA + AB + B?

(31 — B)?
= (31 — B)(3I — B)
= (31 — B)3I — (31 — B)B
= 91> — 3BI — 3IB + B?
=9I — 3B — 3B + B?
=9I — 6B + B?

and A = A x A®
= A(BA — 2I)
= 3A% — 2AI
=302A — 1) — 2A
=6A — 31 — 2A
=4A — 31
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10

b

B2 =21 -B
B> =B x B?
= B(2I — B)
= 2BI — B?
=2B — (2 — B)
=2B— 2+ B
=3B — 21
C?=4C-31 C* =Cxc(?
= C(4C - 3I)
=4C? - 3CI
= 4(4C — 3I) — 3C
= 16C — 12I — 3C
=13C — 121
If A2=1
i A(A + 2I) il
= A% 4 2AI
=T+ 2A
] (A —1)?
=A-DA-D

=A-DA—-(A-DI
=AZ —JA - ATl +1?
=IT—A—-A+1
=21 — 2A
If A3=1,

and B* =B x B?

and B> =B x B*

= B(3B — 2I) = B(6I — 5B)
= 3B% — 2BI = 6BI — 5B
=3(2I — B) — 2B = 6B — 521 — B)
=61 — 3B — 2B = 6B — 10I + 5B
=6l — 5B = 11B — 10I

Cc® =C?xC?

= (4C — 3D)(13C — 12I)

= (4C — 31)13C — (4C — 3D)12I

= 52C?% — 39IC — 48CI + 3612

= 52(4C — 31) — 39C — 48C + 361
= 208C — 1561 — 87C + 361
=121C — 1201

A(A + 3D)?
= A(A + 3D)(A + 3I)
=A[(A + 3DA + (A + 3D3I]
= A[A% + 3IA + 3AI + 9P|
=A[l + 3A + 3A + 91
= A[10I + 6A]
= 10AI + 6A?
= 10A + 61

A2A+1)? =A%AZ+2A+))

= A* 4+ 2A% + A1
= A(A%) + 2A3% + A1

= AI + 21 + A?
=A%+ A+21
If A?=0:
i ARRA — 3D il A +2DA - 1)
= 2A% — 3AI =A[(A + 2DA — (A + 2D
=20 — 3A = A(A? + 2IA — AI — 2I%)
= —3A = A0 + A — 2
= A? — 2AI
ili AA+D? — 0 - 24
=AA + DA +1)2 — _9A

=AA + DA% +2A + 1)
= (A% + AI)O + 2A + 1)
=0+ ARA +1)

= 2A% 4+ Al

=20+ A

=A
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12

1 0 00
a AB =1, oHo 1]
~Jo+0 0+0
T |1 0+0 040
~[o o
“lo0 o0
=0
< A? = A
A’-A=0
AA-1) =0
A=0or A—-1=0
A=0orl

d Let A:[“
C

| S
| —
[SIENIE
[E—

+ +
PN L
| I

NN

[ [ TR N [N Y [y [
Pl e BRI G e

[ —

= A

The argument contains a false step. As the example
in @ illustrates, AB = O does not imply that
A=0o B=0O.

This is a property of real numbers that does not
hold for matrices. Therefore it is false to say that if
AA -1 =0, then A=0 or A —1 equals O.

I[ee]=[ ]

SIS

[ a? 4 be ab+bd} - [a b}
ac+cd be+d* | T | ¢ d
Equating corresponding elements:

a®+bc=a be =a(l—a) ... (1)

ab+bd =b bla+d—-1) =0 ... 2)

ac+cd = c cla+d—-1) =0 ... 3)

be+d* =d be =d(1—d) ... )

Ifa4+d—1%#0 then from (2) and (3), b=c=0.

from (1) and (4),

a=0, d=0 or a=0, d=1

a=0o0orl1l and d=0orl

or a=1, d=0 or a=1, d=1

where the last two cases are not possible as a + d # 1.

. 0 0 . 1 0
So,if a=0, d=0 then A—[O 0] andif a=1, d=1 then A_{O 1]
a—a?
Ifa+d—1=0 then d=1—a and c= 5
a b
So A is a— a? provided b # 0
1—a
b
1 4 » 1 =1 1 -1
Choose A—{l _1}, then A° = 1 _1}[1 _1]
NG I
T 14+(-1) —-1+41
~[o o
10 0
A2=0, but A#0 so “if A2=0 then A = O” is a false statement.
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13 a . ) 12 1 2] 1 2 10
Since A = aA+bl, { 1 2}[_1 9 —a[_l 2]+b[0 1]
_ 1+(-2) 244 | [ a 2a Lo
" -14(-2) —-244 | | —a 2a b
-1 6] [a+b 2a
-3 2| —a 2a+0b

a+b=—-1 and 2a=6
ie, a=3 and b= -4

Checking for consistency: —a = -3, 2a+b=6+(-4)=2 V
A? =3A — 41

. - 3 1 |[3 1] _ [3 1 10

b Since A® = aA + bl, {2 Y [2 _2]a[2 _2]+b[0 1]
942 3+(-2) ] _[3a a ],[b 0

6+(—-4) 2+4 | 2a —2a 0 b

11 1] [ 3a+b a
2 6| 2a —2a+b

3a+b=11 and a=1
a=1 and b=28
Checking for consistency 2a =2(1) =2, —2a+b=-2(1)+8=6 Vv

A? = A +38I
14 If A% = pA + ¢I
12 12 ] Loz ], [0
-1 -3 1 3| =P 1 3|79 0 1
1+(=2) 2+(-6) | [ » 2 a0
-1+3 —-2+9 | -p -3p 0 g¢q
-1 —4] _[p+qa 2
2 7 | o -p  —3p+gq

p+q=—1 and 2p= -4
p=-2 and ¢q=1

Checking for consistency —p = —(—2)=2, —-3p+qg=-3(-2)+1=7 V

A= —2A +1

a A3 =AxA? b A* = A x A3
=A(-2A + 1) = A(BA — 2I)
= —2A% + Al = 5A? — 2AI
=-2(—2A+1) + A =5(—2A +1)—2A
=4A — 21 + A = —10A + 51 — 2A

=5A — 21 = —12A + 51
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EXERCISE 14H

-3
2 0 3 ~11 9
1 5 2 |x3| -1 1
1 -3 1 8 —6
2 0 371" -3
and so 1 5 2 =| -1
1 -3 1 4
2 a [A|=12-14 b [A|=2-3
= 92 =-1
3 a detB b detB=6-0
=12--14 =6
= 26
2 -1
A -
., |2 -1 2 -1
b A= 4 [—1 —1
[ 4+1 241
T 241 141
s -1 ]
-1 2
|A%] =5(2) = (-1)(-1) =9

3 —4 2 4
b 1 2 :||:—1 3:|
10 o0
o 0 10
— 101
3 -] .[2 4]_,
1 2 01 -1 3 o
-1
3 —4]_ .2 4
1 2 1| -1 3
[ 02 o4
o —-0.1 0.3
2 0 0
0 2 0 =21
0 0 2
15
1 =1
—10
9 15
2 2
1 1
2 2
-3 -5
¢ [Aj=0-0 d A/l=1-0
=0 —
€ detB=0-1 d detB=da2-—a
= —1 =ad’+a

ka(kd) — kb(ke)
k*(ad — be)
YEIN
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[S I
[

a b w
-[2a] -0
a |Al=ad—bc b AB

and |B| =wz —ay

a b wox
c d y oz
|:aw+by ax—i—bz]

cw+dy cr+dz
|AB]|

¢ Expanding brackets,
|AB| = awcz + awdz + bycx + bydz — axcw — axdy — bzcw — bzdy
= wz(ad — bc) — zy(ad — be)
= (ad — be)(wz — xy)

= |A[[B]
12 -1 2

A:[?, 4}’32{0 1]

a i |Al =14)—23) i [|24] =22A] iii |—-A| =(-1)? A
=4-6 =4(-2) =1(-2)
=2 = -8 =2

iv B = (-1)(1) —2(0) |-3B| = (-3)?|B| v |AB| = |A|[B|
— =9(-1) =(-2)(-1)
=9 =

b  Checking:

i 2A_2{;i]_{gg} i |-A|_[‘:1,)‘i]
[2A] = 2(8) —4(6) = -8 V = (-1)(-4) = (=2)(=3) =
iv —313——3{_01 H v AB—[; H_oli]

Il
—
o w
I
w
[ E—
I

-14+0 242
T =340 6+4

|=3B| = (3)(=3) — (-6)(0) |AB| = (=1)(10) —4(=3) =2 V
=9 v
. |2 4}1 1 [ 5 —4}1{5 —4}
| -1 5 T25)—4(-D) | —(-1) 2 | M| 1 2
b | ! 0}1_ 1 [_1 0]__{—1 0]_{1 0}
1 -1 I—n-o) | -1 1 T T e
< _ ? ;l }_ does not exist, since ad —bc =2(2) —4(1) =0
d '10}‘1 1 [1 0]{1 0}
(0 1] TIm-o00 |0 1] |0 1
3 5 |7 o
e 6 10 } does not exist, since ad — be = 3(—10) — 5(—6) =0

(aw + by)(cz + dz) — (axz + bz)(cw + dy)
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¢ [-12]7_ 1 721 [ 7 -2
407 (DM -20) | 4 -1 | B 4 -1
(3 4] 2 —4] [ [2 -4

S 12| T (D@ |-y 3 |TW[1 3

EXERCISE 14l

B ERS AR A=A b | R aed
|

2 a 3z -y =8 can be written as 31 v 8
20 +3y = 6 2 3 Y 6
b 4o — 3y = 11 . 4 -3 11
374+ 2y = —5 can be written as 3 9 =| 5
< 3a—b =26 b " 3 -1 a| | 6
% +Th — —4 can be written as 9 7 b | = | 4
3 a 2xr—y==6 In matrix form, the system is: [ i _31 ] { N ] = [ 164 }
z+3y = 14 Y
el _[2 <11 [6]_.[3 1t][s
y| |1 3 4 | 7] -1 2 14
32
z 1| 18+14 ] { T ] 32 22
=z| _ = | 9 andso x = =, y===
{ Yy } { 6+28 =
b 52—-4y=5 In matrix form, the system is: [ g _34 } { I } = [ _513 }
2z +3y = —13 y
el [5 4] [ 5 ]_.[3 4 5
y| |2 3 —-13 | 2| -2 5 -13
37
z 1 15+ (- 52) } { T 23 } 37 75
= 5= = andso =z = —3%, Y= —==
[ y } 23 [ —10 + (—65) _% 23 23
4 r—2y =17 In matrix form, the system is: [ é ;2 ] { * } = [ _72 ]
Sr+3y = -2 Y
z | _a| 3 2 7
y | Bl -5 1 -2
17
T 1 21+ (—4) ] { 13 ] 17 37
= 33 = andso = = 33, y=—%%
— 3 3
U [ w7 e

d 3z+5y=4 In matrix form, the system is: { S } [ ac } = { 4 }
2 -1
20 —y = 11
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4

5 17T 4 ~1 -5
~1 11 2 3

—4 4 (—55)
~ 8433

== Y]]
|-[2] e --

59
13°

e 4dr—Ty =28 In matrix form, the system is: { } [ ] = { f) ]
3 —5y =0
sl _[4 =77 [8]_,[-5 7][3
y| |3 =5 0| -3 4 0
x . —40+0 o _
[y]_{—%—k()] andso z = —40, y=—-24
f Tr+ 11y = 18 In matrix form, the system is: [ 171 i%F ] { * } = [ —1f1 }
1z — 7y = —11 y
(2] [ 7 1177 18
y | T |11 =7 ~11
(2], [ -7 -1 18 | 4 [ —126+121
y | 170 —11 7 —11 | 70| —198 —77
[z ] 5 3
- 34
y :—%{275] [@] andso = = o, y=232
L 7 34
a If AX=B If XA=B
then A™'X = A™'B {pre-mult by A™'}  then XAA™' = BA™' {post-multby A7'}
IX=A'B XI = BA™!
X=A"'B - X =BA"!
. 1 2 14 -5 e 1 3 1 -3
b i X[5 1}_[22 0} . {2 1]X_{4 }
- -1
14 -5 1 2 1 3 1 -3
X = 22 0 :| |: 5 —1 :| X = |: 2 -1 :| [ 4 :|
[ 5] [ -1 2 ! —3
122 o0 || -5 1 T T -2
i [ -14425 285 [ 112 (—6)
T —2240 —44+0 =7 —2+4 6+2
_ [ 3] _ { 7 3 }
N 2 4 o _2z _8
L 7 7
a ko1 5 1 2 -1 .
A= 6 2 AT = 6l 6 k|’ provided that 2k + 6 # 0,
+ ie, k#-3
b _
A_{g kl} Al—g—z[lg :1))], provided that k # 0
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< _
Ao | EFD 2 oAl 1 k 2 ]
1 k k(k+1)—2| -1 k+1
_ 1 k -2 provided that
T (k+2)(k—1)| -1 k+1 |" k#-2orl
a Ais2x3andBis3 x2 c. ABis 2 x 2
w o027 2 [ “14042 2404 (-2)
]l -1 1 3 1 1 Tl 14+ (-4)+3 —246+(-3)
1 0
AB _[0 1]_1
b Bis3x2andAis2x3 .. BAis3x3 whereas ABis 2 x 2. Hence BA # AB, and A

and B are not inverses. The inverse of a matrix A satisfies A“'A = AA~!. This requires
that A has the same number of rows as columns, i.e., that A is a square matrix.

2 1 1 2 0 3
A[O 1], B{l 0} and C[l 2]

Since AXB = C, and
then A“'AXB = A™'C {premult. by A™'} XBB™' = A"'CB™' {postmult. by B~'}
IXB = A~'C . XI=A"'CB!
XB = A"'C . X=A"'CcB"!
x_1]1 -1 [o 3].[0 —2]_,[0+(-1) 3+(-2) 0 —2
210 2 1 2121 1 4 0+2 0+4 1 1
- 1 3
X =1 -1 1 0 -2 _1 0+1 241 _1 1 3 _ |37 1
4 2 4 1 1 41 04+4 —-4+4 414 0 1 0
. 2 -3 z | 8 [ 2 K T 8
and |A] = —2— —12 and |A] = —2 —4k
= —2+12 ii The system has a unique solution if
=10 24k #£0 e, k# -1
ii As |A| #0, the system has a -1
. . T 2k 8
unique solution =
y 4 -1 11

HEHEEIRE )

-1 3 8
_ 1 _8—
_10{—4 2“11] 1 | 8-k
-2 — 4k —10
25 ]
_ 1 8+ 11k 5 .
0| _ . 2T =2 1
{ 10 LT S VS T k#—3
_ [ 23 ] is the unique solution
-1 ili When k= -3, the equations are
x =23 y=-1 2e-dy=8 . dv-y=16
dr—y =11 TV A —y =11

So, we have no solutions (as the lines
are parallel and so do not meet).
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9 a If A=A"1 then A2=AA=AA"'=1
a b .. . a b a b 1
b If {b a] is its own inverse, then [b a} [ b a} = [0

a® + b2 2ab _ 1
2ab  V2+a2 | | O

= o — o
—_ 1

a?+bv =1 then a =0 or b=20
and 2ab =0 and b? =1 and a® =1
If 2ab = 0, a=0 and b = #+1 . a==1 and b=0
. . L 0 1 0 -1 10 -1 0
This gives four possible combinations: |: 10 } { 1 0 }, [ 0 1 ], [ 0 —1 ]
1 2 0 -2 0 -1
10 = : -1 = l =
) S ERIEEESE Fy S
1[ 3 1 1 2
(A71)71 1 |: : :| N |: :| B A
Pt o)l
b If A7' =B ¢ We can deduce from b that (A~1)"! = A
then A ) 'A"H) =B 'B=1 and (A™1)"! is the inverse of A7

and A HAH I =BB =1

1 1 0 1
woeasd ][0 ]

-1 1 -1 -1 % é —1 1 -3 -1 % %
L ERNIEIEPEERINE)
ili  (AB)™! iv (BA)™!

(1 1 )]0 1 N\ ffo 1 1]1 1 ]\
“\l2 1|2 -3 “\l2 3|2 -1

[ oo+2 14(-3) ] [ oo+2 o+(-1) ]
Tl o+(-2)  2+3 T 24(-6) 2+3

5 1 5 1
a5 2 ) |5 3 1|5 1. |8 @
62 2| T o1 64 2 |" T2 o1

3 3 3 3

v A!B! vi B'A!
r1o1 3 1 r3 o1 11
_| 3 3 }{2 2] _| 2 2][3 3}
2 1 2 1
L3 3 Lo L1 0 3 —3
B r 3 2 3 1
| &5 &t _[s+E sF _E)}
- 1 1
Si(-2) 240 30 340
B rs 1
rs 1 5 3
—| 6 ¢ 1 1]

b Choose appropriate vectors and repeat question a.
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€ The results of @ and b suggest that (AB)™! = B"'A~! and (BA)™! = A" !B~ L

d (AB)YB!A™Y and (B~'A71)(AB)
= (AB)(AB) ! {from ¢} = (AB)"'(AB) {from ¢}
=1 =1

(ABYB™'A™!Y) = B'A™)AB) =1 ie, AB and B7'A™! are inverses.

1

12 (kA)(%A*) =kx %(AA’I) =1 also (%A*)(m) =z EATIA) =1
1, 1,4 . 1.4 .
(kA)(EA ) = (EA )(sz) =1 ie., kA and EA are inverses.
13 X=AY and Y=BZ
a X =AY = A(BZ) = ABZ
b (AB)'X = (AB) 'ABZ  {premultby (AB)"'}
(AB)"IX = 1Z
Z =B 'A'X {as (AB)"'=B7'A7'}
14 1In each example we premultiply by A™L.
a A? = 4A — 1 b 5A =1 — A?
ATTAZ = ATI4A - 1) S ATIBA = ATII - A?)
AT'AA = 4ATTA — AT S BATIA = AT - ATMAA
s JA =41 — A7 s 5l=AT1 - 1A
A—d4l = -A"! S Bl=AT A
ATl =4I - A AT =514+ A

c 21 = 3A% — 4A
A7I2I = AT13A% — A7l4A
2471 = 3A7TAA —4A7'A
2A71 = 31A — 41
2471 = 3A — 41
ATl =3A-21

15 If A:[i _21] let A% =pA + ¢l
3 2 3 2 | 32|, [10
—2 -1 —2 -1 | Pl 2 1|7 0 1
9+(-4) 64+(=2)] [ 3p 2p a0
—6+2 —4+1 T =2p -p 0 g
5 4 | _[38p+a 2
-4 3] | -2 -ptg
5=3p+q and 4=2p
p=2 and g=—1 and AZ=2A —1
Checking for consistency: —2p = —-22)=—-4 V

—-p+qg=-2+(-1)=-3 vV
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Now A% =2A — 1
A7'A? = A712A — A7 {premultiplying by A™'}
ATTAA = 2A71A — A!

IA=2I-A"!
. A=2a— A1
ATl =2—-A
16 If AB=A and BA =B,
then A% = AA ab = ac implies that b = ¢ for real numbers,
= (AB)A but this property does not hold for matrices.
= A(BA) {associative rule} Thus from AB = AI = A it does not follow
= AB that B = L.
A = A
17 If AB = AC
then A7'AB = A7'AC {premultiplying by A=*}
. IB =1IC
B=C

ie, if AB = AC, then B=C ifA~ ! exists, ie., if ad— be # 0.

18 If X=P 'AP and A3=1
then X3 = (P !AP)(P 'AP)(P 'AP)
P 'APP HAPP HAP  {associative rule}
P~ AIAIAP
P 'AAAP
= P !A%P
P~ 'IP
= plp andso X® =1

19 If aA? +bA+cIl =0 and X =P AP
then aX? + bX + oI = a(P *AP) (P 'AP) + bP AP + I
= aP 'A(PP HAP + bP AP + cI
= aP 'A%P + bP AP + o
= P Y(aA® + bA + )P

= P lop
=0
EXERCISE 14)
1 a 2 3 0
2 1 1 -1 -1 2
-1 2 1 :2‘ ‘+3' ‘Jro‘ ‘
‘2 0 5 0 5 5 2 2 0
=2(10—-0)+3(2——5)+0
=41
b -1 2 -3
00 0 1 1 0
1 0 0 —1‘ ‘+2' '+(3)’ ‘
|_1 5 1 2 1 1 -1 -1 2
—1(0—-0)+2(0—-1)—3(2-0)
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2

2(3-2)+1(4— —3) +3(-1-2)

©
© |
Il Il
— —
=) o
| |
© =
= =
— N I
Il Il o =
- —
N o — o [
o o o ™ ™
- I +
o [\ -
+ + —
—_— —_— [
o o o ™
N
o ™ o o [
—_— —_— i
o o +
+ + E—
- - A
o ™ o o
S~
N o — O I
_ <t
— < Il
I Il
M N
com No o
— O
oNOoO O —H O
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oo ocom S|
L
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ST i S
| |
N
- o Q 07
— ) =
q B = S o =
- = ™~ © I I P
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- _ .|_.2 gam N o o o = oo &
S 2 —_ + ©
N o~ © — © oo Y [
— + [ — _ 8 > %
= — X =) =] [ — © 5 |
— | — + + e + )
| — — N —~ S
— | <t — © o o 5 o 0 ag 4
+ = - | S | 2y
| | 0 — o + + S = C:ﬂp_u
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kz+y+22 = 14 k12 14

z+2y—3z2 =5 1 2 =3 T 5

{ 20 —y—2z =8 has matrix equation [2 -1 —1] ly] = [ 81
z

X B

X = A™'B has a unique solution if |A| # 0.

1 2 -3
Now |2 -1 —1| =1| % 7bigol b 20, (-3) 2 -1
L1 o 12 2k Eo1

=1(-2—-1)+2(—k—4)—-3(2—-—k)
—1-2k—-8—-6—-3k
= —15— 5k 1i.e., a unique solution for all k£ provided k # —3.

20 —y —4z = 8 2 -1 —47 T 8
{ 3r—ky+z=1 has matrix equation [ 3 -k 1 ly ] = [ 1 ‘|
bx —y+kz = =2 5 -1 ] z -2
A X B
This has a unique solution if |A| # 0.
2 -1 -4
Now |3 —k 1 —Q‘k 1‘+(1)‘1 3‘+(4) 3 k‘
5 -1 & -1 k k 5 5 -1

=2(—k* - —1) — 1(5 — 3k) — 4(—3 — —5k)
=—2k*+2-5+3k+ 12— 20k

—2k* — 17k +9

—(2k* + 17k — 9)

—(2k—-1)(k+9)

there is a unique solution for all k& provided k # % and k # —9.

1 k 3
k1 —-1|=7
3 4 2
1 -1 -1 k ko1
1‘4 9 ‘+k’ 9 3’+3‘3 4‘_7
12— —4)+ k(-3 —2k)+34k—3) =7
6—3k—2k>+12k—9 =7
2k —9k +10 = 0
(2k—5)(k—2) =0 andso k=32 or 2
b E o2 1
2 k 2|=0
1 2 k
ko2 2 2 2 k
k‘2k+2'kl'+1‘12‘0

(k> —4)+2(2—2k)+(4—k) =

k> —4k+4—4k+4—k =

k*—9k+8 =
Using technology there is one rational zero, k=1
(k—=1)(k*+k—-8) =0

—1+£,/1-4(1)(-8) —1+/33

2 2

o o O

k=1 or k
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6 Using technology,
a

— W N
N = O N
O = = W

7 a Using Excel,

inverse =

8 a Let

T O N

O’ a’p, Cil

=16

—17 and
2 14
17 17
L e
7 17
8 5
17 17
4 11
7 7

W N = N
O = N W
— O O = W

b  Using Excel,

Sl

Sl

inverse =

Sle

Sl

cabbage and lettuce. The system, in matrix form, becomes:

W N - DN =
W NN - N

QU = W N =
N = = =

A

N QO = =
H—-ao-® a o

6.3
6.7
7.7
9.8
10.9
B

€ If the last line is amended, the matrix A becomes

A =

1 2

=N N

2
1
2
3

X =A"B=

1

N = W N
N =
— 0 =

W N = N
=N N =N
N =W N
N = = =

and detA =6

-1

I N e

b

4 6

5 0

1 4 |=-34

15

2 1
det =2 and
7 5 11
2 4 3 7 0
1 -1 0 1 -1
1 -1 -1 2 0
_1 13
2 2 2
-3 2 -4 1

X =

represent (respectively) the cost (in dollars) of each orange, apple, pear,

A"'B

Using technology, |A| = 0,
-, A™1 does not exist and X
cannot be found using this

information.
0.5
0.8
0.7 {using technology}
2
1.5

oranges cost 50 cents, apples cost 80 cents, pears cost 70 cents, cabbages cost $2.00, and
lettuces cost $1.50

EXERCISE 14K

-5 3 _z _u
4 4 4 2
—1 —1
1 a A= -1 -3 3 b A =| -1
-3 1 3 .
2 a [ 0.05023 —0.01148 —0.066 34
B! = | 4212x10™* 0.01353  0.02775 | =
—0.029 90 0.03933  0.03006
b [ 1.596 —0.9964 —0.1686 1.596
B! = | —3224 1925 0.6291 = | —3.224
2.000 —1.086 —0.3958 2.000

[N )

-3

0.050
0.000

—0.030

—0.996
1.925
—1.086

=
ot

L
1

2

-5

—0.011  —0.066
0.014 0.028
0.039 0.030

0.629

—0.169
—0.396
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EXERCISE 14L

1 a T—y—z=2 1 -1 -1 z 2
T+y+3z2=7 has matrix equation 1 1 3 y | = 7
9r—y—3z = —1 9 —-1 -3 z —1

b i y-—2=3 2 1 -1 x 3
y+2z=6 has matrix equation 0 1 2 y |=]| 6
r—y+z =13 1 -1 1 z 13
< a+b—c=7 1 1 -1 a 7
a—b+c=26 has matrix equation 1 -1 1 b | = 6
2a+b—3c = —2 2 1 -3 c —2
1 -1 0 2 1 1 [ 2—-1+0 1-1+0 1-14+0
2 AB=| -1 0 1 1 1 1| =] -2404+2 —-14+0+2 —-14+0+1
0 2 -1 2 21 L 0+2—-2 0+2-2 0+2-1
1 0 O
=0 1 0 and so AB =I
L0 0 1
2 1 1 1 -1 0 [2—-14+0 —-240+2 0+4+1-1
BA=|1 1 1 -1 0 1 =|1-1+0 —-14+0+2 0+4+1-1
2 21 0 2 -1 |l 2—-2+0 —-2+4+0+2 0+2-1
1 0 0
=10 1 0
L0 0 1
BA =1
ie, AB=BA=1 A and B are inverses of each other.
2 1 -1 4 7T -3
3 AB=| -1 2 1 -1 -2 1
0 6 1 6 12 =5
[ 8—1—-6 14-2-12 —-6+4+1+4+5
=| 4-246 —-T7—-4412 342-5
0-6+6 0—-124+12 0+4+6-5
1 0 O
=10 1 0 _ _ g1
0 0 1 AB =1 andso A=B
4a+7b—3c = —8 4 7 -3 a —8
—a—2b+c=3 has matrix equation -1 -2 1 b | = 3
6a + 12b — 5¢c = —15 6 12 -5 c —15
[ a ] T4 7 -3717'[ -8
b =] -1 -2 1 3
| ¢ | 6 12 -5 —15
[ a ] r2 1 -1 -8
b = -1 2 1 3
L ¢ | L 0 6 1 —15
[ a ] [ —164+3+15 2
b = 8+4+6—15 =| -1 a=2, b=-1, ¢=3
| ¢ | 0+18—-15 3
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4 [ 5 3 =7 3 2 3
MN = -1 -3 3 1 -1 2
| -3 -1 5 2 1 3
[ 15+3—-14 10-3-7 154+6-—21
= -3-3+6 —-243+3 -3-6+9
| 9-1+10 —6+145 —-9—-2+15
4 0 0
=10 4 0 MN = 41
0 0 4
- CONSY
iM =N
Now 3u+2v+ 3w = 18
u—v+2w =6 has matrix equation
2u4+v+3w = 16
M 3 2 37 'r18 5
v = 1 -1 2 6 :i -1
| w 2 1 3 16 -3
[ w 90 + 18 — 112 —4
v | =31| -18—-18448 | =1]| 12 | =
| w —54 -6+ 80 20
5 a3 92 1712 14
1 -1 2 y | = -8
2 3 -1 2 13
z 3 2 —-177"
y =1 -1 2
z 2 3 -1
Using technology, = =22, y=1% z»=-32
b 1 -1 -2 [z ] [ 4
5 1 2 y = -6
3 -4 -1 ||=z] |17
rzl 1 -1 —27°"
Y = 5 1 2
2] 3 -4 -1
Using technology, == —3, y=-2, z=2
(4 1 3 -1 [z [ 15
2 1 1 y | =17
1 -1 -2 ][ z | L 0
Tzl 1 3 —-17°"
yl=1]2 1 1
2] 1 -1 -2
Using technology, =z =2, y=4, z=-1
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10

a z=2 y=-1, z=5 b =4 y=-2 z=1
=4, y=-3, z2=2 d z=4, y=6, z2=-7
e z=3, y=11, z=-7 f ©=0326, y=7652 =z=4.156
a Using technology, « =14, y =11, z=17.
b Let =z be the cost of a cricket ball in dollars,
y be the cost of softball in dollars, and
z be the cost of a netball in dollars.
¢ Cost of 4 cricket balls and 5 softballs is 4x + 5y = 4(14) + 5(11) = 111, ie., $111
amount left for netballs is  $315 — $111 = $204
Number of netballs bought = % =12 ie., 12 netballs are bought.
a System of equations is: 2z + 3y + 8z = 352
T+ 5y +4z = 274
r+2y+ 11z = 351
b Using technology, = =42, y =28, z=23,
i.e., the salaries are: manager $42000, clerk $28000 and labourer $23 000.
€ Salary bill is 3x + 8y + 37z
= 3(42) + 8(28) + 37(23)
= 1201 (thousands of dollars)
ie, $1201000
Let the quadratic function have form f(z) = az® + bz + c.
(=2, —15) is a point on the curve .. 4a—2b+c = —15
(1, —3) 1is a point on the curve S.oa+b4+c=-3
(3, —5) 1is a point on the curve S 9a43b+c= -5
Using technology to solve these equations, a = —1, b=3 and c¢= —5.
f(z)=—2>4+32 -5
Now f(—3) = —(—3)>+3(-3) —5=—23
F(=1) = ~(-1) +3(-1) = 5 = -9
f(0) =-5
f(2) = —22+3(2)-5=-3

The table is

Let

z | —3 -2 | -1 0 1 2 3
y | —-23|-15| -9 5| -3 |-3]| -5

x be the cost in dollars of 1 kg of cashews,
y be the cost in dollars of 1 kg of macadamias, and
z be the cost in dollars of 1 kg of Brazil nuts.

The cost of 1 kg of mix A is 0.5z + 0.3y + 0.2z = 12.5,
the cost of 1 kg of mix Bis 0.2z 4+ 0.4y + 0.4z = 12.4,
the cost of 1 kg of mix Cis 0.6z + 0.1y + 0.3z = 11.7.

Using technology, =z =12, y=15 and z =10

ie.,

the cost of 1 kg of cashews is $12, the cost of 1 kg of macadamias is $15 and the cost of 1 kg

of Brazil nuts is $10.
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1

12

Cost per kg of 400 g cashews, 200 g macadamias and 400 g Brazil nuts
=04x1240.2x15+0.4 x 10 dollars

= $11.80
@ Number of students who study Chemistry is %p + %q + %r =27 ... (1)
number of students who study Maths is 3p+ 2g+ ir = 35 ... )
number of students who study Geography is  $p+ 3q+ 2r = 30 ... (3)

The required system of equations is 5p 4+ 5q + 6r = 405 {(1) x 15}
15p + 20q + 6r = 1050  {(2) x 30}
15p + 20q + 36r = 1800  {(3) x 60}

b Using technology, p =24, q=27, r=25.
@ As t is the number of years after 2000, then
profit in year 2000 is P(0) = b+ % = 160000
profit in year 2001 is P(1) = a+b+ % = 198000
profit in year 2002 is  P(2) = 2a + b+ % = 240000
Using technology, a = 50000, b= 100000 and c¢ = 240000.
b Using the model given, the profit in 1999 would be

P(-1) = —a+b+ g — 50000 + 100 000 4 80 000 = 130000
ie., the profit would be $130 000, which fits the model.

¢ Predicted profit in 2003 is P(3) = 3a+ b+ ; = 3(50000) + 100000 + 2407000
= $284000
Predicted profit in 2005 is P(5) = ba + b+ g = 5(50000) 4+ 100000 + 2409000
= $377000
REVIEW SET 14A
1 a A+B b 3A ¢ —2B
(3 2] 1 0 3 2 1 0
“lo -1 +[—2 4} 3{0 —1} _2[—2 4}
a4 2] (9 6 [-2 o0
-2 3 10 -3 4 -8
d A-B e B-2A f 3A-2B
3 2] [1 o 10 6 4 _4[3 2 S 1 0
“lo -1 -2 4 -2 4 0 —2 0 —1 -2 4
2 2] -5 —4 9 6] [2 o
12 -5 -2 6 0 -3 -4 8
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SO |
-3 8] -3
g e

_B ﬂ [23 4“

Equating corresponding elements, b
a = —a
b—2=3
c=2-c¢ a=0, b=5
d=—4 c=1 d=—-4
B-Y=A b 2vy+C=D
. -Y=A-B 2Y =D - C
Y = —(A—-B) Y=1iD-0
Y=B-A
YB = C e C—AY =B
YBB ! = CB™! —AY =B -C
. YI = CB! . AY=C-B
Y = CB ! A7IAY = AY(C
 Y=AYC
3r—4y =2 b
Sr+4+2y = —1
3 —4 T |
5 2 y |

i A
2 1 -1 =2
-1 ~ -3 0 3
rio2
— 3 3
_0 _1:|
I AB)™!
r -1
-1 8
3 2} 2 4
-1
0 1 —4 -8
4-16 | -2 -1
L | -4

Equating corresponding elements,

3+b=a a=2
20 —a = 2 b=-1
b+c=2 c=3
—24d=6 d=28
< AY = B
ATTAY = A7'B
IY = A™'B
Y =A"!'B
f AY ! =B
ATTAY! = A7'B
Y '=A"'B
- B) Y hH't=@A"'B"
_ B) . Y B—l(A—l)—l
Y = B'A
dr —y =
24+ 3y =
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T e
i
- _2
T —
o - [esBNaN]
13
~ P | e
| I |
9 —|e —~le B —
Il I I Il I
> >~ >~ >~ >
| —
o -
—
a
—_
T
| — |
T —
—~
| [ar)
— — <t
<+ o~ T
—|—11
o — _ |
1 =1 I
T 1T 1T | T
— N
o IO 100 100 (.
L L L ) L
Il Il Il I Il
— X >~ >~ >
< —
o -
—_
>
v

[ —

ialla]
Bella] |

sl [2 ee] [}

I

=]
<

e

=2}
N

not equal —

<t — A

aNo ™

BA does not
exist.

o0 AN <

<+ O ©
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6 a P+Q b Q-P 4 3P -Q
12 3.0 30 12 r 33
=1 0|+|1 4 =1 4|-|10 s 0 i’g
2 3 11 11 2 3 ]2 -
3 g 1 1
4 2 2 -2 o,
=2 4 = 0 4 -z 3
3 4 -1 -2 = % 4
2 7
L 3
REVIEW SET 14B
1 0 a b 1 0 .
1 {1 1} {c d]_{l 1] soa=1, b=0 ie =1, b=0, ¢=0, d=1
. 1o _,
a b _ 1 0 at+c=1, .. matrix is 0o 11|~
a+c b+d 1 1 b+d=1
2 a AB b BA (4 AC
1
1 1 2 3
[432]l(2)] _[21[432] _[432}l321]
0 1 2 3
= [10]
43 92 =[15 18 21|
=!8 6 4
0 0 O
1 2 3 1 5
d CA does not exist as C e CB=|3 2 1 2 | =17
is3x3and Ais1x3 1 2 3 0 5
tnotequalﬁ
1 7 -8 . . [ -3 =5
3 a A ==l -5 6 b A‘ does not c A =S 6 1
exist as |A|
_{ z 4} :824——24 _{ 2 }
-2 3 = -2 -4

42 —27 54 —31 15 23 38
4 Sales matrix is 36 —28 27—15 Totals matrix is 20

34-28 30—22 6 14
38
total profit = [ 0.75 0.55 1.20 | | 20 | = [56.3] dollars ie., $56.30
14
5 A=2A"1 a A® =AxA b A-DA+3D= (A-DA+(A—D3I
=ARA™Y = A% — 1A + 3AI — 3I°
= 2AA7! =21 — A+ 3A — 31
— 21 =2A -1

AB = 2 5 7 -4 1 -1 6-20+14 —4+5+0 —-2-5+7

-2 -4 -5 2 0 1 —-6+16—-10 4-4+4+0 2+4-5

1 0 0
=0 1 0
0 0 1

l 1 2 3 1[ 3 =2 —1] l 3+ -8+46 24240 —-1-2+43
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3 -2 -1 1 2 3
BA = 4 1 -1 2 5 7T | =

2 0 1 -2 -4 -5

3—4+2 6-104+4 9-1445
—4+2+2 -8+5+4 —12+47+5
2+0-2 44+0-4 6+0—-5

0
0
1
REVIEW SET 14C
. k 3 x| | —6 has a unique k 3
1 In matrix form |:1 k+2:|[y]_[ 2 :| solution if ‘ 1 k—|—2‘;&0
ie, k2+2k—3+#0

(k—1)(k+3) #0
k # 1lor—3

o O =
o = o

ie, AB=BA=1 - A !'=8B

. z ko3 ][ -6
andlfk;élor3,{y:|—|:lk+2} |:2]
B 1 k+2 -3][ -6
o (k=1)(k+3)| -1 k& 2
3 1 —6k — 18
T k—D(k+3) | 6+2k

1 —6
- Y| 7

[ _—6 1 So the unique solution is

z+3y = —6

o4 3y =2 parallel lines .. no solutions exist

If k=1, the equations are:

—3zx+3y = — infinitely many solutions

T—y =

6 coincident lines
If k= -3, the equations are: 9 }

T 2 0
2 z+1 —2
0 —2 T+ 2

—2 2
z+2 0

r+1 —2

-2 xr+2

2 x+1
0o -2

[«

=z[(z+1)(z+2) —4]+2[0 — 2(z + 2)]

=2(2® +3z+2—4) —4(z +2)

= z(2® 4+ 3z —2) — 4z — 8

= 2% +32% — 20 — 4z — 8

= 2%+ 32" — 62 — 8

= (z+4)(z+1)(z—2) {using technology}
But (z+4)(z+1)(x—2) =0 {given}

. x=—4, —1 or 2

3 -2 3 -7 9 -1 0 3
:[4 —1]’ B:{g —3]’ C:{o 2 1}

4 6 14 18 10 —12
a2A2B_[8 —2][18 —6}_[—10 4}
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b Ais 2x2 andCis 2x3 ACis 2x3

AC — -2 3 -1 0 3| | 240 046 —-6+3 | | 2
o 4 -1 0 2 1| | —440 0-2 12—1 | | —4
€ Cis 2x3 andBis 2x2 CB is not possible.
d DA =B
DAA™! = BA™! {post multiplying by A=}
D =BA™!
D — -7 9 | 1 -1 =3 |_ 4| 7-36
Tl9 3| T 2(-)-3@) | 4 2| 0| —9+12
29 _3
10 10
0 10
2 1], _[3 5 1 5
. {3 4}X{1 13 18] 5 PA” — OB
) AGGA — 6I)
X_B _41] {31 153 118] A 56A - 6D
_ Al —
R R 3 5 1
T -3 2 -1 13 18
. [ 11 33 22
T —11 11 33
1 3 2
X = |: -1 1 3 }
6 a i If AB=B then ABB~! =BB~' provided B~" exists.

A =1 provided B~ exists, i.e., provided that |B|# 0.
ii (A+B)? =(A+B)A+B)
= A% + AB + BA + B?

= A% + 2AB + B?> provided that AB = BA.

[k 27 k-1 —2 L .
b M= [ 9 K ] { s } and M~ exists provided that |M]| # 0.
k2 k—1 =2
Now M"Q kH -3 k’
=(k*—4)(k* -k —6)
(

(k4 2)(k—2)(k+ 2)(k— 3)
M ! exists provided that k # 3 or +2

REVIEW SET 14D

=N W
w

1 This system in matrix form is [

6 -3
-2 11

21 —-18
—27+6

31
31

5
SA - 21
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T 1
[ y ] = [ -1 ] So, z=1, y=-1, z=2. {using technology}

z 2
2 a+b c c
b+c a a a a b+c
“ btc “ —(a—|—b)‘ b c+a c+a b te b b
b b c+a

= (a+b)[(b+c)(c+a)—ab]l+ clab—al(c+ a)] + c[ab— (b+ c)b]
= (a+b)(be+ ab+ ¢ + ac — ab) + abc — ac® — a*c + abc — b*c — bc?
= abc + b%c + ac® + bé® + a’c + abe + abe — ac® — a*c + abe — b*c — be?

= 4abe
3 If A2=5A+2I,

A% = A(FA + 2I) A* = A(27A + 101) A® = A(145A + 54I)
=5A% + 2A = 27A% + 10Al = 145A% + 54AI
=5(5A + 2I) + 2A = 27(5A + 2I) + 10A = 145(5A + 2I) + 54A
= 25A + 101 + 2A = 135A + 541 + 10A = 725A + 2901 + 54A
=27A + 101 = 145A + 541 = TT9A + 2901

A® = A(TT9A + 290I)
= TT9A% + 290Al
= T79(5A + 2I) + 290AI
= 4185A + 15581

4 a C(0)=80 .. a(0)+b0)+c(0)+d=80 .. d=280
b C(1) =100 s a+b+c+80 =100
C(2) = 148 8a + 4b + 2¢ + 80 = 148
C(4) = 376 64a + 16b + 4c + 80 = 376
1 1 1 a 20
8 4 2 b | =] 68
64 16 4 c 296
a 1 1 1777 20 7 2
bl=|8 4 2 68 | =] 8
c 64 16 4 296 | 10
technol
a=2 b=8 c=10 {technology}
1 31 ' -12 —11][ -1 21"
: . N
A"'AXBB! = A~ !CcB! -
IXI = A~'CB™! s X = { (; _12 ] {using technology}
X = A 'CB!

(-]
o
—
— W N
=N
. | o |
iR w —
1
—
[SINS I
_
I
—
=
= o ©
=N =
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T 2 1 -1 3 2
y | =13 2 1 1= -1
z 1 -3 0 5 _I

6

T = %s Yy = _%a z = _%

REVIEW SET 14E

1 a Let $z be the cost of an opera ticket 3z + 2y + 5z = 267
$y be the cost of a play ticket 2¢+3y+2z = 145

$z be the cost of a concert ticket x4+ 5y +4z = 230

<

T 571 267
1 145
4 230

3 2 5 T 267 2
b So, 2 3 1 y | = | 145 3
1 5 4 z 230 5
T 32
y | = | 18 using technology
z

cost of each ticket is $32 for opera, $18 for play, $27 for concert.

I\

¢ Total cost = 4 x $32 + 1 x $18 + 2 x $27

= $128 + $18 + $54 = $200
z 2 1 1 77'[8
y =14 -7 3 10 | =
z 3 -2 -1 1

SR

x=2, y=1, z=3 {using technology}

2 4
3 a 3A_{_3 2 2] bAB_[_‘? 2 2H—:a1
1 1 5

-1 0 -1 0 )
[ -9 6 6
3 -3 0
2 471, 5
¢ BA d Ais 2x3 e BC=| -3 1 [1 3]
2 4 and Cis 2 x 2 1 2
-3 2 2 :
LY 1“1 Sl g 0 2
12 ' =7 -12
0 11

2
4
1
1 1 -1 2 =3 —-1+443 2-244 —-34+8+1
AB = | 2 6 2 -1 4 =| —248+18 4—-4+24 —6+16+6
3 2 3 4 1 -3+24+6 6-14+8 —-94+4+4+2
6 4 6
AB =| 24 24 16
5 13 -3
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24 16
13 -3

16 24
-3 5

24 24

and det(AB) 5 13

6’ ‘+4

6(—72 — 208) + 4(80 + 72) + 6(312 — 120)
= 80

detA

1 ‘

1(8 —6) +2(18 —4) +1(2 — 12)

=24+28—-10 14 4 9 9 1
=20 and detB——l' 4 1‘—!—2’1 3‘—&-(—3)‘3 4 ‘
= —1(~1-16) +2(12 — 2) — 3(8 — —3)
— 4 - detA x detB = 20 x 4 = 80 = det(AB)
5 a s(t)=at?+bt+c
r1 1 1 a 63
But s(1) =63 . a+btc=63 - 4 2 1 ||b|=]m
s(2) =72 da+2b+c = 72 L 49 7 1 c 27
s(7) = 27 490 +7b+c = 27

T 1

o o Q

| I
Il

—3t% 4+ 18t + 48 metres
= 48 m, so, the cliff is 48 m high

(-3
vl
PN
N
I

€ s(t)=0 when —3t>4+18t+48 =0
St —6t—16 =0
(t+2)(t—8) =0
.t = —-2o0r8
t=28 {as t>0}

it will take 8 seconds to reach the water.

6 If A=A —1 then A>3 =AA -1 A? = AA3
=A% — AL = A(-D)
=A-1-A =—A
=1

A% = AA® AT =AA° A® = AA7
=A(l — A) = Al =AA
= Al — A? =A = A2
=A—-(A-) =A—-1
=1

a AT — b Now AZ2=A-1
AT =T — A ATIAA = ATTA - AT

JA=1—-A""

Al=1-A

N
N

177163
1 72
49 7 1 27

A° = AA*

{premultiplying by A™*}



Chapter 15

VECTORS IN 2-DIMENSIONS

EXERCISE 15A.1

135°

25m/s

100 m/s

b AN <

scade lcm= 10m/s

i Scale: 1cm= 10 km
scae: 1cm=10N

150 km/h
80
Scale. 1 cm= 30 km/h

EXERCISE 15A.2

® O An C o

-0 O A O o

If they are equal in magnitude, they have the same length. These are p, q, s and t.
Those parallel are p, q, r and t.

Those in the same direction are: p andr, q and t.

To be equal they must have the same direction and be equal in length .. q =t.
p and q are negatives (equal length, but opposite direction). Likewise p and t are negatives.
We write p=—q and p = —t.

True, as they have the same length and are parallel.

True, as they are sides of an equilateral triangle.

False, as they do not have the same direction.

False, as they have opposite directions.

True, as they have the same length and direction.

False, as they do not have the same direction.
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EXERCISE 15B.1

1 a q b ETIN c d
- p+q P+a_~Tq
#/bia p PN B
/ P P
e f
! /
nh p+q
p
D40 Pl
— = — = —_ = — —_— —
2 a AB + BC b BC+C C AB+BC+CD d AC+ CB+BD
N — — — — —
— AC = BD =AC+CD = AB+ BD
— —
3 ai ii a+p_ b yes
;/ ' a //
g —— 9 7P
L — pH
— — — — =
L PS =PR+RS But PS = PQ+ QS
=(a+b)+c =a+(b+o B
(a+b)+c=a+ (b+c) {asboth are equal to PS}
Note: P_S>:a—|—b+c also
EXERCISE 15B.2
1 a b c d
A 9]~ l‘:\
\ 0 P — ~.P—q
p_q A‘/// ~
) /B P\ pP—q 7149 _
// =0 p
2 a b i <
_q N
p q -p —la
_ r
\\\\\\ r P /$ =G =
+q r— l § p—
3 a b a parallelogram
X|i
~
N
e IV
Zliii
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— — — — — — — —
4 a AC+ CB b AD — BD (4 AC+ CA d AB + BC + CD
— — — — =
= AB = AD + DB = AA =AC+CD
— —
— AB =0 = AD
— = = —_— == —
e BA — CA + CB f AB — CB — DC
— — — — — —
=BA+AC+CB =AB+BC+CD
— — — —>
=BC+CB =AC+C
— —
=0
5 a t=r+s b r=-s—t €C r=-p—q-s d r=q—p+s
e p=t+s+r—gq f p=—-u+t+s—r—gq
6 a i OB i CA iii OC = OA + AB + BC
=% . %R — CB+BA =r+s+t
= OA 4 AB CB+BA
Crts = -BC - AB
=—t—s
- g - —_— i —_— —_— g —_—
b i AD ii iii AC =AB+BD+DC
— — =
= AB +BD = BD + DC =p+q+r
=p+tq =q+r
EXERCISE 15B.3
1 a b < L) d g 1L A
—I’/ D 25 2! 2\ : \b‘
38 ~_"Us
D lrL')o\\\
PRI A
e f h
IS S S
| ry y
| N S
2r=s|l | /r ~_
| . S P S
I N o ~——
| /v 2r+3s R
2{r#3s -

EXERCISE 15C.1
1 a b
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2 a [[] b [(] ¢ [%] d[] e [ f [

EXERCISE 15C.2

1 a a+b b b+a c b+c d c+b
=2+ [3] =[] + [%] =[] + [Z3] =[] + [1]
=[] =[] =[] =[]

[7']

2 a P—q b q-r 4 p+q-r
=[2]-[5 = 2] - [2)] =[5+ [C) - [ 2]
=[7] =[] =3

d p—q-—r e q—-r—p f r+q-—p
=3 - [25] - [&)] = [2] - [ - []] =[]+ 2] - []
= [;6] = [—05] = [—69}

3 a AC b CB ¢ SP
= AB + BC = CA + AB — SR+ RQ + QP
~ BB 2]+ ]3] R RG-
=3+ [ - —-1+ B 3]
- - (2]

EXERCISE 15C.3

1 a —3p b iq < 2p + q
- sy - 5[] ~2f] + [1]
= [:135] = [721} = [120} + [12]

= [104}
d P — 2q e p—ar f 2p + 3r

o) 2] = - 3] =2l +ol-
[;] - [_84] _ [2%} ’ = [120} + [:g]
[ %] & = [
g 2q — 3r h 2p —q+ 3r
=2[7] =3[
=[] -[=]
- [151}



Mathematics SL, Chapter 15 — VECTORS IN 2-DIMENSIONS 295

2 a b <
D A
p g p 3 pd
~— 3 — g G—p = g
—_[8 _ I8 8
=14 = (4] = [4]
All vector expressions are equal {each consists of 2ps and 3qs}.
Each expression is equal to 2p + 3q.
EXERCISE 15C.4
1 a Ir| c r+s d r—s e s —2r
2 -1 2 -1 -1 4
= V22432 =2+ [ = [2] - [ =[] - [d]
= /13 units =[4] =[2] =[]

b s oo+ R - oo ]s = 2r
=/(—1)2 +42 =12+ 72 =4/32 + (=1)2 =4/(=5)2 + (-2)2
= V17 units = /50 units — /10 units — /29 units

2 a |p b =[] ¢ =[]
= VT 2p] = V27T 67 -2p] = /(=27 + (-0
= v/10 units = /40 = 4+ 36
= 2+/10 units = /40
= 24/10 units
d 3p = [ e -3p=[]] flal = \/(—2)? +42
3p] = V379 =30l = V(32 +(-97 T VIHIO
=V9+381 = V9 +81 = v20
— /30 - 30 = 2v/5 units
= 3v/10 units = 3+/10 units
s da= ] h —1q =[] i za=[3]
l4q| = /(—8)2 + 162 |—4q| = /82 + (—16)2 s3] = V(D)2 422
= /64 + 256 = 64 4 256 = /5 units
= /320 = /320
= 8v/5 units = 8/5 units
i —%‘l = [_12]
_Llql = 2 —9)2 o
|-1q| = V2 (—2) 3 ka= [ ka| = /()2 & (haa)?
= /5 units

= /k2a? + k2a3
- VP
=Vk2\/a? + a2
= |kl y/ai + a3

= [kla
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EXERCISE 15D

1 a 2x = q b ix=n c —3x =p
l2x) = 1q 2(3x) = 2n 3x = —p
X = 1q S X =2n 1(3x) = —3p
ox=—1p
d qg+2x=r e 4s—5x=t f 4m — ix =n
2x =r—q S b =t —4s 4m—n:%x
" X:%(F_Q) Soo0x =d4s — t S, X = 12m — 3n
ox=3s— 1t
2 a 2y=r b ly=s € r+2y=s d 3 —4y=r
Ly =1ir Ty =2s Soo2y=s-—r S 3s—r =4y
I I
- 1 _ 3 _2
31 @ - [3) -
3 5
= [z _ [%
3ob=a o R[] = 2] - 4
kxl = ax and k.rg = a2
I

EXERCISE 15E
1 a AB=[27)=[3] b BC=[)=[3) ¢ CA=[5)=[]

and AB = ‘A—é' =+14+64 and BC = ‘B—é’ and CA = ‘a‘
.. AB = /65 units = v9+100 =V16+4
= /109 units = +/20 units
. _ — _ —_— —_—
2 a Mis (%—1 %) b CA-= [36—14} = [;] ¢ 3CA +3CB
. . — o =1/ 413
ie, Mis(1,4) CM = [14714} = [g] 5] 2 J

3 a AC=[]=[3 . Bis(-24+6), ie, (1,10
® b AC=[1Y =[] -~ Bis(-1-1-2-7), ie, (-2 -9)
A ¢ AC=[ =[] . Bis@B+40+4), ie, (.4

h AB=[5]=[%] - Cis@+33-2) ie, (51
Dis(5+3,1-2) ie, (8 —1)
Eis (843, —1-2) ie, (11, -3)
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5 a AB= [24:731] = B] Now AB = DC
DC — [71772] _ [1] ", sides AB and DC are equal in length
B 4-1 3 and parallel. This is sufficient to deduce that
A L B ABCD is a parallelogram.
b ‘@:[21705]:[26] S ﬁ;éD_é
o,
c DC = [—43:126] = [;6] . ABCD cannot be a parallelogram.
P iR 1-2 -1 Now ﬁ = D—C>
¢ AB=["7%]=[7] '
DC = [-2--1] — [-1 *. sides AB and DC are equal in length
- [ 6—-1 ] - [ 7 ] and parallel. This is sufficient to deduce that
ABCD is a parallelogram.
6 a LetDbe(a,b) b LetR be (a, b) ¢ Let X be(a, b)
— — — — — —
Now CD = BA Now SR = PQ Now WX = ZY
(] = [o72)] o] = [7324] [25] = [%2)]
[5v2] = [1] [ =[5 [07s] = [5]
o a=9 b=-1 .o a=3, b=1 c.ooa=2, b=-1
So, Dis (9, —1 So, Ris(3,1) So, Xis (2, —1)
7 a rla] 5] =[] b r[A] sl = [
S e I ] [5i] = [
Lor4+2s=-8 ... (1) L 2r4+s =17 X3 ... (1)
—r 455 = —27 —3r+7s = —19 | x2
adding 7s = —35 . 6r+3s =21
S8 = -5 —6r + 14s = —38
and in (1) r+2(-5) = -8 adding 17s = —17
.or—10 = =8 coos=-—1
LT =2 andin(l) 2r—1=7
So, r=2, s=-5 c.o2r =8
c.oor=4
So, r=4, s=-1
EXERCISE 15F
1 = [’5%0] = 10[;2] = 10¢ . d is parallel to ¢
e = [7412} = 4[_31} = —4b . eis parallel to b
f= [;g] = 5[?] = ba . fis parallel to a
2 a [f] = k[i] { 31; B ik so, k=3 and t=12
b [110] k[_‘l] { Z]Z B t—lO so, k=—2 and t=38
4 [lf] = k[192] { 13: i iG so, k=% and t=9x3 =12
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EXERCISE 15G

1 a length b  length ¢ length
= /02 ¥ (-1)2 \2 \2 _ 2\ 2 12
L 1 =/ (8) + (3
= /441
= 1 unit _ /% T % 99
is a unit vector — 1 unit = \/§ #1
is a unit vector is not a unit vector
d length e length
_ 3)2 4)2 _ 2)\2 5\2
= (=3) +(-3) = () +(-3)
= VEt+x = Vit
= /2_2 = /% £1
= 1 unit is not a unit vector
is a unit vector
2 a [?]=2i-j b [f]=-3i-4 ¢ [[]]=-3i d [0]=7
1
e Va2l = Lj— L
EAREREE
_ VS
3 a [ b [2] <[] d [ e [
L a length = 1 b length = 1 [ length = 1
V02 +E2 =1 VEZ+0 =1 V1 =1
Lok =1 Lok =1 Lok +1=1
k= =+1 = +1 k> =0
k=20
d length = 1 e length = 1
(7 =1 e -
T+k =1 +35=1
kQI% kzzg and so k:i%
_ 13
k = 2
5 a length b length [ length
=VFIE — /¥ (P (27 + (7P
= 5 units =49+ 16 =+4+49
=25 = /53 units
= 5 units
d length = ./(—2.36)2 + (5.65)2 = 6.12 units
6 a i+ 2j haslength /12 + 22 =+/5 units unit vector = %(i + 2j)
b 2i—2j haslength /224 (—2)2=+/8 or 2v/2units unit vector = ﬁ@i — 2j)

€ —2i — 5j has length (—=2)2 + (—5)2 = v/29 units

el )

unit vector is \/%_9(—2i — 5j)
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EXERCISE 15H

1 a qep b qer [ qe(p+r) d 3req
=[] [] =[] [7] =[] 4] =[] [¥]
=-34+10 =2420 =-1+30 =6+60
=7 =22 =29 = 66

e 2p e 2p f iep g qej h iei
=[]« [2] = [o] * [3] =[5 [1] = [o] * [o]
=36+ 16 =340 =0+5 =140
—52 =3 =5 =1

2 a [ffe[7] = b []e[Y]=0 ¢ [Gleld =
. —6+t=0 30+5t =0 t?—12=0

t==6 L ot=—6 t? =12
. t = +/12
d o] e[B] =0 e [eia] o 27 =0
3t—4(t+2) =0 2t —3t2 12+ 2t = 0
3t—4t -8 =10 -2t +4t = 0
=8 292t =0
b=-8 tt—2) =0
t =0or2
3 a AB =[] =[{] b AB =[] =[]
g d —1— -
BC = [ = 2] BC = [5] =[]
AC = [ =[] AC = [35 =)
f th ible d d |
and AB e AC — [Z] . [g] 2110(1)1.6 of the possible dot products result
i 8 +0 . AABC is not right-angled.
. ABAC is a right angle
ie., AABC is right-angled at B.
¢ AB = [75:72] = [g] d AB = [521110} = [_15]
BC = [017) = [9] BC = [125] = [3]
AC = [375] =[] AC =[] =[3]
and ABeAC = B] ° [_13] and BCeAC = [3] ° [_33]
=-9+9 = 646
=0 =0
. ABAC is a right angle . ABCA is a right angle
i.e., AABC is right-angled at A. i.e., AABC is right-angled at C.
L a [g] . [_52] =—-104+10=0, so [_52] is one such vector.

", required vectors have form k [;2] where k # 0.

Note: k [35], k #0 is also ok.
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b [:;} ° [712] =2-2=0, so [712} is one such vector.

required vectors have form k [712], k # 0.

[’]e[i] =3-3=0, so [i] isone such vector.

required vectors have form k [ﬂ, k # 0.

d [_34} ° [Z] =-12+12=0, so [i] is one such vector.

required vectors have form & [ﬂ, k#0

e m ° [‘ﬂ =04+0=0, so m is one such vector.
required vectors have form k m, k #0.
5 a peq =|pllgfcosd b peq =|p|lg/cos?
=2 x5 X cos60° =6 x 3 X cos 120°
=5 =_-9
6 ai a:[jﬂ, b:[jJ i aeb = |a||b|cosf
[ﬂ ° [Zl] = /42 +42\/72 + (—1)2cosf
28 — 4 = /32+/50 cos 0
_ 2 _ s
V32450
24
0 =cos! | ——=
(\/32\/ﬁ>
6 = 53.1°
b i a= [762], b= [_91] ii aeb = |a||b|cosd
(] [2] = V(=2)% +6%/9% + (—1)? cos 6
. —18 -6 = /4082 cosf
cosf = _724
\V40+/82
—24
0 =cos™! | ——=
<\/40\/82>
0 = 114.8°
7 a b AC=[f]. AB=[]]
/ B — — — =
/ ACeAB = | AC || AB | cos 6
g o [F e [F] = V(6)2 + (—2)2V/3Z + 42 cos
Car s, —18 —8 = \/40(5) cos
=26 cos 6
5v/40

0 = cos™! _—26
5v/40

0 = 145.3°
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8 a res = |r||s|cos@ b res = |r||s|cosf
LB e B = VB EBEV(-1)2+22c0s0 o [Ti] e [Z] = V/(-1)? 4+ (=3)2V22 + 52 cos
. =346 = v/18/5cosd . —2—-15 = \/ﬁ\/ﬁcosﬁ
3 _
V0 cos ¢ 17 = cosf
0 — 1/ 3 290
- oo (m) . 0 =cos? (%)
6 =716 0 = 176.6°
c res = |r||s|cosf d res = |r||s|cosf
(L] e[2] = VIFIVI+TIcost s [b]e[l] = VIFOVT+T1cosh
24+ 1 = v2v5cosb 5 140 =+/1v2cost
\/% = cosf % = cosf
6 = cos! (\/il_o) = cos_l(%)
0 = 45°
0 = 18.4°
9 a LetYbe(ab) b WX=[714] =[]
Now ﬁ:m U7 _ [20—41 _ [16
wz =[] = [%]
[1;1:172] = [250:34] —_— = [ —
; L WX eWZ = | WX || WZ | cosf
[+o] = [5] 5] [5] = V9+81y/256 + 4 cosf
Loe=23 b=14 o 48418 = v/00v/260 cos 6
Y is (23, 14). 66
< WX = /90 units, WZ =260 units 55 es = cos
and area = 2 (%(WX)(WZ) sin 6’) -0 = cos ! < 66 >
o V904260
= 1/90v/260 sin 64.44° 9 = 64.4°
= 138 units? .
10 a BA = [34] =[] b BA = [5] =[]
20 4— 3 2 2——1 3
BC = [—1—2] - [—3] BC = [8—3] = [5]
— — — — — = — =
BAeBC = | BA || BC|cosB BAeBC = |BA||BC|cos B
[_21] [_33] = V4+1y/9+9cos B - [—63} ° [g] = V36 +9v9+25c0s B
- 643 = +/518cos B . 18 —15 = v/45v/34cos B
9 3
Voo cos B ;. ———=— = cosB
V45 x 34
B =cos™'[—%) =184°
: Voo ) B = 85.6°
1 a aB = 23] =[] BC = [ = [2]
Ao 1-3 —2 = —5 5
ACZ[O——J:[J BA:’[S]:[—S]
[;5] ° [*12] = V254254 +1cos A [_34] ° [_55] = 9+ 1625+ 25cos B
. 1045 = v/50v5cos A o 15420 = v/2550cos B
\/12% = cosA c. 35 = 5\/%COSB
. 7
LA = 18.4° S Ve cosB
. 4B = 8.1°

£C = 180° — 18.43° — 8.13° = 153.4°
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b AB = [27) =[] BC = [;178] = [3]
AC =[5 =[] BA = —AB =[]
[_25] ° [:ﬁ] = V4+25V/4+4dcos A [_34] ° [_52] = V16 +9v4 + 25cos B
74+1O:\/E\/gCOSA . 8+15 = v/25v/29cos B
ngW = cos A 5\2/?;—9 = cos B
AA = 66.8° oo 4B = 31.3°
£C = 180° — 66.80° — 31.33° = 81.9°
12 @ z—y=3 hasgradient +1 and so has direction vector [ﬂ
3z + 2y =11 has gradient —% and so has direction vector [723}
e [4] = VITTVITSeost
2-3 = +2V13cosf
\;—ZLG = cosf
0 = 101.3 .. the angle is 101.3° or 78.7°
b y=x+2 hasslope 1= % .. direction vector is [ﬂ
y=1—3x hasslope —3 = _T3 .. direction vector is [fg]
m ° [_13] = 1+1y/T+9cosd
1—3 = +12v10cos
\;—230 = cosf
0 = 116.6 . the angle is 116.6° or 63.4°
€ y+ax =7 hasslope —1= %1 .. direction vector is [_11]
r—3y—+2=0 hasslope % .. direction vector is E’]
[EJ ° [ﬂ = 1+1y/9 F1cosh
. 3—1=+2y10cosf
\/%_0 = cosf
o 0 =634 .. the angle is 63.4° or 116.6°
d y=2—-2 hasslope —1= ’Tl .. has direction vector [_IJ
xr — 2y =7 has slope % .. has direction vector m
[_11] ° [ﬂ = 1+ 1y4+1cosb
. 2—1=+/2v5cos6
cosf = \/%
6 = cos™ ! <¢+_0> =71.6 .. the angle is 71.6° or 108.4°
REVIEW SET 15A
1 a b
60 m/s N
5
A

Scale: 1cm= 10m/s Scalee 1cm=10m
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2 a X —"\y b s 3 a PR+RQ b PS+SQ+QR
T Y- =PQ = PQ +QR
T ‘ﬁ A =PR
=

cos 2460]

cos 960]
sin 246° |°

sin 96°

L Dino’s first displacement vector is 9[ Dino’s second displacement vector is 6[

9 cos 2460] [6 cos 960] . [74.288]

. Dino’s resultant displacement vector is [9 sin 2460 6sin96°| = |—2.255

which has length /(—4.288)2 + (—2.255)2 = 4.845

", the resultant displacement vector = 4.845 [70'8850] cost

—0.4654] «—sin 6 S o A

If cosf =—0.8850 and sinf = —0.4654
0 is in Quadrant 3 . 6 = 180° + cos ™ (0.8850) = 207.7°

*. Dino is 4.845 km from the start at bearing 208°. T c
5 a AB-CB b AB+BC-DC 6 a If AB=1CD then
— AB+BC — AC4+CD AB || CD and AB = 3(CD)
:A_C) :A—])) b If Ezhﬁi then
AB || AC and AB = 2(AC)
ie., A, Band C are collinear and
AB = 2(AC).
So, C is the midpoint of AB.
— — —
7 a p+r—q=0 8 a OQ=OR+RQ=r+gq
soPtr=a b PQ=PO+OR+RQ=-p+r+gq
b I+m-n+j-—k=0 ¢ ON= (ﬁ+R_I\)I—r+2q
. l+m+j=n+k N
d MN MQ+QN
—
=1PQ+ 2QR
=3(-p+r+q+3(-q
—3P+ 3T+ 59 — 39
= —rf —p
REVIEW SET 15B
1 a []] b [%] ¢ [°]
pd A\
2 a B] b [34] 3 a 2p+gq b q-3r € p—-q-+r
=27+ [2)] =[2] -3} =[] - 2]+ [3]
= [_26] + [—4 = [—24 - [g] = [_55] + B]
= [:;] = [:113} = [;4]
4 a p+q-—r b 2q — 3r c r+2p—gq
=7+ [ - [2)] =2[5] -3[2] = [2] +2[27] - [ 4]
- [:ﬂ - [i] = [36] - [7612] =2
& .
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5 CB 6 SP
—> — — —> —
=CA+ AB = SR+ RQ P
=[]+ [2] = —RS+RQ—PQ
_I2 _ 2 -1 —4
_[1] __[—:J"' 2]_[1]
1
= la
= [4]
7 a [r| b Is| € r+s d 2s — r
=VEFT = /(=32 +2 =[] +[7] =2[5] - [1]
= /17 units = /13 units = [;,] = [7:’}0}
[r + s |28 —r
=V1Z2+32 =100 +9
= /10 units = /109 units
— — — — —
8 a BC = 20A =2p b OM = OA + AM
— —> — — 172
Now AC = OA + OB +BC =p+ 3;AC
=-p+tq+2p =p+3(p+a
=p+q =3p+iq
REVIEW SET 15C
1T a p—-3x=0 b 2q —x=r 2 a ?:[3}:2]:[756}
p = 3x 2q —r X 5n _ [1-—3] _ [ 4
o - b PR=[457 =[5
EL x=2[2] =[] —
x = [7] x =[] ¢ |PR| = /42 +(-2)?
3 -0 = 1/20 units
3, Y OW=[ =[] So WY=XZ
X7 — [4,,2} _ [6} WY is parallel to XZ and they are
7 - Lo-s] s equal in length. This is sufficient to
X deduce that WYZX is a parallelogram.
h [T +s[2] = [2)] a DB =DO+0B
_op s o —_— —
[ = 134 = 0C+O0B
—2r+3s =13 =q-+r
r—4s = =24 | x2 . b R:A—d—i—()a
—2r+3s =13 — =
2r —8s = —48 =0B+0C
—bs = —35 =r+gq
o8 =T — —
We see that DB = AC
and in (1) r—4(7) = —24 DB is parallel to AC and equal in
: r = ;24 + 28 length.
r =
. _ _ This is sufficient to deduce that ACBD
ie, =4 and s=7

is a parallelogram.
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6 a p=-2i+j=[7]

Ip| = 1/ (—2)2 + 12 = /5 units

the required unit vector is

% [712] or %(—Qi +1

7 a 3 —y

=3(=1+3j) — (-1 = 2j)

= —3i+ 9j + i + 2j
= —2i + 11j

8 a Is a unit vector if

7 =
;—g+ki2 =1
1 _
k2~ 49
k==
REVIEW SET 15D
1 a peq b
=[5« [5]
= -3+ (~10)
=-13
2 LHS =pe(q—1r1)

=[] ([5] -
=[]« [¥]
=-9-16
=25

3 Since they are perpendicular

(502 @ [ti;t]

3(t2 +1) — 2(3 — 2t)
3t2 + 3t — 6+ 4t
3t2 4+ 7t — 6

(3t — 2)(t + 3)

5 One vector perpendicular to [;4] i

t =

b The magnitude of p is |p| = v/5 units
cosf = \7—% and sinf = %
_ _ain—1 (L
0 = 180 — sin (\/3) s o A
0 =153° and a=27° ¢
i.e., the direction of p [] c
is ¢ =270° + 27° = 297°
b x| € y-—x
= /(1)2 +32 =—i—2j— (—i+ 3j)
= /10 units =i =21
the unit vector is —j
b Is a unit vector if
VTR = 1
2k* =1
B =1
=2
_ 1
k= iﬁ
7
V33
p-r L oqe(p—r)
_ 13 -3 -1 6
=[5 -7 =[F]e[4]
_[6 — —6 —
=[] - g6 30
RHS =peq—per
1 3 —2 3 1
]) :[—2]'[5}_[—2]'[—3]
= (—6—10) — (3 +6)
=-16-9
=-25 LHS = RHS Vv
et —1-2 -3
h AB:[4—3]:[1]
=0 A 3-21 _ 11
AC = [k—S] - [k—?j
=0 — —
_ o Now ABeAC =10 {as 4BAC = 90°}
- -3 17 _
-0 [T e [ils] =0
. —3+k—-3=0
o ) . k=6
3 or —3
is [Z as dot product = —20+ 20
=0

all vectors have form k [i] , k#0
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= 3——2 5 T T -5
6 KL = [%77] = []] LK = —KL =[]
TN 1——2 3 N 1-3 —2
KM = [—3—1] = [—4] LM = [—3—2] = [—5]
— —— — = — — —
Now KLeKM = |KL || KM | cos K Now LKeLM = |LK ||LM | cosL
B2 = VB +1V9+T6cos K . [Z3][22] = V2B + 1VA+ 25cos L
15 —4 = v/26/25cos K oo 1045 = v/26v/29cos L
1 . _ __15
5\/%fcosK oL costm
_ -1 (_1 . - o
K = cos (5—\/%> oo L =569
K = 64.4° and AM = 180° — 56.89° — 64.44° =58.7°
7 4x —5y =11 has gradient % .. direction vector [i]
2z + 3y = 7 has gradient —% .. direction vector is [32]

If the angle is 6, [i] ° [,32] = /52 +42,/3%2 + (—2)2 cos b
. 15 —8 = v/41+/13cosf

7 _
\/ﬁ = COSg
0 = 723 .. the angle is 72.3° (or 107.7°)
8 a i () OB 2) OM
— — — —
= OA + AB = OA + AM
— — — 172
= 0A +0C — OA + 1AC
1 —_—
=p+q = p + 1(A0 + 00)
=p+3(-p+a
=p— 3P+ 34
=3P+ 34

q - . —
Il We notice that OM = ;0B
OM || OB and OM = 1(OB)
i.e., O, M and B are collinear (as O is common)
and . M is the midpoint of OB.
b C i AC =A0+0C BC =BO+0C
=-p+r =—-q+r
=r—p =r—q
AP 1 BC and BQ L AC
plr—gq S ql(@r—p
pe(r—q =0 cooqe(r—p) =0
per—peq=20 . qer—qep =20
per=pegq S.ooqer =pegq

i roA—]>3:ro(—p+q)
=-rep-+regq
= -—peq+peq {from ii}
—0 .. rlAB e, OCLAB



Chapter 16

VECTORS IN 3-DIME

EXERCISE 16A

NSIONS

y~<

(0, 0, ~3)

02 +02 +

(—3)2 = 3 units

A

OP

26 units

=32 +12 442

14 units

—2)7+(1-3)2

ii  Midpoint is at (

ie., (—%, %, 2)
AB

2 7 27 2

-1+0 2-1 3+1>

V(-1-3)2
=16 +1+4

21 units

-1 -1+0 —-1+1

ii  Midpoint is at (3

ie., (1, -1

3, 0)

27 2 7 2

3 P0,4,4) Q2,6,5) R(1,4,3)

PQ = /(2-
=v4+4+1
=3

0) + (6 -

4)2 4 (5 — 4)2

QR
=vitd+4d

=3

—/a-27+ -

6)2 + (3 5)2

F(0— 124+ (1—-1)2

)

PR

z
PO -12, |,
_ Y
X/
= 4/024 (-1)2+22= /5 units
P(—-1,-2,3), 17
1 Y
)
X

14 units

. S 2 0-1
Il Midpoint is at (OL,O— w)

2 2 02
()
i AB
=/(0-2)2+(1-0)2
=VA+1+9

14 units

ie.,

[

(032

240 0+1 —3-|—0)

ii  Midpoint is at , ,
1p01nlsa( 5 5 5

: 1 3
1.€., (1, 3 5)

=/(1-0)2 +(3-4)2
=vI+0+1

— V3

T(A—47

PQ = QR andso A PQR is isosceles.
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4 a A@2 -1,7) B@B, 1,4 CG,4,5)
AB =./(3-22+(1—-124+(4-7)2 AC =./(6-22+@A——-1)2+(5-7)2

—IT170 —VIT5 71
— V11 =/38

BC =./(5-3)>+(4—1)2+(5—4)
=VA+9+1
=+/14 . as AB=BC, A ABC is isosceles.

b A®0,0,3) B(28 1) C(-9,6,18)
AB =./(2-02+(8-0)2+(1-3)2 AC =/(-9—10)2+ (6—0)2+ (18 — 3)2

=Vi¥64+4 = /81 +36 + 225
=/72 =/342
BC = /(—9—2)2+(6—8)%+ (18 — 1)2
= /121 +4 + 289
= /414 Since BC? = AB? + AC?, A ABC is right-angled.

¢ A(56,—2) B(6,12,9) C(2,4,2)
AB =,/(6-52+(12—6)2+(9——2)2 AC =,/(2-5)2+(4—6)2+(2— —2)2

=+/1+36+121 =V9+4+16
= /158 =129
BC =,/(2-6)2+(4—12)2 +(2—9)2
=16+ 64+ 49
= /129 Since AB? = AC? + BC?, A ABC is right-angled.

d A(1,0,-3) B(2,2,0) C@4,6,6)
AB =./(2-1)2+(2-0)2+(0—-3)2 AC =./(4—1)2+(6-0)2+ (6——3)2

— 12+22+32 — 32+62+92
p— \/14 = 126
BC =/(4—-2+(6-2)2+(6-0)2 =3V14
— 22 + 42 + 62
= V56
=214
Since AB + BC = AC, the points A, B and C lie on a straight line, i.e., do not form a
triangle.
5 IfBis (a, b, ¢) then “7_2:71, Hlez, C;B:AL
a=0, b=3, ¢c=5
B . Bis (0, 3, 5)
A r=AC = /(-1--22+(2-1)2+(4-3)2
(=2.1,3) =VI+1+1

= /3 units



Mathematics SL, Chapter 16 — VECTORS IN 3-DIMENSIONS 309

6 a (0,y,0) foranyy
b Distance between (0, y, 0) and B(—1, —1, 2) is \/(—1)2 + (=1 —y)2+22

1+ (y+1)2+4=+v14

y+1)? =9
y+1==+3
ooy =—-14+3
y = —4 or 2 . the two points are (0, —4, 0) and (0, 2, 0)
EXERCISE 16B.1
3
1 a b OT = |-1
V4 4
4
T3, —1,4) ¢ OT=,/(3-0)2+(-1-0)2+(4-0)2
- _ Y =+V9+1+16
= /26 units
3
X
R 1—(-3) 4 .
2 a AB=| 0-1 |[=]|-1 b |AB| = /42 + (-1)2 + (-3)2
-1-2 -3 = /26 units
—-3-1 —4 S — s 5 >
BE 1—o0 | =11 |BA| = 4/(—4)24+12+3
2—(-1) 3 = /26 units
N 3 R —1 . -1-3 —4
3 OA= |1 B=|1 B_li1-1l=]0
0 2 2—-0 2
L a The position vector of M from N b The position vector of N from M
. .
NM = MN

r—(—l)} r} —1-4 -5
= -2-2|=1|-4 :[2_(_2)]:[4]
-1-0 -1 0—(-1) 1

¢ |[MN| =/(-5)2+42+ 12 = /25 + 16 + 1 = /42 units

5 a The position vector of A from O b The position vector of C from A
-1 —3—(-1) -2
—> —
=0A= |2 =AC=] 1-2 | =|-1
5 0-5 =5
|OA | = \/(—1)2 + 22 + 52 |AC| = /(222 + (—1)% + (—5)?
=Vv1+4+25 =V4+1+25
= /30 units = /30 units
4 The position vector of B from C and | CB | = /52 +(—1)2 432

=C -1 — /35 units

— [ = VB F+I1+0
3
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6 Ay . @  The distance from Q to the Y-axis is the distance from
’ Qto Y'(0, 1, 0)
QY = /(3-0)2+ (1 —1)2+(-2—0)2
Y' Y
4 > = 9 + 4
/2 — /T3 units
X b The distance from Q to the origin is
/3 Q0 =,/(3-0)2+(1-0)2+(-2—0)2
1 QG,1,-2) =\9+r1+4
= /14 units

€ The distance from Q to the ZOY plane is the distance from Q to (0, 1, —2), i.c., 3 units.

EXERCISE 16B.2

a—4 1 a—>5 3—a
1 a b—3| =13 b b—2|=1(2-b
c+2 —4 c+3 5—c
a—4 =1, . o a—5b=3—a,
b—3 =3, b—2=2—b,
c+2=—4 c+3=5-¢
a=5 b=6 c=—6 S 2a=28, 2b6=4, 2c=2
a=4, b=2, c=1
1 b 2 b
2 a 2(0|=]|c—1 b |a| =| o
3a 2 3 a+b
27 b s b=2 d’=a, a+b=
0| =|c—-1 ie, a=1, b=2
6a 2
6a=2 b=2 c—1=0 .. a=3 b=2 c=1
17 2 0 -1
€ all|+bl 0| +c|l| =13
0] -1 1 3
a+2b=-1 ... 1, a+c=3 ... 2) and —-b+c=3 ... 3)
(1) — (2) gives: 2b—c = —4 ... @)
Adding (3) and (4) gives b = —1
using (3), ¢ =2

S
|
—

and using (2),

3 A(-1,3,4) B2 5 —1) C(—1,2, -2) D, s, t)

—1—(-1) r—2
— —
a If AC=BD then 2-3 | =1|s-5

—-2—-4 t+1

r—2=0, s—5=—-1 and t+1=-6 cSoor=2, s=4 and t=-T7
L 2—(-1) —1—r
b If AB = DC then 5-3 | =|2-s
—-1-4 —2—t

—1—-r=3, 2—s=2 and —2—t=-5 .o r=—-4, s=0 and t=3
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—

4 a AB=

3-1
—3-2| =

2-3

5 a

P(-1,2.3) Q(1,=2,5)

2 7—5 2
—

-5 and DC=|—-4—-1|=|-5

-1 5—6 -1

b ABCD is a parallelogram since its opposite sides are parallel and equal in length.

Suppose S is at (z, y, 2)
- = . . .
PQ = SR {opposite sides are parallel and equal in length}

N T

Sz RO,

b  The midpoint of PR is (

4,—

(-1

Sisat (-2, 8, —3)

Il

|
W~

|
—_

|
S
|
N

—140 244 3+(-1) . 1
5 T > ) ie, (=3,3, 1

2

The midpoint of QS is (1 +§_2), —2+ 8, 5+ (_3)) ie, (3.3, 1)

2

ie.,, PR and QS have the same midpoint.

EXERCISE 16C

2
1 a a+b—l—1]+

1
(4 b+2c:[2]+2
-3
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2 a |a =./(-1)2+12+32 b b = /12+(-3)2+22
= /11 units = /14 units
1 ) 1 -1 -2 1
€ |b+cf =[[-3|+|2]||=||-1 d ja—¢c =||1]|-|2]|=]]-1
2 4 6 3 4 —1
= \/(71)2 +(—1)2 +62 — \/12 T (—1)2+ (—1)2
=+v1+1+436 — /3 units
= /38 units
1
1 V11 1 —1 Vit
e [ab =11 |-3|=|-3V11 f —xa =L |1]|=|o
2 211 [a| 3 T3
Vit
3 a2x+a=»>b b b—3x = 2a €Ca+2x=>b—x
: 2x =b —a b —2a = 3x co3x b—a
x = 3(b—a) o x = 1(b - 2a) Sox=1b-a)

4 a 2a+x=0b

b 3x—a=2b
: 3x =a+ 2b

—1 2 -1 4
x=1@+2b)=32(| 2 |+2|-2|=3(] 2 |+ |-4)|)
3 1 3 2
3 1
x= 1i|-2|=|-2
5 5
3
C 2b — 2x = —a
a-+2b = 2x i -
M3 2
x=1(@a+2b) =1 [-2] {usingb} = [-1
L5 5
- L 2
[—27 1 27 1 3
— — — e —
5 AB =A0+0B=-0A+0B=—|-1|+|3|=|1|+|3|=]|4
1] |-1 -1 -1 —2

— 2 — 0 — [ 1] — —2
6 OA=|1|, OB=|3 |, OC=|-2|, OD=|-3

2

— — — 0 —2 —2
BD =BO+0OD=-0B+0OD=—-|3 |+ |[-3|=]|—-6
—4 2 6
2 1 -1 -2 -1
— — —
and AC =A0O+0C=—-|1|+|-2|=|-3 BD=|-6|=2|-3| =2AC
2 1 3 6 3
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— 1~ — — — — —_
7 a BD =310 b AB =AO+OB ¢ BA =-AB
ia =-a+b =—(b—a)
=b—a =—-b+a or a—-b>b
- — — — — — —> —>
d OD =0B+B e AD =A0+0D f DA =-AD
=b+ 3a =-a+b+1a =za—b
=—%a+b

EXERCISE 16D

—6 2 2k
1 Since a and b are paralel, thenb = ka r|=k|-1|=|-k
s 3 3k
2k = -6, r=—-k, s=3k =-3, r=3 s=-9
a 3 a 3
2 If |2| and |—1| are parallel, then 2 =k |-1
b 2 b 2
ie, 2=—-k, a=3k, b=2k S k=-2, a=-6 and b= —4
3 & Let the vector parallel to a be ka b  Let the vector parallel to b be kb
2 2k —2 —2k
ie, ka=k|—-1|=|—k ie, kb=Fk|-1|=| -k
—2 —2k 2 2k
ka has length = 1, kb has length = 2,
so \/(2k)% + (—k)% + (—2k)% = 1 so \/(—2k)2+ (k)2 + (2k)2 = 2
4k + K + 4k = 1 4% + K + 4k =4
9k* = 1 9k* = 4
2 1 2 _ 4
k=3 k=3
1 2
Choosing k = 1, Choosing k= 2,
2 _4
3 3
the vector is | —% the vector is | —2
_2 4
3 3
— — — —
4 a AB=3CD means that b RS=—3KL means that
AB is parallel to CD and 3 times its RS is parallel to KL, half its length

length. and in the opposite direction.
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< A B C

E = 2B—C> means that A, B and C
are collinear and the length of AB is
twice the length of BC (i.e., B cuts
AC internally in the ratio 2 : 1).

d A B C
— —
BC = %AC means that A, B and C

are collinear and the length of BC is
one third the length of AC (i.e., B cuts
AC internally in the ratio 2 : 1).

|a| + [b] = [a + b
or

|a] 4 [b| > |a +b]

— —2 -1 —
S=|—-6|=2|—-3| =2PR andso QS| PR
6 3
b As QS=2PR then |Q_S>| :2|ﬁi,
6 a Consider a not parallel to b:
a b

a+b o

Clearly, [a| + |b| > |a+ b]

¢ If a=0, b#0,

then a+b=D>

|a| 4+ |b| =0 + |b| = |a+ b|

Similarly if a# 0, b=0,

If a=0 and b=0,

then a+b=a
|la| + [b] = [a] + 0 = [a[ = [a + b
then a+b=20

e

ja] + b = |a+b]

Combining all possibilities, |a| 4+ |b| > |a+b| ie., |a+b|<|a]+ |b|
EXERCISE 16E
1 3
1 a i—-j+k=[-1 b Bi—j+k=|-1
1 1
li—j+kl = /3 units 13i—j+ k| = VOIF+1+1=+/11 units
1 0
¢ i—%=lﬂ d 3+l =3 3G+ 1]
0 3 — S (e
(32 +(3)

li—5k| = VI+25

= /26 units
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2 2
2 a 1| =2i+j+ 3k b 0| =2i—-5k
3 -5
0 -3
C 0| =-3k d 0| =-3i+k
-3 1
s = /T35 2
1 2 =Vvitits
3 a 0 || = /2 units b 1 -V
-1 % =1 unit
1 2
¢ i —j +k =||-1|]|=+3 units d 28 —j| =||-1||=+/5 units
1 0
4 a a+b b b—a
=(—-i+j+k+@Bi—j+2k) =@Bi—j+2k)—(—i+j+k)
= 2i 4+ 3k =3i—j+2k+i—j—Kk
=4i—2j+Kk
c 2a + 5b d 3a — 2b
=2(—i+j+k) +53i—j+ 2k) =3(-i+j+ k) —2(3i—j+ 2k)
= —2i + 2j + 2k + 15i — 5j + 10k = —3i+ 3j + 3k — 6i 4+ 2j — 4k
= 13i — 3j + 12k = —9i+5j —k
5 a i+ 2j+ k haslength b 2i —j— 3k has length
VIZ+ 22+ 12 = /6 units V22 + (=1)% + (—3)% = V14 units
the unit vector is %(i + 2j + k) . the unit vector is \/%(Qi —j— 3k
EXERCISE 16F
4—(-2) 6 3
N
1 a AB = 3 — 1 = 2 =21 and
-2
19 4
—
BC =
—10 O
AB is parallel to B—C), and since B is a common point, A, B and C are collinear.
2x 5x
A B C

A divides CB in the ratio 7 : 2 externally.

2—(~1) 3 1
b RP — l 1-7 ] - l—@'} =3[—2] and
1—4 -3 -1
5-2 3 1
2.1 -3 1

RP is parallel to IY): and since P is a common point, P, Q and R are collinear.
3 3x
R P Q
Q divides PR in the ratio 1:2 externally.
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2 a b
C(—13,a,b) A(2,-3,4) B(11,—-9,7) L(4,-3,7) K(1,-1,0) M(a, 2, b)
Since A, B and C are collinear, CA is Since K, L and M are collinear, LK is
—
parallel to AB. parallel to KM.

] = =]

o 9k = 15, oo 3k =2,

-3 —a = —6k k(a—1) = -3

and 4—0b = 3k and kb = —7

5 . _ 2

.. ]ﬂzg, .. k—g,
and so a = —3 + 6k a—l:—%:—%

: a=-3+10 . 7

. 1.C., a:—5
e, a=7 . 01
and b=4-3k=4—5=—1 and b=-3=-%

EXERCISE 16G
2 -1 -1

1 a aob-ll]o 1‘| b boa—[l]ol
3 1 1

2 2

¢ |a® = (V22121 32)? d aea= [1] ° 1]

=14 3 3

= 2(2) +1(1) + 3(3)

I
|l\3
»
N
te
T+
w =
-
=
+
=
=
Il
|~
[\jl
AR
+ =
[N
i
o+
=
=
=
+
—
=
w
)

=14
e ae (b+c) f aeb+aec
2 -1 0 2 0
—[110<l1]+l—1]> —2—&-{1].[—1] {using a}
3 1 1 3 1
H [—1] =2+2(0) + 1(-1) +3(1)
=|(1]le |0 —4
3 2
=2(-1)+1(0) + 3(2)
=4
1 1
2 a (i+j—Kke@+K b i.i—H.H
0 0

2l

1(0) + 1(2) — 1(1)

1 0
= 2-1
_(1)+ C iej = (0] e |1
- 0 0
0
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ae(b+c)

pe(c+d)

then (a.—ll— b) e (¢ + d)

2t
L  Since the vectors are perpendicular, l—l] ° [—3]

5

AR(ENE

ax b1+ c1
as| e | bs + co
as

bs + c3

ai(br + c1) + az(ba + c2) + az(bs + c3)

a1b1 + aici + azbz + azc2 + azbs + azcs
(a1b1 + a2bs + azbz) + (a1c1 + azcz + azcs)
aebt+aec

pec+ped and if we let p =a + b,
pe(c+d
pec+ped
(a+b)ec+(a+b)ed
ce(a+b)+de(a+bh)
ceafcebt+dea+fdeb
aect+bect+aed+bed
3
=0
t —4
3(21) + (—1)(~3) +1(~4) = 0
6t+3—4t =0
2t4+3 =0
-
2
bec aec
-1 1 3 1
=|1]|e]| 5 =|1|e| 5
AR EIR R

=0

a, b and ¢ are mutually perpendicular.

1 2 3 1—1t
6 a 1| e | 3 b t|e| =3 =0
H l—l [—21 4 ]
=1(2) + 1(3) + 5(—1) 31—t)+t(-3)+(-2)4 =0
=0 3-3t—-3t—-8=0
1 2 S —6t =5
[11 and [ 3 ] are perpendicular St = —
5 -1

We have three points: A(5,

N
Then AB =

-2

1’ 2) B(65 _17 0) C(35 25 O)

1 —2 -3
— —

-2, AC=|1 and BC=| 3

-2 -2 0

N 1 -2
Now AB e AC = [—2‘| ° ll]

(—2)+(-2)+4=0
-2

— —
AB is perpendicular to AC and so AABC is right-angled.

(N[}
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8 A(2,4,2) B(—-1,2,3)
D(0,5,5) C(—3,3,6)
-3 -2
— — — . —> — . —
a B=|-2 BC=|1 AB is parallel to DC and BC is parallel to AD.
1 3 ABCD is a parallelogram.
-3 -2
— —
C=|-2 AD=|1
1 3
b |AB{ = /14 units and |]§6| = /14 units ABCD is a rhombus.
N -5 1
< CeBD = |—-1|e |3| =(-5)x1+(-1)x3+4(2)=0
4 2
w4 . . - . . .
AC is perpendicular to BD which illustrates that the diagonals of a rhombus are
perpendicular.
-1 aeb
9 a a=-i—-j+k=|-1 b cosh =
. [al o]
1 -1
b= i+j+k = |1 VBx V3
1 — 1
3
-1 1 0 = 109.5°
aeb = |—-1|e |1
1 1
= (D + () +1

10  Given A(3,0,1), B(-3,1,2) and C(-2,1, —1),

R 1 . 6 — —
BC=|0 and BA = | -1 cos@z_Bf:%BA

1 6
B(—-3,1,2) l 0 ] ° [—1]
3] -1

T VTrOxV36r1r1
6+0+3

~ V10 x /38
A C 9
(3,0, 1) (-2,1,-1) = % and so 6 = 62.5

If BA and CB are used we would find the exterior angle of the triangle at B, i.e., 117.5°
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1 2
11 a P b QP=|0| QR=|-1
-3 -5
1 2
0 0 o |—1
Q - R -3 5
L 2 COsgzx/1+9 VAFI+25
X
Now @: [01 and (ﬁ){: [—3] 2415
4 3 =
V10 x /30
1 2 17
0| e [—3 - /300
4 3
0 s 0 =11.0°
COS =
VIF16xv/4+9+9
240+12
V17 x /22
14
V374
0 = 43.6°

3 - ) G R E

sl = T Ix VO To T \/4;J:2X\/1+4+16
—12+0+6 = \/——
L 5 X V21
V 20 x V 27 =0
6 o 6=090°
V540
6 = 105.0°
12 7 @ Suppose the origin is at B.
— 2 — 2
Q(0, 0, 2) Now BA = |0| and BS = |2
R(0, 2, 2) 0 9
P(2,0,2) s2.k,2) P
. BAeBS = |0]| e |2
"CJB(O,(,O) — OY 0 5
C(0, 2,
A(2,0,0) |- 0.2,0) —440+0
D(2,2,0) =4
X 4
cos £ABS =
Vi+0+0x+V/4+4+4
B 4
2 x 2v/3
1
V]
£ABS = 54.7°
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13

14

— 2 — 2
b Consider vectors away from B. C P= [0 and BS= |2
0 2 2 2
— —
BR =2 and BP = |0 T 2 2
2 2 PeBS = (0] e |2
0 2 2 2
— —
2 2 8
8
=0+0+4 =14 . cos APBS =
4 Va+4/4+4+4
cos ARBP = 3
VO+4+4/44+0+14 _
4 V96
T VBx B . APBS = 35.3°
= 1 andso £RBP = 60°
Suppose the origin is at N. 0 5
— —
a Z b NY= (8| and NP= |4
b X(5,8,3) 3 0
0,0,3)z Y (0,8, 3) L 0 5
(5,0,3)W NY o NP = (8] o |4
_“_”__,..«O-‘!(O. 0;-0) Y 3 0
Y‘/K ' P L (0,8, 0) =04+32+0
(5,0,0) (5,4,0) (5,8,0) = 32
0 5
NY = [8| and NX= |8 " cos AYNP = 52
3 3 a V64 + 9425 + 16
0 5 32
NY e NX = |8] o M NGENZN
3 3 AYNP = 54.2°
=0+64+9
- 73 73
cos AYNX = = =,/
V6I+9v25+64+9 /7398 9
AYNX = 30.3°
@ M is the midpoint of BC . Mis at (2;1, 2;3, 2;1> ie., (g, %, %)
3 1
2 2
— —>
b Now MD= |-3| and MA= |[-2
3 1
D 2 )
SIE
p—g — 3 1
cosl — MD ¢ MA -3 -3
IMD| |MA| 2+1+2,/1+2+1
34343 9
cosn9:4+4+4: 4 — 9 and so 6 = 51.5°
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2t + 3t +t(t —2)
5t +t2 — 2t

t% 4 3t

t(t+3)

1 2

21, b=]2
3‘| |j'
aeb=0, bec=0 and aec=0
244+ 3r

L 3r
r

Given that a = [ t

254+ 2t —2
s+

s+2t+3 =
s+ 2t =

“ [

2) —(1)gives t =—4 andso s =25

16

Choose any vector in the direction of

i

the X-axis, e.g., i= [O
0

Then cos6

17 aeb

aeb ec doesnotexist.

is a scalar, i.e., a number,

REVIEW SET 16A

=]

1

so aeb dotted with ¢

0
0
0
0

andso t=0 or t= -3

] are mutually perpendicular

—6
—2

=0

=1 ... @)

0

-3 ... ?2)

ie, r=-2, s=5 and t=-4

0
A line parallel to the Y-axis is j = l1‘| .
0

0 1

1] e 1

Th 0 0 3
en Ccos By —y——————
VIVI+1+9

1
VT
0 = 72.45°

is not a vector dotted with a vector.

(—3)% + 122 4 32
= /162 units

distance

_ V(2 =22+ (00— —5)2+ (0 6)2

=+/0+25+36

L [1-2 -3
1 a PQ =|(7—-5|=]12 b PQ
9—6 3
< ‘2-56 17
(2,0,0) Y _

61 units
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-1

e [ [
G EROREE

6 -1 5
€ m+p-= —3]4— 3 :l()] oo m o +pl=+v25+0+49
1 6 7 = /74 units
6 2 8
— P —  —
3 CB=CA+AB=-AC+AB=|-1|+ |-7|=|-8
3 4 7

—12 3
L The vectors are parallel .. [20‘| =k |fn] s 3k=-12, km=-20, kn=2

2 n k=-4, m=5 n=-3%
. 4——6 5 . . 5
5 PQ=|6-8| = .. Both PQ and QR are parallel to | —1
8—2 6 3 3
19 -4 5 . PQ || QR with Q common to both.
N
QR=1]3-6| = P, Q, R are collinear.
17 -8 3
5
—  —
PQ: QR =2 l ] l ]
2:

Q divides PR internally in the ratio

6 As the vectors are perpendiculars,

—4 t
P+21.[1+4 =0
: s L /16400
A+ (t+2)(1+t) -3t =0 2
4ttt 42420-3t =0 L o428 L
2 —4t+2 =0 B 2

2 —1
7 If 0 is the angle then l_4] ° [ 1 ] = 4+16+9v1+1+9cosh

3 3
—2—4+9 = /29y/11cos b
4 = cosf
V2O x 11
# = 80.3°

8 If D is the origin, DA the z-axis, DC the y-axis and DE the z-axis, then A is (4, 0, 0),
Cis(0,8,0) and Gis (4, 8, 5)

4-4 0 0—4 —4
—

8—0|=|8] AC=[8-0|=]38

5-0 5 0-0 0

—
AG =
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0 —4
If the required angle is 6 then [8‘| ° [ 8 ] = /0 + 64+ 2516 + 64 + 0cos @
5 0

0+64+0 = +/89v/80cos @

— 64
cost) = V/89x80

6 = 40.7°
REVIEW SET 16B
N —4 — 2 —6
1 a b 2 a PQ=(4-3|=|1
2——1 3
b PQ-= ‘PQ‘ Vv36+1+4+9
= /46 units
P Mis( +-4 3+4 —1212)
e, (-1, 1,1
-1 3
3 a peq=|2|e|-1|=-3-24+4=-1
1 4
-1 6 1 4
b p+2q—r= |2 |+ |-2|—-|1|=]-1
1 8 2 7
-1 1
€ per =|p||rjcosf .. 2 |e|l| =V1+4+1/1+1+4cosb
1 2
14242 = /6v6cos0
3 = 6c¢cosb
cosG:%
0 = 60°
-2-3 -5 3—-2 5
— —
h KL=|1-1|=1]0 IK=|1-1|=10
3—-4 -1 4-3 1
4-3 1 4— -2 6
— —
KM= |[1-1|=1]0 IM=|1-1]=10
3—-4 -1 3-3 0
— - —| |=— — — —| |=—
KLe KM = ’KL‘ ‘KM cos K . LKeLM = ‘KL‘ ’KM cos L
—54+0+1=+v25+0+1y/1+0+1cos K 5o0304+04+0=+v25+0+1/36+0+0cos L
—4 = \/%\/icosK 30 = v/26 x 6cos L
_ 4 5
cos K = _\/ﬁ \/ﬁ = cosL
K = 123.7° . L =11.3°

and M = 180° —123.7° — 11.3° = 45.0°

and M = 180° —123.7° — 11.3° = 45.0°
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—4 t
5 As the vectors are perpendicular t |e t =0
1—t —6—1
—dt 4+t —6—t+6t+t> =0
208 +t—6 =0
(2t —3)(t+2) =0
t=%or—2
(] a Xey y e X
2 1 1 2
=|-1|e |3 =1[3|e|—1
3 4 4 3
=2-3+12 =2-3+12
=11 =11
Xxey=yex isverified
b xXe(y—2z Xey —Xxeoz
2 1 -3 2 -3
=|—-1|e 3| — | 2 =11—-|—-1|e| 2
3 4 1 3 1
2 4 =11—(—6—2+3)
—|-1]e |1 = 11— (-5)
3 3 =16
=8—-1+4+9
=16
3 2
7 If the angle is 0 then, 1 |e|5] =+vV9+1+4+/4+25+1cosf
—2 1
6+5—2 = +144/30cosf
L*COSG
VIEX30
0 = 63.95°
8 A 4—-1 5
— — —
BA=|2-5|=|-3 But BAeBC =0
-1-2 -3 . 20+24—3(c—2) =0
3—-—1 4 oo 44 = 3(ec—2)
N
B C BC=|-3-5|=]| -8 S 3c—6=
c—2 c—2 o3¢ =

EAS

Cc =



Chapter 17

LINES IN THE PLANE AND IN SPACE

EXERCISE 17A

1 a i [[J=[5]+t[; il z=3+¢t y=—4+4t teR
b i [[]=[]+¢[)] 0 z=5-8t y=2+2 teR
¢ i []=[f] 4[] @i =643t y=7t teR
d i [J=[0]+¢] 0 z=-1-2 y=11+¢ teR

2 z=-1+2\ y=4—-X AER

When A=0, z=-1+2(0)=-1 and y=4—-0=4 .. pointis(—1,4)

When A=1, z=-1+2(1)=1 and y=4—-1=3 . point is (1, 3)

When A=3, z=-1+4+23)=5 and y=4-3=1 . point is (5, 1)

When A=-1, 2=-142(-1)=-3 and y=4—-—-1=5 .. point is (=3, 5)
When A=—-4, z2=-14+2(—4)=-9 and y=4—--4=38 .. point is (=9, 8)

3alIf t+2=3 and 1-3t=-2, weget t=1 and —-3t=-3 e, t=1
Since ¢t =1 in each case, (3, —2) lies on the line.
If t+2=0 and 1—-3t+6, weget t=—-2 and —-3t=5 ie, t=—
(0, 6) does not lie on the line.
b If (k,4) lieson z=1—2t, y=1+¢ then k=1—2t and 4=1+1¢
. t=3 and k=1—-6= -5, ie, k= —5.

wlo

4 a z(0)=1 and y(0)=2, b yT o (1,2) .
the initial position is (1, 2) A B
¢ In 1 second, the ‘q\(‘S’_?’)
x-step is 2 and y-step is —5, which is ™ (5,—8)
i /92 _5)2 —
a distance of 22 + (-5) V29 ‘q‘(7’_ 13)

speed is /29 cm/sec.

EXERCISE 17B
1 a i when t=0, [z] =[3] The velocity ili The speed is /122 + 52
the object is at (—4, 3) vector is [152] = 13 m/s

b i when t=0, [;] = [Pﬁ] ii The velocity iii The speed is 32 4 (—4)2
the object is at (0, —6) vector is [_34] =5m/s
¢ i when t=0, [z] = [:i] ii The velocity iii Thespeedis +/(—6)2+ (—4)2
the object is at (—2, —7) vector is [:2] =+/36 4+ 16
=+/52 m/s

2 a [;] = [755] +t[i] i velocity vector = [i] ii speed = /82 42
= /80 km/h
b [z] = [g] +t[g] i velocity vector = [g] ii speed =62+ 22
= /40 km/h
< [Z] = [7122] + t[274] i velocity vector = [274] ii speed =72+ 242
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3 a [f3] has length /42 + (—3)2 =5 b [274] has length /242 + 72 =25

30 [:13] has length 150 oo [274] has length 12.5
", velocity vector is Ezg%] ', velocity vector is [3125]
¢ 2i+j=[} haslength d -3i+4j=["] haslength
VETT =5 VBT & =5
loﬁ[ﬂ has length 50 o020 [_43} has length 100
*. velocity vector is Egﬁ] - velocity vector is [;%O]'

EXERCISE 17C

1 a z=-3+2t, y=-2+4t, t=>0 b when t=25,
[zﬂ - [:giiﬂ [f,] - [:23:150] - [g]
', position is (2, 8).

¢ i When the car is due north,
z=0 andso —-3+2t=0 d

t =

Njw

SecC.

ii  When the car is due west,
y=0 andso —244t =

t =

o= O

S€C

(O is the observation point)

2 a [[]=[7]+t[L]. ten

Y

b The direction vector is [151___62] = [fg]

[ =[]+ [ tex
¢ Since 2i+j=[7] haslength V2Z+12=+5 then [)] =[] +t[}], teR
d Since 3i+4j=[j] haslength 32+42=5 then 3[}] has length 15
L) = [a]+ -0l
or ) =[A] - [a] +ela] ie. [] =[S +iln]. tea

3 r= [_3220] +t [ﬁ], where ¢ is the time in hours since 6 am.

a At6am, t=0 . r= [;220] and |r| = 4/(—20)2+ (32)2

=37.7 .. the ship is 37.7 km away
b Speed = |[1]| = /122 + (—5)2 = 13 km/h
¢ When due north, z =0. c.o—20+12t =0

t = % hours

t = 1 hour 40 min, so the time is 7:40 am

b Yacht A: [7] =[] +¢[1,]  YachtB: [7] = [L]+¢[]], t=0

a when t=0, [7] =[] and  [7] =[]

. Aldsat(4,5) and Bisat (1, —8)
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b For A, the velocity vector is [_12], and for B it is [ﬂ

€ Speed of A = /12 + (—2)? Speed of B = /22 4 12
= /5 km/h = +/5 km/h

d The distance between them is D = \/[(1 +2t) — 4+ )P+ [(-84+1t) — (5—2t))2
= /(=3 +1t)2 + (13 + 3t)2
= V9 — 6t + 12 + 169 — 78t + 9¢2
= /1012 — 84t + 178

This is a minimum when 10t? — 84¢ + 178 is a minimum. This occurs when

t= ;—Z: = % = 4.2 hours. . the time is 4 h 12 min after 6 am i.e., 10:12 am.

@ A has direction vector [_12} and B has direction vector [ﬂ

Since [712} ° [ﬂ =2 —2=0, the paths of the yachts are at right angles to each other.

5 a P has position [’“] = [j’] +t[ 3 ] and at t =0, the time is 1.34 pm

Y1 -1

:L'l(t) = -5+ 3t, yl(t) =4 —t.

b Speed = /32 + (—1)2 = /10 km/min

€ Q fires its torpedo after a minutes.
at time ¢, its torpedo has travelled for (¢ — a) minutes.

2] =[Pl +¢t-a)[5], t>a
ie, zo(t) =15—4(t—a) and y2(t) =7-3(t—a)

d They meet when z1(t) = x2(t) and yi1(t) = ya2(t)
—5+3t=15-4(t—a) and 4—t=7-3(t-a)

ie, T7t—4a =20 and 2t—3a =3
Solving simultaneously, Tt —4a = 20 x3
2t —3a = 3 x(—4)
21t — 12a = 60
—8t +12a = —12
13t = 48
t =133 and 7(%5) —4a = 20
ie, t = 3.6923 oo 5.8462 = 4a
ie, t = 3 min 41.53 s a = 1.4615 =1 min 27.7 sec

So,as a = 1.4615, Q fired at 1:35:28 pm, and the explosion occurred at 1:37:42 pm.

EXERCISE 17D

1 a [I] = [:g] +t[ﬂ, t>0 .. itspositionis (=3 -+ 2t, —2 + 4¢).

Y

b i Itisdueeastwhen y =0 ii Itis due north when z =0
244t =0 S =3+2t=0
t = % sec oot =14 sec

¢ When y=0, t=2 and :1::—3—4—2(%):—2
When =0, t=15 and y=-2+4(13) =4

axis intercepts are (—2, 0) and (0, 4)
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2 a [J]=[7]+¢t[3), t=0 .. itspositionis (—2—t, 1 —3t)
b Crosses the z-axis when y =0 s 1=-3t=0 soot=1sec

1 e 1
€ When t = 3, the pointis at (=23, 0).

3 a [743} has length \/(—3)2+42 =5 .. unit direction vector is 1 [jﬂ

the velocity vector is %[_ﬂ x 10 = [_86] = —6i + §j

b . the liner’s position is given by [z] = [f6] + t[_sﬁ], t>0

¢ The liner is due east when y =0, .. 0= —6-+8t

t = 3 hour
d The liner is nearest to the fishing boat when OP L [;3]

[ to] o [77]

0 P(6-6-6+8)

—3(6 —6t) +4(—6+8t) =0
—18 +18t—24+32t = 0
50t = 42
t = 0.84 hours

i.e., after 50 min 24 sec.

At this time, the liner is at (6 — 6(0.84), —6 + 8(0.84)) i.e., at (0.96, 0.72).

4 a 1 Initial position vector is [:2:8] ii [ﬂ has length /12 +12 = /2
= —8i — §j 3[}] has length 32

the direction vector is B] =3i + 3j

iii position vector at time ¢ is [z] = [:g] + t[g], or (—=8+3t)i+ (—5+ 3t)j

Y
b Pis (—8+3t, =5+ 3t)
and LB is [2313]

Il
o

[1] Now when closest, LP e [ﬂ
1
7S L EE el o

—8+3t—-5+3t =0

85 6t = 13
) t= g =2

i.e.,, at 2 hours 10 min

)

¢ When t:%”, P is (—8—}—3(%3),—54—3(%)) ie., (—

[SIY)
[SIY)

s

the closest distance = \/(7; - )2 + (% - 0)2

Il
Sa S
4
[N

= 2.12 km

the trawler would be breaking the law.
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5 7 =[5] +¢[Y]
a When t=4, [z} = [:g] —|—4[125] = [3] . the car is at (3, 6)

Y 6.

b Speed = /(1.5)2+22 =25 m/s

B [—3+1.5t—4] _ [—7+1.5t
¢ AP = [—2+2t7—1] = [ 71+2t]
Al4=1) / B T15
[1‘5] and for shortest AP, AP e [ 5 ] =0
2
(=7+15t)1.5+(-1+2t)2 =0
P(3+1.5¢,—2+2r) oo —105+4+225t—-2+4t =0
6.25t = 12.5
t = 2 sec
d z=-3+3¢ Equating ¢ values, 2(z+3) = 3(y+2)
y = —2+2t S 4z +3) = 3(y+2) {x both sides by 6}
dr+12 =3y +6
dr —3y = —6
6 a |b =/(-3)2+(-1)2=+10
As the speed is 401/10 km/h, the velocity vector is 40 [:?] = [__14200].
b [7] =0 +t[ ], t=0 {t=0 at 12.00 noon}
¢ At1:00pm, t=1 and [7] = [T00_ 0] = [50]
d  The distance from O(0, 0) to P1 (80, 60) is | [50]| = v/80% + 60 = 100 km,
which is when it becomes visible to radar. {within 100 km of O(0, 0)}
e A general point on the path is P(200 — 120¢, 100 — 40¢).
A 200—120¢
Now OP = [10074015]’
Start . Ap o [—3
and for the closest point OP e [_1] =0
100 oo —3(200 — 120¢) — 1(100 — 40t) = 0
0(0, 0) oo =700+ 400t = 0
t= % = 1% hours
The time when the aircraft is closest is 1:45 pm, and

200—120( <
at this time OP — (%) = [_3;0]
100-40(%)

f 1t disappears from radar when | OpP |=100 and ¢>13

/(200 — 120¢)2 + (100 — 40t)% = 100
40000 — 48000t + 14400t + 10000 — 8000t + 1400t> = 10000

16 000t> — 56 000t + 40000 = 0
16t> — 56t +40 = 0 {1000}
20 —Tt+5 =0 {8}
(2t —5)(t—1) =0
t=3% {as t>13}

ie., at 2% hours i.e., at2:30pm
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7 a when x=0, 3y=36, .. y=12 .. Bis(0,12)
when y =0, 2xr=36, . z=18 .. Ais(18,0)
b Using the similar triangles,
12 R(x,») 183"_ ~ =% =3
y sy = 3(18-1)
X 18—x

Ris (z, 12 — 22)

-« 18—

¢ PR=[,"30 ] =[s74,] and AB=[);'5] =[]

=0

) . . 5% [—18
d R is located so the shortest distance PR is when RP e [ 19 ] =0

—18(x —4) +12(12— 2z) = 0
—18z + 72+ 144 —8x = 0
26x = 216
v =12
and y = %(1 —%8)
72 _ 84
ie., Rlsat(%,%)
108
R 13 4 4.308
and PR = [12_%(¥)} [64615]

| PR | = /(4:308)% + (6.4615)% = 7.77 km,
so the shortest distance is 7.77 km

8 a z(0)=2, y(0)=1 .. the particle’s initial position is (2, 1).
b ¢ If Q is a general point on the path, then Q is (2 — ¢, 1 + 3t)
A . - it —
o Y IfRis (0, 10) then RQ= [25;"7] = [57%)
ar=3 "’\ 0,7) at 1=2 For the shortest distance, I@ ° [’31] =0
4 e 4yai= o —12-1)+3(3t—-9) =0
“‘\0 (2,1) ar=0 _2 + t + 9t - 27 == 0
T 2 % o 10t = 29
t = 2.9 sec
When ¢=29, RQ=["99 and |RQ|=/(—0.9)2 + (—0.3)Z = 0.949 cm
— _9 —
(or RQ= [7§] S IRQ =V St 5 = Vs = %:\/il_ocm)
9 a z(0)=10, y0)=12 - Pisat(10,12)
b The velocity vector is [f3] and speed = va? +9 = 13
a®+9 = 169
a® = 160
y
a = +4v/10 0
€ For a<0, ie, a=-—-4v10, =2 f_.lo— o (10, 12)
1=3 4O
2(t) = 10 — 4y/10t, y(t) = 12 — 3¢. . e ; .
=4
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10 For A, z(t)=3-t, y(t)=2t—4 ForB, z(t)=4-3t, y(t)=3-2t
@ When t=0, z(0)=3, y(0)=-4 z(0) =4, y(0)=3
Ais at (3, —4) B is at (4, 3)
b The velocity vector of A is [;1] and the velocity vector of B is [:g]
¢ If the angle is 6, [’21] ° [:g} = V1+4y9 +4cosh
- 3—4 = +/5V13cosf
\;—6% = cosf and so 6 =097.1°
d If D is the distance between them, then
D =+/[(4-3t)—3-t)° +[(2t —4) — (3—20)]°
5 5 and D is a minimum when
= /[1 — 28> + [-7 + 4] X
_ _ 60 _ 11
= /1 — 4t + 482 + 49 — 56t + 162 =5, =1 — 13
= v/20t2 — 60t + 50 ie.,, t= 1.5 hours
EXERCISE 17E
1 a b Ais(2,4), Bis(8,0), Cis(4,6)
line2
line 1 e ¢ BC=./(8—4)2+(0—6)2=+/16 1+ 36 = v/52 units
o]
IS AC = /(8221 (0— 42 = /36 7 16 = v/52 units
P \\ E X BC = AC and so AABC is isosceles.
5N
! e }7

d Line 1 and Line 2 meet at A.
[G]+[5%] =

[ 3r—s :I _
—2r—s]

2] +s[3]

Line 2 and Line 3 meet at C.
2] +s0) = (5] +¢[3]

272 = 4]

[ s—3t
ie, 3r—s=1 ie, s+2t =10
and 2r+s =4 —s+3t =25
Adding, 57 =5 r=1 Adding, 5t =15 t=3

)=

Line 1 and Line 3 meet at B.

9] 48[

Gl =

[T +r[5] = [5] +¢[3]

[ 3r+2t }
—2r—3t

= [4]

3r4+2t =11 x3
—2r—3t = -9 x2
9r 4+ 6t = 33
—4r — 6t = —18
Adding, o7 =15
or=3
so. [l =[E1+3[%] =[] v
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2

1/ e b B(17, 15)
> C(22, 25)
20 / /- D(1, 16)
D
_— /1" »"/ B(17, 15)
A(-4,6) ‘p
X

AR Y. R

Lines 3 and 4 meet at C.

a) +e[55] = (&) +nl2

[:3715?22] = [g]
—Tt4+u =0
—3t+2u=0
14t — 2u =
—3t+2u =

Adding 11t =0

o t=20

and [J] = [33] v

o] +7[3] =
] =
Lo 2r—t =
r+t=
Adding, 3r =
o=

Gl =L+ B =[

- Ais(2,3)

Lines 2 and 3 meet at C.
[] + s[5 = [3] +¢[ ]

[:2ss;tt] - [:213]

—s—t = -8
—2s+t = -1

. Cis (5, 0)

€ Lines 1 and 4 meet at B

(5] +r[5] = [5a] +u[23]

Tr+u 26
|:3r:2u} = [19]
o Tr+u = 26
3r+2u = 19
. —14r — 2u = —52
3r+2u = 19
Adding, —11r —-33
Loor 3

—

and [[] =[] +3[3

=i v
Lines 2 and 3 meet at D
and [ +s[3) = [35] +¢[25
2] = [3]

—2s — 14t = =52

. 2543t =19
Adding, 11t = —33
L t=3

b= #3055 = le) v
Lines 1 and 2 meet at B.

L] +r[] = [6] +s[=

(i) = [i]
. —4r —2s = —16
r+2s =4
Adding, —3r = —12
Lor=4
] =[] +4[] = [§]
. Bis (8, 6)

b A (2 3)., B, 6),
AB = /(8 —2)2+ (6 —3)2

C(5, 0)

— V3650
- VB

BC = /(58 +(0-6)°
— VO35
- VB

The two equal sides are AB and BC
and they have length /45 units.
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A

a Lines QP and PR meet at P

[ ]'H“Bé] - [108} +t[—57]

[tors7e) = [56)
. ldr — 5t = =3 X7
10r+7t =19 x5
. 98r — 35t = —21
50r 4+ 35t = 95
Adding, 148r =74
Lor=1
5] = [2] +3[0) =[]
. Pis (10, 4)

Lines QP and PR meet at Q
(2] +rfal = [2] +s[5)
rfio) = 5[t

" s =
So. [} = [4]

© Qis(3, —1)

il
0

]
]

@ Lines 1 and 2 meet at B

B+l = 5]+ s[s2]

[ha] = [4]
. 4r+8s =16
r—32s =
Lor+2s =4
—r+32s = —4
Adding, 34s =0
s =0
5] =[5 - Bis(18,9)

Lines 3 and 4 meet at D

[os] +¢[55] = L] +uli]

[:2itj132ﬂ = [:;zﬂ
—8t+3u = —11
t+6u = 12
. 16t — 6u = 22
t+6u = 12
Adding, 17t =34
Lot =2

] = 19 2% = 57

.. Dis (=2, 21)

Lines QR and PR meet at R

(2] +s[5] =[] +¢[ ]
[175751&] _

= %]

—9s+Tt
. 17s -5t = =3 X7
—9s+ 7t =19 x5
. 1195 — 356t = =21
—455 4+ 35t = 95
Adding, 74s 74

.S 1

= (5] + [ = [

. Ris (20, —10)

3-107 _ [—7
PO = [31]) =[]
20-10 10
PR = [71074] = [714]
—
and PQePR=-70+70=0
PQ L PR ie., 4£QPR = 90°
152 53
Area = 5 |PQ || PR |
= %\/49 + 254/100 + 196
= 74 units®

Lines 2 and 3 meet at C

(o] +slas] =

[25
[328551:28:] - [Iﬁ]

25— 2t =1
32s+ 2t = 16
Adding, 34s =17
Los=1
] =[]+ 305 = [3)
.. Cis (14, 25)

@!
I

A—) [14—2} _ [12]

25-5 20
DB = [, = [ 1)

i |AC |= /122 1 202 = /544 units

ii |DB|= /207 + (—12)2 = v/544 units
—au — -
iii AC e DB =240 — 240 = 0

The diagonals are
perpendicular and
equal in length, so,
ABCD is a square.
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EXERCISE 17F

z—1 2 T 1
1 @ The vector equation is y—3| =t|1 Y 3 |+t
z+T7 3 z -7

z—0 1
b The vector equationis |y—1| =¢t| 1
z—2

1
¢ Since the line is parallel to the X-axis, it has direction vector [O]
0

T+ 2 1 T
the vector equation is y—2| =t|0 y| =
4

z—1 0

2 a The parametric equations are:
z=5+ (-1t y=2+2t, z=-1+46t
ie, z=5—t y=2+2t z=—-1+6t, teR
b  The parametric equations are:
z=0+2t, y=2+(-1)t, z=-1+3t
ie, z=2t, y=2—1t, z=—-14+3t, teR

o O

3]

¢ Since the line is perpendicular to the XOY plane, it has direction vector [0, 0, 1].

the parametric equations are:

=340t y=2+0t, z=—1+1t
ie, z=3, y=2, z=—-1+t, teR
—-1-1 —2
N
3 a AB=|3-2|=|1 r=1-2t, y=2+4¢t z=1+t teR
2—-1 1
. 3—-0 3
b CD=|1-1|=1|0 =3t y=1 2=3—-4t, teR
—-1-3 —4
1-1 0
N
¢ EF=|-1-2|=|[-3 r=1 y=2-3t, z=5, teR
5—-5 0
. 5-0 5
d GH=|-1-1| = |-2 T=5t, y=1-2t, 2=—1+4t, teR
3—-—1 4
L Given z=1—-t, y=3+t, 2=3-2t:
@ The line meets the XOY plane when z = 0 ie, 3—2t=0 t:%
Then z=1-2%=-% and y=3+3=232, ie, thepointis (-3, 3, 0)
b The line meets the YOZ plane when =z =0 ie, 1—t =10
st =1
Then y=3+1=4 and z2=3-2=1, ie, thepointis (0,4, 1)
€ The line meets the XOZ plane when y =0 ie, 3+t =0 t = -3
Then z=1-(-3)=4 and z=3-2(-3)=9, ie., thepointis (4,0,9)
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5 Given a line with equations z=2—-¢, y=3+2t and z=1+¢
the distance to the point (1, 0, —2) is \/(2 —t—=1)2434+2t—0)2+ (1+t+2)2
But this distance = 5+/3 units
VI =12+ (B+2t)2+ (t+3)2 = 5V3
(1—t)?+B+2t)>+(t+3)°> =175
1—2t+t*+9+12t+4t° + > +6t+9 = 75

6t2 4+ 16t — 56 = 0

3t2 48t —28 =0

(Bt+14)(t—2) =0
: t=-1 o t=2

When t =2, thepointis (0,7, 3)

14 L 20 19 11
and when t= —<, thepointis (5, —%, —%).

6 a LetA(l+t 2—t, 3+t)beapoint on the given line.

14+t—-1 t
N
Then PA = |(2—t—1|=|1—t
3+t—2 1+t
1
and v=|—1 is the direction vector of the line. 1
1
— N vV = 1
If PA and v are perpendicular, then PA e v =10 1
t 1
—ele 21l 20 A(l+4,2—1341)
1+t 1
t—11—-t)+1(1+¢t) =0
t—1+t4+14+¢t =0
o 3t=0
t=20

L P(1, 1,2)
Aisat(1,2,3) ie. the foot of the perpendicular is (1, 2, 3)

Then A is at (1 + s, 2 — s, 2s) for some s.

1+s—2 s—1
N
Now PA = |2—-s—1|=]|1-s

2s —3 2s —3

b Let A be a point on the line such that PA is perpendicular to the line. [ 1 ‘|
vV =

A(l+s,2—s, 2s)

1
and v = l—l] is the direction vector of the line.

2
. s—1 1
Since PAev =0, 1—-s|e|=1] =0 P(2,1,3)
2s —3 2
(s —1)—1(1—s)+2(25—-3) =0
s—1—-14+s+45—-6 =0
. 6s =8
s =4
A is at (%, %, % i.e.,, the foot of the perpendicular is (%, %, %)
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7 a LetA(2+ 3t, —1+2t, 4 +1t) be a point on the 3
line such that PA is perpendicular to the line. v = [21
1
. 2+3t—-3 3t—1 3
Now PA = | —-1+2t—-0| =|2t—1| and v= |2
Adt—(=1) t+5 1 /A(2+3t,—1+2t,4+t)
is the direction vector of the line. 3t —1 3 P3,0,—1)
since P—>AOV:0, 20—1( e |2 =0
t+5 1
33t—1)+2(2t—1)+1(t+5) =0
9t —34+4t—-2+t+5 =0
14t = 0
t=0

Aisat (2, —1, 4)

the distance d = /(2—3)2+(-1-0)2+(4d—(-1))2 =+I+1+25

= V27
= 3+/3 units
b Let A be a point on the line such that PA is perpendicular to the line.
Then A is at (1 + 2¢, —1 + 3¢, 2 + t) for some ¢.
[1+2t—1 2t
—
Now PA = |-1+3t—1|=|3t—2
2 | 2+t—3 t—1
vV = Zj B
and v = |3]| is the direction vector of the line.
1

A(1+24,—143¢ 241) B .
. since PAev =0,

[ 2t 2
3t—2(e |3 =0
Lt—1 1
P(1, 1, 3) S A+ 33Bt—-2)+1t—-1) =0
4t4+9t—-6+t—1 =0
Lo 14t =7
t:%

Aisat (2, 1, 3)

the distance d = \/(2,1)2+(%,1)2+(%,3)2 = \/1+%+%

EXERCISE 17G )

3
1 @ Line 1 has direction vector l—l] and Line 2 has direction vector l—l] .
1 2

As one vector is not a scalar multiple of the other, the lines are not parallel.

Now 142t = -2+ 3s 2—t=3-s 3+t =1+4+2s
2t —3s = —3 ... 1 . o —t+s=1... 2) . t—2s=-2... 3)
Solving (2) and (3) simultaneously: —t+s=1
t—2s = =2
—s = —1 s=1 and t=0

andin (1), LHS=2t-3s=2(0)—-3(1)=-3 Vv

s=1, t=0 satisfies all three equations
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the two lines meet at (1, 2, 3) {using t=0 or s=1}

The acute angle between the lines has cosf =

V614
_ [6+1+2]|
V84
9
= — and so 6 =10.9°
V84
2 4
Line 1 has direction vector | —12| and Line 2 has direction vector 3.
12 -1
As one vector is not a scalar multiple of the other, the lines are not parallel.
Now —142t =4s—3 2—12t = 3s+2 4+12t = —s—1
2t —4s = —2 —12t—-3s =0 12t 4+s = =5 ... 3)
t—2s = —1 ... (1) s = —4t ... (2)
Solving (1) and (2) simultaneously: ¢ — 2(—4¢) = —1
9t = -1
t=—% andso s=42

In(3), 12t+s=12(—3)+35=—%+35=—% whichisnot —5.

Since the system is inconsistent, the lines don’t intersect.

2 4
they are skew. _12] o | 3
12 -1

The acute angle between the lines has cosf =

_ [8—36—12]
V2921/26
40
= and so 6 = 62.7°
V7592
6 3
Line 1 has direction vector |8 | and Line 2 has direction vector |4
2 1
6 3
As |8| =2 4| the two lines are parallel. Hence, 6 = 0°.
2 1
1 3
Line 1 has direction vector |—1| and Line 2 has direction vector |—2|.
1 2
As one vector is not a scalar multiple of the other, the lines are not parallel.
Now t=143s... (1) 2—t=-2-2s —2+4t=2s+1
—t+2s = —4 ... (2 t—2s =21 ... 3)
Solving (1) and (2) simultaneously, —(1+3s)+2s = —4
o —1—-3s+2s = —4
=8 = -3

s =3 andso t=1+3(3)=

Substituting in (3), t—2s=10—2(3) =4 # 21

2

V224 (—12)% +122,/42 + 32 + (—1)2

10
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Since the system is inconsistent, the lines do not meet. .-. they are skew.

1 3

—1| e |—=2

1 2 7
VIF1+1/9+4+4 3VIT
0 = 11.4°

The acute angle between the lines has cosf =

1 3
e Line 1 has direction vector ll] and Line 2 has direction vector [2]
2 1

As one vector is not a scalar multiple of the other, the lines are not parallel.
14+t=2+3s 2—t=3-2s 342t =s5-5
t—3s=1... @) —t+2s=1... 2 3t—s = -8 ... 3)

Solving (1) and (2) simultaneously, ¢—3s =1

—t+2s=1
Adding, —s =2
. os=-2 and t—-3(-2)=1 . t=-5

Checking in (3), 2t —s=2(-5)—(-2)=-10+2=-8 V

Since s= —2, t= —5 satisfies all three equations, the lines meet.

They meetat =z =1+ (=5), y=2-—(=5), z=3+2(-5) ie, at(—4,7, -7

-1

SR

VIFI+4/9F4+1

1

The acute angle between the lines has cosf =

_ |3+ 2+ 2
V614
7
= — and so 6 = 40.2°
V84
-2 4
f Line 1 has direction vector 1 and Line 2 has direction vector —2
0 0

Now

4 -2
—2] =-2 [ 1 ] , so the lines are parallel and hence 6 = 0°.
0 0

REVIEW SET 17A

1 @ The vector equation is b The parametric equations are
_[-6 4 = —6 + 4t, =3-3t teR
)= 31 +¢4] ’ v

y
2 The vector equation is [I] = [O] +t[5], teR

Yy 8 4
3 (-3, m) lies on the line, so [_3} = EZ] + [_4?]
—3=18—-Tt and m=-2+4t
7t = 21

ie, t=3 andso m=-2+4(3)=10
ie, m =10
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L a x2(0)=-4 and y(0) =3, so the initial position is (—4, 3).

b z(4) =-4+32 y(4) =3+6(4), so at t =4, the position is (28, 27).
=28 =27

¢ The velocity vector is [2}, so the speed is /82 4+ 62 = 10 m/s d [8]

6
5 The direction vector is [31] which has length /32 + (—1)2 = /10 units

2v/10 [EJ has length 20. So, the velocity vector is [ _62\/\;_3_0} or 2v10(3i — j)

6 a i Theyachtis initially at (=6, 10), so its initial position vector is [ 5] ie. —6i + 10j
il —i—3j haslength /(—1)2+(-3)2=+10
5(—i — 3j) has length 510
the direction vector is —5i — 15§
il 7] = [10] +¢[ 5] de. [F] =—6i+ 10+ t(—5i — 15))
= (—6 — 5t)i + (10 — 15¢)j

—_—> A —_ _
b beacon OP=[;%] and OPe[}]=0
=3 o 64+5t—30+45t =0
. 50t = 24
P(-6-5¢,10-15¢) s t=048h

(i.e., 28.8 min)

¢ When ¢=048 OF=[ 7500 = [V

and OP = /(—8.4)2 + (2.8)% = 8.85 km
As the closest distance is 8.85 km and the radius is 8 km, the yacht will miss the reef.
7 a [ziég] = [i] —}—t[_ls} where ¢t > 0. When ¢ =0, the timeis 2:17 pm
ie., :121(t) =2+t y1(t) =4 — 3t
b Likewise, z2(t) = 11— (t+2), y2(t) = 3+a(t+2)

ie, z2(t) =9-—1t y2(t) = [34 2a] + at
€ They meet where 2+¢ =9—¢ and 4—3t=[3+2a]+at
L2t =7
t = g *. the time would be 2:17 pm plus 3% min i.e., 2:20:30 pm
d When t=1, with speed = 4/(—1)2 + (—3—73)2
4-3(2) = [34+2()] +a(Z = 4.82 km/min
@) - pra@len® 1
a
_%:104—? tana:E:?’—g
7
~13 = 20+ 7a a=tan"" (&) = 12.0°
Ta = —33
a = *3—73 the direction is  180° + «® = 192°

i.e., the torpedo has speed 4.82 km/min
and direction 192°.

Y18 has velocity vector [:é}
k4
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8 a Line 1 has direction vector [,52] and Line 4 has direction vector [_25]

Now [752} = — [_25], so Lines 1 and 4 are parallel, ie., KL || MN.

b KL=[%], NK=[/], MN=[}"] .. KLeNK=20-20=0,

— —
and NKeMN = —-20+20=0
NK is perpendicular to both KL and MN.

¢ Lines 1 and 3 meet at K Lines 2 and 4 meet at M.
[5o] + %) = [F] + (i) (5] +r[he] = [55] +s[
[ tor) = [-22 oo es] = [
bp—dr =1 X 5 s, —1lr4+5s =10 X 2
2p 4+ 10r = 12 X 2 16r —2s = —4 X 5
25p—20r =5 oo —22r+10s = 20
4p+20r = 24 80r — 10s = —20
Adding, 29p =29 c.o 98r =0
x|l __ [33
so, [F] = [2]+[%] =[7] so, [3] = [%]
Kis (7, 17) o Mis (33, —5)
Lines 3 and 4 meet at N d K(7.17) L(22.11)
> [T )
[?] +r[140] = [g} + 5[725}
|:140T'rt5255:| = [74?6]
4r + 5s = 40 X 2 N(3,7) 0 M(33,-5)
10r —2s = —16 x5
8r +10s = 80 KL = \/(22—7)2-1-(11—17)2
50r — 10s = —8&0 _ JFE T
58 =0
" r=0 = /261 units
2 =1 NK = /(33 —3)2 + (=5 —17)2
ie, Nis(3,7) = V900 + 144
= 4/1044 units

KN = /(7-3)2+ (17— 7)2

= /16 + 100
= V116

area = <M> X 4/116
= 261 units?

REVIEW SET 17B

. —-1-3 —4 T 3 —4
1 a AB=|2-2|=]0 o, theequationis |y|=|2|+t| 0|, teR
4—-—1 5 z -1 5




Mathematics SL, Chapter 17 — LINES IN THE PLANE AND IN SPACE 341

b Any point on AB can be represented by a point C(3 — 4t, 2, —1 + 5t).
If AC = 2+v/41, then
V(B —4t—3)2+ (2—-2)2 4 (-1 +5t — (1) = 2V/41
V1682 + 0 + 25t2 = 2+/41

41t% = 4 x 41
2 =4
t = 42

So, Cis(=5,2,9) or (11,2, —11)

S -

b If P divides BA in the ratio 2 : 5, then BP:PA=2:5

a—0 3—a
If P is (a, b, ¢) then b—2|:|-1-0b| =2:5

—

a AB=

c——1 1—c¢

a 3—a
b—2| =2|-1-0b
c+1 1—c¢c

5

5a = 6 — 2a, 56— 10 = —2 — 2b, 5¢+5 =2—-2¢
Ta = 6, b = 8, Tc = —3
o=t b=, c= -1

: 6 8 =3
SO, Pis (7, D) T)

. 4——1 5 1
a PQ=|0-2|=1|-2 b The z-axis has direction vector i= |0
—1=3 -4 and if the angle is 0, 0

5 1
l—Q] ° [0‘| =25+4+16y/1+0+0cosf

—4 0
5 = v/45cos6
_ _5
cosf = T
0 = 41.8°
z—8 y+9 2-10
a Let = = =t
T3 16 7
r=84+3s, y=-9—16s, z=10+7Ts
3 3
Line 1 has direction vector —16|, and Line 2 has direction vector 8
7 -5
Since one vector is not a scalar multiple of the other, the vector lines are not parallel.
Now 8+ 3s = 15+ 3t, —9 — 16s = 29 + 8t, 10+ 7s = 5— 5t
35—3t =7 ... (1) 16s + 8 = —38 ...... 2) 7s+ 5t = —5 ... 3)
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Solving (1) and (3), 3s—=3t =17 X 5
Ts+5t=-5 x3 and 3(2) -3t =
155 — 15t = 35 St =
21s + 15t = —15 s 5-9t =21
Adding, 36s =20 9t =—16
s = % t = f%

and in (2), 165+ 8t =16 (3) +8(—4) = —53 # —38

the equations do not have a common solution and so the two lines are skew.

7 -5
9 — 128 — 35 = v/314v/98 cos b

154
_ 1% os - 0 =286°
JBdxos  ®

3 3
b If 0 is the angle, l—lb’] ° [ 8 ] = /9 + 256 + 49/9 + 64 + 25 cos 6

5 If 27:5:3;73:7%2:1&, then =2—t¢, y=3+1t, z= -2t

2—t——1 3—-1
.
QP=|3+t-2|=| 1+t
-2t -3 -2t -3
-1
.
In order that QP L , P(2-1,3+t,—2t)
-2
3—t -1 coo =34+t +14+t+4t+6 =0
1+t |e| 1| =0 s, 6t = —4
ot —3] |-2 Cop— 2

So, Pis (2——%,3—%,—2(—%)) ie, (5.1.%)

. 3-2 1 x 2 1
6 a PQ=|4-0|=1|4 b |y|=1|0|+t] 4
—-2-1 -3 z 1 -3
and [PQ|=+ITI6F0=126 units .. =2+t y=4t z=1-3t, teR
— 1
7 a Let mTB:y—4:zj_2 =5 S x=34+2s, y=4+s, z=-1—-2s, s€R
2 3
Line 1 has direction vector 1 and Line 2 has direction vector |2 ]|.
-2 1
Since one of these vectors is not a scalar multiple of the other, the lines are not parallel.
Now 3+42s = —1+ 3t, 445 =242, —1—-2s =3—-1
2s =3t = —4 ... @) s—2t = =2 ... 2) —2s+t =4 ... 3)
Solving (1) and (3), 2s—3t = —4 So, in (2), s—2t
—2s+t =4 = —2-2(0)
=2t =0 =-2 Vv

t=0 and s=-2

s =—2, t=0 satisfies all three equations. ... the lines intersect at (—1, 2, 3).
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2 3
b If 4 is the angle between the lines, then [ 1 ] ° [ 2 ‘| VAi+1+4v9+4+1cosl

-2 -1
6+2+2 = 3v14cosf
_ 10
cosf = 3

If A is the origin, AB the z-axis, AD the y-axis, and AP the z-axis, then Q is (4, 0, 7),
D is (0, 10, 0) and M is (0, 5, 7).
0
=|-5
7

4-0 4 0-0
— —
Now DQ=|0—-10| = |—-10 and DM = |5—-10

7—0 7 70

4 0
So, if the required angle is 6, [—10 ° l—&')] = /16 4 100 + 49/0 + 25 4 49 cos O
7 7
0-+50+49 = /16574 cos b

99
V165 x 74

cos 6 and so 60 = 26.4°



Chapter 18

DESCRIPTIVE STATISTICS

EXERCISE 18A

1 @ Heights can take any value from 170 cm to 205 cm, including decimal values such as
181.372 cm, i.e., any real number between 170 and 205.

b

15

}——Heightsof basketball-players———

10

frequency

04
170 175 180 185 190 195 200 205

Jul

T

» height (cm)

The modal class is the class
occurring most often. This is
‘185 -7,

The distribution is slightly
positively skewed (more of a
‘tail’ to the right (positive)).

@ The data is continuous numerical. Actual time is continuous and could be measured to the nearest

€ The distribution is posi-
tively skewed (i.e.,
skewed to the high end).
d “The modal travelling

time was between 10
and 20 minutes” if con-
sidering classes.

The mode is actually 10.

The data is discrete numerical, so a
column graph should be used.

A frequency

|
e

;

e
no. of matches

2
millisecond. After it has been rounded to the nearest minute it becomes discrete numerical data.
b Stem |Leaf
01368888
1(00000222444455556666788889
2100012455567 78
31122234578
41025556 1|2 means 12 minutes
3 a The data is categorical, so a column b
graph should be used.
40ufrequency 15
30 10
20
10 5
0W R B G O colour OE
€ The data is continuous, so a histogram d

should be used.

15/

10

frequency

5

0

120

30

QO Q
(SIS Yol
- -

Afrequency

10

0

20_’7
L,

120

2§88

8 R
= -

_E length

8L (cm)
—

time (min)

The data is discrete numerical, so a
column graph should be used.

fi
a0 Afrequency
20 M
10
o Ao,
time (min)

The data is continuous, so a histogram should be used.
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T o

Seedling height b Number which are > 400 mm is
g%0 g - 14 4+ 6 = 20 seedlings.
§ 20 42 4 28
§ 30 — ¢ % between 349 and 400 = x 100%
20 120
10 <|_r Ijl 70
0 » mm = — x 100%
300 325 350 375 400 425 450 120
= 58.3%
i Number ii Number
12 + 18 + 42 + 28 28 + 14
100 42
= 1218 seedlings = 512 seedlings

Number in survey = 15 4 20 + 30 + 40 + 25 + 10 = 140
Number less than 180 cm = 15 + 20 4+ 30 = 65

. 4042541
% which were > 175 cm = OJFT?O % 100%

75

53.6%

EXERCISE 18B.1

1

243434344+....4949

i mean = median = 12th score (when in order)

23
_ 12 =6
23 T
= 561 Il mode =6 (6 occurs most often)
i mean = 104124124154, 420421 i median = 8th score (when in order)
— 245 =17
15 T
= 16.3 il mode = 18
i mean = 224420.60420.84...428.5 ii median = 6th score (when in order)
— 2713 =249
11 mm
= 948 i mode = 23.5
i mean = 1212341154100+ 4141 ii median = 11th score (when in order)
_ 2700 =128
21 1Ty .
= 128.6 i mode = 115, 127 (bimodal)
mean of set A mean of set B
_3+4+4+5+....+10 _3+4+4+5+....+15
N 13 B 13
= 6.46 =6.85
median of set A = Tth score = 7 median of set B = 7th score = 7

The data sets are the same except for the last value, and the last value of set A is less than that
of set B. So, the mean of set A is less than that of set B.

The middle value of both data sets is the same, so the median is the same.
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1

a mean — 23000 + 46 000 + 23000 + .... 4+ 32000 — $20300

10
median = middle score when in order of size = w = $23500

2
mode = $23 000

b The mode is unsatisfactory because it is the lowest salary. It does not take the higher values
into account.

¢ The median is too close to the lower end of the distribution and it does not take the higher
values into account. So the median is not a satisfactory measure of the middle.

3+14+0+0+...+14+0+0 _@;319
31 31 77

median = 16th score (when in order) = 0

a mean =

mode = 0 (most frequently occurring score)

b The median is not in the centre. It ignores the high upper values of the distribution.

The mode is the lowest value. It does not take the higher values into account.
d Yes, 42 and 21. e No, as this would ignore actual valid data.

_ 43455441437 176
- 4 4

¢ new mean — 43—|—55+451+37—|—25 — 402

d 1t will increase the new mean to 40.3 as 41 is greater than the old mean of 40.2.

{5><40.2+41
6

a mean =44 b another 44

= 40.3}

otal =gy gl el = 11.6 x 10 = 116

mean = o . 0

otal = ggp 0l = 262 x 12 = 3144 km

mean == 12

fotal ey = OBl tal = 15467 x 12 = $185604

mean = o= 12

54+94+11+12+134+ 14+ 17+ — 19 10 3+0+a+a+4+a+6+a+3 4
8 9
81+ =z 12 4a + 16 _ 4
8 9
8l1+z = 96 s 4a+16 = 36
oz =15 o 4da = 20
. a=25

29—|—36+32+38—|—35+34+39—|—x:35 ) 243—|—z:35
8 o 8
243 4+ x = 280
x = 37, so her 8th result was 37

a Total distance driven (first 5 days) = 5 x 256 = 1280 km
b Total distance travelled (next 3 days) = 172 x 3 = 516 km

€ mean distance = w km = 224.5 km
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13 Total for first 10 measurements = 10 x 15.7 = 157

Total for next 20 measurements = 20 x 14.3 = 286 . mean = % =14.8
14 Total for first 10 innings = 25.4 x 10 = 254 runs
254 1
new average = W = 27.3 runs

15 Scoreswere 57 9 9 10 a b where a < b say.
5+74+9+94+10+a+b

mean = 7 =38
40+a+b 3
7
404+ a+b = 56
a+b=16 {a<12, b<12}
Possibilities are: al| b 6 718
b|l11 (10| 9 | 8

v ><
reject as modes are 8 and 9
re_]ect as modes are 9 and 10
reject as modes are 5 and 9

So, the missing results are 7 and 9.

EXERCISE 18B.2

1 @ The mode is 1 (occurs most often).

. 1+1
b The median is the average of the 15th and 16th scores = % =1
¢ z | f | fa mean = Iz

ola]o0 > f

1|12 12 43

2 | 11| 22 =30

31319 = 143

S 30 43

2 a iz | f| f= mean — Sfx i median

0 5 0 i = average of 25th and 26th
1 8 8 148 (when in order)
2 131 26 - 50 242 13 scores are 1 or 0
i 2 gi = 2.96 : ) 2 26 scores are 2, 1 or 0
5 3 15 o
6 3 18 iii mode =2 {occurs most often}
7 2 14
8 1 8
9 0 0
10 0 0
11 1 11
S |50 | 148
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b 15, Phone calls in a day €  The distribution is positively skewed.

12 requney 11 is an outlier.

e d  The mean takes into account the larger
6 number of numbers of phone calls.

3 phone calls e The mean as it best represents all the data.
NIRRT = —=—,

0128B4567 891011
mode, median (2) mean (2.96)
3 @ [Donation (3) | Frequency b Total number of donations = »_ f

1 7 =7+9+2+4+38
2 9 = 30

3 2

4 4

5 8

¢ Ve f[fe S fo 87
mean = =—=29

1 7 7 Sf 30
2 9 | 18
3 2 6 .. mean donation is $2.90
4 | 4 | 16
5 8 | 40

> 130 87

median donation = average of 15th and 16th (when in order)
$2+$2 7 are $1

2 16 are $1 or $2
= §$2

iiil mode donation = $2 {occurs most often}

b The mode. (highest column)

b a i mode=49 {occurs most often}

ii median = average of 15th and 16th values (when in order)

_ JQF 19 {9 are 47 or 48 and the next 11 are 49}
= 49
i [z [ f] fz S fa
mean =
a7 | 5 | 235 S f
48 4 192
49 | 11| 539 _ i
50 | 6 | 300 30
51 3 153 = 49.0
52 1 52
S |30 | 1471

b No, as they claim the average (mean) is 50 matches/box.

¢ The sample of only 30 is not large enough. The company could have won its case by arguing
that a larger sample would have found an average of 50 matches per box.
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iz f ] fz St ii mode =2 {occurs most often}
mean = , ,
1 5 5 i iii median = 30th score (when in order)
s s | o _ 1ot -
59 b  This school has more children per
4 8 | 32 .
5 10 = 261 family (2.61) than the average
6 1 6 Australian family (2.2).
S |59 [ 154 € Positive as the higher values are
more spread out.

The mean is higher than the mode and median.

i mean — 53+55+56+60+...+91 1175
o 17 o7

ii median = 9th score (when in order) = 67

= 69.1

iii mode = 73 (73 is the only one occurring more than once)

i mean — ST TA0+44+484 . +81 1347 |
B 23 23 T

ii median = 12th score (when in order) = 5.8 ili mode = 6.7 {occurs most often}

Without fertiliser x| f | fz | of
2|l 2l 2] 4] 2
3| MM 301133 | 13
4| MM M1 419 76 | 32
5| T T T T T 1] 2 ?1’ ;32 16112
6 | T T HIT T T T T T T T
7| W 7125 | 175 | 137
3 8112 | 96 | 149
0 THT M1l 9 1 9 150

i mean = %f fw = % =5.63 il mode =6 {occurs most often}
. 6+ 6

Il median = average of 75th and 76th scores = — = 6
With fertiliser = f 1 fz | cf
31 3412 4
4 | MM 4 13| 52 | 17
5 | MM 5 11| 55 | 28
6 | W T M W | 6 | 28 | 168 | 56
7 7 | 48 | 336 | 104

T T T T T T T T T
8 27 | 216 | 131
8 | T T T T T I
9 14 | 126 | 145
9 | AT AT Il 10| 4| 40 | 149
10| I 13| 1 | 13 | 150
13 | |
i mean = Zz::ffm = % =6.79 ii mode =7 {occurs most often}
. T+7
Il median = average of 75th and 76th scores = —— =7

The mean best represents the centre for this data.

Yes, as 6.79 is significantly greater than 5.63.
Note: The total yield of the crop may not have improved as, for example, the number of
pods per plant may have decreased when using the fertiliser.
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91+ 76+ 104 4 .... + 82

8 Mean for Team A = B = 91.25
Mean for Team B = 87+104+ 11122 +...+108 =91.75

So, B has the higher average (but only just).

9 The mode(s) occurs most often.

a 49 b 144 and 147 (bimodal) ¢ 25
10 a median = 5th score (when in order) b median = 5th score ;— 6th score
=29
_107+107
¢ median — 6th score —;— 7th score 2
= 107
146 + 153
N 2
= 149.5
1 [ Siblings | f | f= @ modal number = 0
0 13 0
1 12 | 12 b mean number = szfx = S—g =17
2 11 22
3 8 24 € median number = —25th + 26th
4 3 12 2
5 3 15 1+2 15
I ERES =5~

16 +34+ 38+ ... +52+ 21
12

12 mean average rainfall =

12

146 400 + 127 600 4 211 000 + .... 4+ 162 500

13 a mean selling price =

10
= $163770
median selling price = 5th ; Gth = 146400 ; 148000 = $147200

These figures differ by $16 570. There are more selling prices at the lower end of the market
(i.e., smaller prices).

b i Use the mean as it tends to inflate the average house value of that district.

ii  Use the median as you want to buy at the lowest price possible.

4 [ 27T fo Sfx o 1764 15 mean of all 27 is
mean = = —— =346
32 6 192 Zf 51 12 x 16.5 4 15 x 18.6
33 | 8 264 27
34 | 9 | 306 mode = 35 {occurs most often} =177
35 | 13 | 455 median = 26th score (when in order)
36 | 10 | 360 N
a7 | 3 | 111 =35 {23 are 34 or :ess
38 | 2 76 36 are 35 or less}
S |51 [ 1764
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75470480+ ... +83 567
8 T8

16 a mean birth weight = = 70.9 grams

210 +200 +200 +.... +230 1681

b mean after 2 weeks = 3 3 = 210 grams
€ mean increase = (210.13 — 70.88) grams = 139 grams
17 15 of these 10.1, 10.4, 10.7, 10.9, 12 of these
Median = 16th score (when in order)
= 10.1 cm
18 Total for first 14 matches = 14 x 16.5 goals = 231 goals
231+21+24 2
new average = Blroiva = 216 = 17.25 goals/game
16 16
19 The measurements are 7, 9, 11, 13, 14, 17, 19, a, b where a < b
T+9+11413+....4a+0b 90+a+b
mean = =
9 9
90+a+b 19
9
90 +a+b = 108
a+b=18
7911 13 14 17 19
If b> 13, then a <5 andthe median = 13 (X)
If b=12, then a=6 and the median = 12 (V)
The remaining cases are a 7 8 9
b 1110 9
median | 11 | 11 | 11
So the other two data values are 6 and 12.
20 a Brand A Brand B
v [ 1] Iz Sfe [# 7] 7= S fe
mean = mean =
46 | 1 46 Sf 48 | 3 144 Sof
47 | 1 47 49 | 17 | 833
48 | 2 | 96 _ 3046 50 | 30 | 1500 _ 3045
49 | 7| 343 60 51| 7 | 357 61
50 | 10 | 500 = 50.8 52 | 2 104 = 49.9
51 | 20 | 1020 53 | 1 53
52 | 15 | 780 54 | 1 54
53 | 3 159 > | 61| 3045
55 | 1 55
> | 60 | 3046

b Based on average contents the CPS should not prosecute either manufacturer. To the nearest
match, the average contents of A is 51 and B, 50.
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21 Brand X

z / fz mean weight
370 | 2 740

x
380 | 5 1900 = %ff
390 | 32 | 12480
400 [ 35 | 14000 _ 39850
410 | 20 8200 100
420 5 2100 =399 g
430 1 430
> | 100 | 39850

Brand Y
z f fz mean weight
380 3 1140
T
390 | 21 8190 = %ff
400 | 43 | 17200
410 | 24 9840 40170
420 7 2940 100
430 2 860 =402 g
Z 100 | 40170

So, the magazine would recommend Brand Y.

22 a i median salary modal salary
_ 10th —;— 11th {when in order} = $28000 {occurs most often}
i T f fz mean
_ 35000 + 28000 50000 | 1 | 50000 S fa
2 42000 | 3 | 126000 | ~ S 7
= $31500 35000 | 6 | 210000
28000 | 10 | 280000 | _ 666000
5= | 20 | 666000 20
= $33300
b The mean as it is the highest value.
EXERCISE 18B.3
1 @ [ (midpoint) | F | f= [ (midpoint) | f | fz
3 7| 21 41 2 | 82
8 12 | 96 44 1| 44
13 15 | 195 47 5 | 235
18 10 | 180 50 6 | 300
23 11 | 253 53 12 | 636
> 55 | 745 56 3 | 168
S 29 | 1465
_ 745
7= =135 e
29 T
2 2 (midpoint) | f fx
4.5 2 9
14.5 5 | 725 ean result — 1989
24.5 7 | 1715 50
34.5 27 | 931.5 _ 317
44.5 9 | 400.5
D 50 | 1585
3 a ;o DASTOHIO0F . 14426 681, o0
50 50
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6

Group Tally midpoint (z) | frequency (f) | fx
0-4 | M 2 5 10
5-9 | Ml 7 9 63
10 - 14 | T 1l 12 14 168
15 -19 | T 1 || 17 13 221
20-24 | W | 22 6 132
25-29 | ||| 27 3 81
> 50 675
ii Group Tally midpt. (x) | freq. (f) fz
0-8 | M K| 1 11 14
9-16 | T T T T Il 12.5 23 | 2875
17-24 | W Il 20.5 13 266.5
25-30 | ||| 27.5 3 82.5
> 50 680.5

Approx. mean

_ o1
~ 50
= 13.5 goals

Approx. mean
_680.5

50
= 13.6 goals

¢ The approximations are very good as estimations of the actual mean, 13.6 goals.

midpoint (z) | f fx
412 2 824
437 7 3059
462 15 | 6930
487 31 | 15097
512 27 | 13824
537 12 6444
562 4 2248
587 1 587
> 99 | 49013

a 70 b =411000 litres ¢

Approximate mean

_Xfe
> f
49013
99
= 495 mm

midpoint () f fz
2499.5 4 9998
3499.5 4 13998
4499.5 9 | 40495.5 o
5499.5 14 | 76993
6499.5 23 | 149488.5 -
7499.5 16 | 119992
> 70 | 410965 =

a 5+10+25+40+ 10+ 154 10 + 10 = 125 people

b midpoint () | frequency (f) fx
85 5 425
95 10 950
105 25 2625
115 40 4600
125 10 1250
135 15 2025
145 10 1450
155 10 1550
Z 125 14875

Approximate mean

= 119 people

15
€ 15z scored < 100

1.¢€

3
€., 3¢ scored <

Approximate mean

> f=
> f
410965
70
5870 litres

100
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d 20% of 125 people = 25 people and 90 people scored < 130 for the test

estimate is 130 + % x 10 = 137 marks

7 a 10+15+20+ 30+ 15+ 5 = 95 students

b midpoint (z) | f fx ¢ 10+ 15 = 25 students
Approx. mean
47.5 10 475 15 + 20
52.5 15 | 787.5 Sz d 20 100% = 36.8%
57.5 20 | 1150 -
62.5 30 | 1875 27 e 10+156+20 45
67.5 15 | 10125 | _ 56625 95 %5
72.5 5 | 3625 95 =15
D 95 | 5662.5 | = 99-6kg (= 47.4%)

EXERCISE 18C

1 a The total frequency =25+ 11+4+8+5+4+1=54
the median is the average of the 27th and 28th scores

242

median = 2

b The total frequency = 1 +3+ 11+ 12+ 8 +2 =37

the median is the 19th score (37;_ ! = 19)

median = 8 {15 scores are 5, 6 or 7}

2 Total frequency = 67 +35+17+8+ 1142+ 1 =141

the median is the 71st score (1412+ ! = 71)

median = 1 error {67 scores are Os}

3 a Length (z cm) | Freq. | C. freq. b 35 cumulative flequendy J’
24 < <27 1 1 30 e
21< <30 | 2 3 _—
30<e<33 | 5 8 25 /
3B3<Lr<36 10 18 /
36<z<39 | 9 27 20 /
39<z<42 | 2 29 15
42 <z <45 1 30

10 -
/ median
s pd |
0 /4/7/ 2 Iengqh (sz

e,

24 27 30 33 36 39 42 45
€ median = 35

d There are 30 data values. So, the median is the average of the 15th and 16th scores (when in
order).
In order they are:
24 27 28 30 31 31 32 32 33 33 33 33 34 34 34 35 35 35 36 ... etc.
e —
34+ 35
2

median = = 34.5

So, the median from the graph is a good approximation.
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5

160 , a Total frequency = 150

140 cumulagive frequency ‘ /‘L/<L . median = 61 {from the graph}
120 [*%8 / b When the score = 65,
100 / CF =91 {from the graph}

- i.e., about 91 students scored 65

80 |75 or less.

60 //

40 / € =36 + 40 = 76 students scored

20 I ,/rredian between 50 and 70

_4/?/{45 \.765 ¥ Sspore

0 b—-—o >
10 20 30 40 50 60 70 80 90 100

d For a pass mark of 45, CF = 24.5 e 84% of 150 = 126
24 or 25 students failed the exam. So, for a CF of 126, the score value is 76.

So, the minimum credit mark would be 76.

a Total frequency =1+14+0+3+....4+04+1=050
the median is the average of the 25th and 26th scores

23 are 7% or less } 8+8

40 are 8 or less 8

median =

b i 134+17+7+2+0+1=40 people
ii 1+14+043+5+134+17=40 are 8 or less

100 CF @ median = 29 min  {from the graph}
80 />=—-<>— b  when the score is 28, CF = 35
60 i.e., 35 runners were faster than 28 min
/ ¢ when CF =25 {25 faster}
40 the score is = 26.5 min
25
" /.
—=29 (median)
O e ‘Y L AL \Fj‘ = >
0 10 20 28— 30 40 score
Total frequency = 300
300 |,
CH J// @ median = 26 years {from the graph}
250 / b when the age = 23, CF = 108
/’/ 108
150 ¢ i whenageis27, CF = 158
158
oo P(S27) = — =0.527
100 ( ) 300
50 ii  when age is 27, CF = 158
0 27 age|(years) when age is 28, CF = 167
o 169 55 40 60 80 ie., 9 died
P(aged 27) = — = 0.030

300
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8 200 Total frequency = 178
A CE __l q ) Yy
a median = 2300 hours
150 b For a life of 2700 hours
CF =123
100
89 and 123 x 100% = 69%
/ 178
50 / - So, about 69% have a life < 2700 h
/ p time (hours) ¢ Fora life of 1500 h, CF = 45
0 e ‘ > . .
0 1000 2000 3000 4000 5000 For a life of 2500 h, CF = 107.5

ie., 107.5 —45=62.5
62 or 63 failed
d When life = 800, CF = 15
15

P(failed before 800) = 178 = 0.084

9 120 4 e J a median = 50+th score

80 b When d=35 CF=125

/ i.e.,, 12 or 13 students

60

504 € When d=45 CF = 40

40 When d =65 CF = 90.5

20 - . -

/| edian . number of students = 90.5 — 40
0 ‘ 4 nr d (m3 = 50.5

0 10 20 30 40 50 60 70 80 i.e., about 50 or 51 of them

d When d=53, CF=66. So, 101 — 66 =35 were considered.
e When d=32, CF=7 So, P(<32) =&

= 0.07 or ™%

EXERCISE 18D.1
1 a 23334445555666667788899 (n=23)

T T T
Q1 median Qs
i median = 6 ii Q1 =4, i range iv IQR
Qs =7 =9-2 =Q;— O
=7 =7-4
=3
b 1012 12 14 15 15 16 16 17 18 18 18 18 19 20 21 22 24 (n = 18)
1 ~~ 1
Q: T Qs
median
i median=175 i Qi =15, iii range iv IQR
Q3 =19 =24-10 =Q3 — Q1

=14 =19-15
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¢ 21.8 224 23.5 23.5 24.6 24.9 25.0 25.3 26.1 26.4 29.5 (n=11)

T 7 T
Q1 median Qs
i median=24.9 H Qi =235, iiii range iv IQR
Qs = 26.1 =29.5—21.8 =Q; — Q
=77 =26.1—23.5
=2.6
Q1
=
d 103 105 115 115 119 123 124 125 127 127 128 129 130 133 135 140 141 (n =21)
142 145 146 148 T ~
median Qs
i  median =128 i Q; =121, iiii range iv IQR
Q3 = 140.5 = 148 — 103 =Q3 — Q
=45 = 140.5 — 121
=19.5

2 0000814151619 21 22 2.7 3.0 3.4 3.6 3.8 3.8 4.5 4.8 5.2 52

7 ~~ ~— ~ 1
min T T T max
Q1 median Qs
@ median = 22;—27 Q1 = 1.45 b range =52-0 IQR =Q3 — Q
Q3 = 3.8 = 5.2 = 3.8—-145
= 245 = 2.35

< i the median, ie., 2.45 min ii Qs ie, 3.8min
i The minimum waiting time was 0 minutes and the maximum waiting time was 5.2 minutes.

The waiting time was spread over 5.2 minutes.

3 3479101314 16 17 18 20 20 23 25 26 29 29 29 31 33 37 38 42 (n =23)
T T T T 7

min Q: median Qs max

a min=3 b max=42 ¢ median=20 d Q; =13 e Q3=29

f range =42-3 g IQR=0Q3 - Q

=39 =29-13
=16
min
!
4 109 111 113 114 114 118 119 122 122 124 124 126 128 129 129 131 132 (n = 20)
135 138 138 \T/ \T/ \T”
T .
max Q1 median Qs
a i median = 124 cm b i ..124cmtall ¢ i range = 138 —109
i Qs =130cm, il ... 130 cm tall =29 cm
Q1 =116 cm il IQR=Qs —Q:
= 130 — 116
= 14 cm

d the IQR, i.., over 14 cm
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5 a Without fertiliser - See Exercise 18B.2 solution to question 7.
i range=9-2=7 ii median =6
iii lower quartile = 38th score = 5 iv  upper quartile = 113th score = 7
V interquartile range =7 — 5 =2
b With fertiliser
i range=13-3=10 ii  median =7
iil lower quartile = 38th score = 6 iv  upper quartile = 113th score = 8
V  interquartile range = 8 — 6 = 2

EXERCISE 18D.2

1 a i median=35 ii  max. value = 78 iii min. value = 13
iv Q3 =53 v Q1 = 26

b i range=78-13=65 ii IQR=0Q3 — Q1 =53—-26=27
2 a highest mark = 98 b lowest mark = 25 ¢ the median which is 70

d Qs whichis 85 e Q=055 and Q3 =85 f range=98-25=73

g IQR=0Q3-Q1=85-55=30
3 a i 3455566 6 778 8 9 10

T T ~~ 7 7
min Q1 T Qs max
median

So, min=3, Qi =5, median =6, Q3 =8, max = 10

’—El:|—‘ iii range =10-3 iv IQR = Q3 — Q:
— 7 =8-5
3 4 5 6 7 8 9 10 =3

b i 01234566 7778382883889 9
T T T T 7

min Q1 median Qs max

So, min=0, Qi =4, median=7, Q3 =8, max =9

,—|:|:|_, iil range =9-0 iv IQR = Q3 — Q

- > =9 =8-4
012 3 456789 — 4
min
!
€ i 117 120 123 126 126 128 130 131 131 131 133 135 135 137 144 147 147
149 149 151 ~ ~ ~
1 T T 7
max Q1 median Qs

So, min =117, Qi = 127, median = 132, Qs = 145.5, max = 151

i 1] range iv IQR = Q3 — Q
—D:l_' =151 —117 = 145.5 — 127
= > =34 = 185

120 130 140 150
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L a Stem | Leaf min
38 @ﬁ ~Q, 88 |3 represents 883 g
8912257881999 ~median
90 (0011233 36 66 n =42, so, median = ave. of 21st and 22nd
911 01112B33467789 905 + 905
92 | 01 4D~ ==
= 905
Q1 = average of 10th and 11th Q3 = average of 31st and 32nd
899 + 899 913 +913
B 2 B 2
= 899 = 913
So, min =883 g, Qi =899 g median=905g, Q3 =913 g, max =927 ¢
b . T ¢ i IQR=Q3 —Q,=913-899—=14¢
880 890 900 910\,\,35& Ofg f’é)af © ii  range = max — min = 927 — 883 =44 ¢
d i the median, ie, 905¢ i lessthan900g = <899 g, so 25%
iii the IQR, ie., 14 ¢ iv Qi orless, ie, 899 ¢
e slightly skewed to the left, i.e., a little negatively skewed
5 a Statistic Year 9 | Year 12 b For year 9 group For year 12 group
min value 1 6 i range =12-1 i range = 1756
Q1 5 10 =11 =11.5
median 7.5 14 i IQR=10-5 ii IQR =16-10
Qs 10 16 _ 5 _ 6
max value 12 17.5
¢ |1 True, indicated by the median.
ii True, as Q; for year 9 = 5 and min for year 12 = 6.
6 233444455555556666667777888999101213
min T median T max
Q1 Qs
a median=6, Qi1 =5, Q3 =38 b IQR=8-5
=3
< T T
T2 3 45 6 7 8 910111213
7 @ [ Number of bolts | 33 | 34 | 35 | 36 | 37 | 38 | 39 | 40 There are 47 scores
Frequency 15| 7131128 ]0]|1 . median = 24th
T. T. 1 (47 +1 _ 24>
min median max
is one 14 scores are 35 or less
of these 27 scores are 36 or less
dian is 36
Q1 = 12th (47+1 _ 12) Qs — 36th median is
= 35 = 37
So, min =33, Q; = 35, median = 36, Q3 = 37, max = 40
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b

10 a

i range=40-33="7 {7}
il IQR =37-35=2 30 3132 3B 4 B B F7 B/ 2 40 4
For h=5, CF=10 .. 10 seedlings have height 5 cm or less
60 — 43

For h=8, CF =43 . % taller than 8 cm =

Approx. median occurs at CF = 30, i.e., median = 7 cm.
IQR = Q3 — Q1 = (h when CF = 45) — (h when CF = 15)
=84-58
= 2.6 cm
90th percentile occurs when CF = 90% of 60 = 54
90th percentile = 10

This means that 90% of the seedlings have a height of 10 cm or less.

x 100% = 28.3%

The lower quartile occurs when CF = 25% of 80 = 20

50

Q1 = 27 min

The median occurs when CF = 50% of 80 = 40

median = 29 min

32

The upper quartile occurs when CF = 75% of 80 = 60

Qs = 31% min

20

) 27 «x
IQR = Qs — Q1 = 313 — 27 = 43 min

For the 40th percentile, CF = 40% of 80 = 32

T —27 3

F he similar A = —
rom the similar As, B 30
r—27 =12
T = 28.2

So about 28 min 10 sec.

Highest CF value = 480 .. 480 sat for the exam.
Highest mark = 120 {assuming ‘best” student got full marks}
The median occurs when CF = 50% of 480 = 240

median = 84 marks

IQR=Q3 — Q1

(mark when CF = 360) — (mark when CF = 120)
=99-71
= 28 marks
For the 85th percentile, CF = 85% of 480 = 408
85th percentile = 107 marks

EXERCISE 18E.1

T=487, Ming=1, Qi =3, Q=5 Q3=7 Maxy,=9

30
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b C
— [

"1 2 3 4 5 6 7 8 9 10

d =524 Min,=2 Q =4, Qy=5,

4 frequency

O R N w M o

Q3 = 6.5, Max, =

— [ sl

— T2

0 1 2

3 4 5 6 7 8
EXERCISE 18E.2
1 a discrete €
13, frequency
10 | Shane
5 S
01 2 3 45 6 78

wickets per innings

9 10

15 4 frequency

10 Brett
50
0 L | 171,

012345678
wickets per iInnings

There are no outliers for Shane. Brett has outliers of 7 and 8 which must not be removed.

Shane’s distribution is reasonably symmetrical. Brett’s distribution is positively skewed.

f Shane has a higher mean (= 2.89 wickets) compared with Brett (= 2.67 wickets). Shane has a
higher median (3 wickets) compared with Brett (2.5 wickets). Shane’s modal number of wickets
is 3 (14 times) compared with Brett, who has a bi-modal distribution of 2 and 3 (7 times each).

g Shane’s range is 6 wickets, compared with Brett’s range of 8 wickets. Shane’s IQR is 2
wickets, compared with Brett’s IQR of 3 wickets. Brett’s wicket taking shows greater spread
or variability.

h — T Shane

— T ] Brett
-~ f f f f ‘. f f f F——t—>
0 1 2 3 4 5 6 7 8 9 10

J Generally, Shane takes more wickets than Brett and is a more consistent bowler.

continuous

For the ‘New type’ globes, 191 hours could be considered an outlier. However, it could be a
genuine piece of data, so we will include it in the analysis.
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d Old type | New type
Mean 107 134 tvpe’
Median | 110.5 132 ype:.
Range 56 84
IQR 19 18.5 has been affected by the 191 hours).
e
— — ‘old’
* new’
60 80 100 120 140 160 180

The mean and median are = 25% and = 19% higher
for the ‘new type’ of globe compared with the ‘old

The range is higher for the ‘new type’ of globe (but

The IQR for each type of globe is almost the same.

lifespan (hours)

f TFor the ‘old type’ of globe, the data is bunched to the right of the median, hence the distribution
is negatively skewed. For the ‘new type’ of globe, the data is bunched to the left of the median,
hence the distribution is positively skewed.

g The manufacturer’s claim, that the ‘new type’ of globe has a 20% longer life than the ‘old type’
seems to be backed up by the 25% higher mean life and 19.5% higher median life.

Set I | Set 2 Set I | Set 2
Mean | 21.95 | 21.81 Qs 22.0 | 21.9
Min, 21.6 21.5 Max, | 22.2 | 22.2
Q1 21.9 21.7 Range | 0.6 0.7
Median | 21.9 21.8 IQR 0.1 0.2
EXERCISE 18F
1 a Sally T (1‘ — :E)2

23 4

17 64

31 36

25 0

25 0

19 36

28 9

32 49

200 198

n
~ 200
=25 8
= 4.97

b  The standard deviation.

2 a Glen has mean =

Shane has mean =

Set 2 has more data points than set 1.

The 5-number summary for each set of
data is reasonably similar, however the
spread of the middle 50% of data for
set 2 is double that for set 1.

Joanne
3L
n
244
TR
= 30.5

0+104+1+9+114+0+8+5+6+7 57

Glen’s range = 11 — 0 =11

10
443+4+1+4+114+7+6+124+5 57
10

Shane’s range = 12 — 1 =11

=10

==

z | (z—2)?°

9 (21.5)?

29 (1.5)?

41 | (10.5)?

26 (4.5)*

14 | (16.5)?

44 | (13.5)?

38 (7.5)?

43 | (12.5)?

244 | 1262
B Sz — z)?
o n
1262
Vs
= 12.56

The lower the value of s, the more consistent.

5.7

5.7
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b We suspect Glen’s as he has more high and low values.

¢ Glen

N

—

8l
N>

N

10

e
[N

N

NN N

N

e~ o~~~ —~ |8’
AR A e
e A R R

~N O Ut 0o O

W W W W Ww N W

—_
ot
Ne

a

b i sample mean

a z | (x—2)?
79 102
64 52
59 102
71 22
68 12
68 12
74 52
483 256

T

Shane
B \/Z:(gc—:z;)2 z | (z—z)?
- n 1 | (1.7)? 3
154.9 5 (2'7)2
= 0 4 (1.7)
1 (4.7)?
= 3.9 4 (1.7)?
reTater " (5'3)2
Va%iability 7 (1'3)2
6 (0.3)
12 (6.3)*
5 0.7)?
108.1

sample standard deviation € less variability
_Xe ® [z [c-2°
n 89 102
_ 483 74 5°
T 69 10
= 69 81 2?
— 78 1?
_ Sz —z) 78 12
" 84 5
256 553 256
VT
= 6.05

The standard deviation as it takes all values into account, not just the lowest and highest.

We suspect variability in standard deviation since the factors may change every day.

Y

n
553

7
79

]

= 6.05

€ The distribution has simply shifted by 10 kg. The mean increases by 10 kg and the standard
deviation remains the same.

a z (z —7)2
0.8 | (0.21)2
1.1 | (0.09)?
1.2 | (0.19)?
0.9 | (0.11)2
1.2 | (0.19)?
1.2 | (0.19)?
0.9 | (0.11)2
0.7 | (0.31)2
1.0 | (0.01)?
1.1 | (0.09)?
10.4 | 0.289

T =

o b B

n 1.6

_ 101 2.2
10 2.4

= 1.01 kg 18
— 2.4

= Z(mn_ ?) 2.4
1.8

_ /0.289 1.4
10 2.0

= 0.17 kg 9.9
20.2

Sz

n
20.2
10
2.02 kg

Sz — z)?

n

1.156

10
0.34 kg
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€ Doubling the values doubles the mean and standard deviation.

Y 2 2
6 meay _ 3T THatdtb \/ (7T—5)2+(a—5)>+ (4—5)2+ (b—5)
5 5
14+a+d 3
- \/4+4+ a—5)°%+1+(b—5)
5
14+a+5b
5 0 9+ (a + (6 —a)?
ing (1
d+tath=25 \/ {using (1)}
a+b=11 2
b 11 a \/9+a —10a—|—25+36—12a—|—a
..... )
/a —22a—|—70
2_
So, (/2 Z22aFT0 _ 5 2a% — 220 + 70 = 10

5 2
2a° —22a+60 = 0

a’®—11a+30 =0
(a—5)(a—6) =0

a = 5 or 6 and corresponding values of bare 6 or 5 andas a >b, a =6 and b=5

7 =\2
€T f fz | flz—7) -
0 |14] 0 41.61 Z fz s S flz—1z)
1 ]18| 18 9.44 f 7
2 |13 26 0.99
100
3|15 15 8.14 == . [16159
I o = 1.724 child ' 58
5 2 10 21.46 = 1. children . .
6 2 | 12 36.57 = 1.67 children
T 11 7 27.84
S |58 100 | 161.59
8 a —
4 f| fz | flz—12) —
o 1] o] 2601 g 2t RN DPF (Chak s
1o o 0 S f 7
2 )1 2 9.61
102
3 1 3 4.41 = o> _ [e580
4 | 2 8 2.42 20
5 16| 30 0.06 =5.1 L
6 | 5| 30 4.05 :
713 21 10.83
8 |1 8 8.41
S 20| 102 6580
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e[ [fa -2
11 2 22 24.22 F =
12 1 12 6.15
13 4 52 8.76
14 5 70 1.15 =
15 6 90 1.62
16 4 64 9.24 =
17 2 34 12.70 =
18 1 18 12.39
Z 25 | 362 76.23
9 z | 7] fe | f@—3)
33 1 33 18.24 7 =
35 5 175 25.78
36 7 252 11.31
37 | 13 | 481 0.95 =
38 | 12 | 456 6.38 .
39 8 312 23.92 =
40 2 80 14.90
ST |48 [ 1789 | 101.48
10 Midpoi e
point @) | 7 | = | f@—-9)
40.5 1 40.5 52.85
42.5 1 42.5 27.77
44.5 3 133.5 32.08
46.5 7 | 325.5 11.29
48.5 11 | 533.5 5.86
50.5 5 | 252.5 37.26
52.5 2 105 44.75
D 30 | 1433 | 211.86
11 Midpoint (x) | f ifap flz —z)?
364.995 17 6204.9 10885.83
374.995 38 14 249.8 8901.23
384.995 47 18094.8 1322.72
394.995 57 | 22514.7 1256.45
404.995 18 7289.9 3886.97
414.995 10 4149.9 6098.43
424.995 10 4250.0 12037.43
434.995 3 1305.0 5992.93
Z 200 78059 50381.99

2=
D
362
25
14.48
14.5

> f

1789

37.3

I
Il

L [Zia—ey
Vo7

_ [76.25
o 25
= 1.75
s [T
f
~ /101.48
a 48
= 1.45
x DYy IC;
L [211.86
- 30
= 2.66 cm

= $390.30 = $15.87

> flz—x)?
> f "
78059 _ /50381.99
200 o 200

12 a 2=265 s=229 b =132 s=465 ¢ 2=170, s=984 d z=0, s =2

13 z=55L,

14 a 7z =33.7,

15 z = 3$18.60,

s=109L

s=111 b z =174,

s = $8.33

s=0123 ¢ z =346, s=104
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EXERCISE 18G

1 a 50% + 34% = 84%

So, 16% are above 189.
b  50% + 34% = 84%

So, 84% are above 179.
¢ : € 2x34%+2 x 13.5% + 2.35%
169 174 179 184 189 194 199 = 97.4%

d 0.15%

100% — 50% — 34% = 16%
and 20 x 16%

=20 x0.16
=3.2

On 3 occasions.

a 200 x (50 +34+13.5)%
=200 x 95.5%
0.15% = 195
3 200 — 195 = 5 took > 11 minutes
3 | 135%) b 200 x (0.15+2.35 + 13.5)%
9m 10m 10m 10m 10m 11m 1lm =200 x 16%
45s 15s  30s 45s 15s — 32 lifesavers

c 200 x 68%
= 136 lifesavers

a 545 x (50 + 34)%
=545 x 0.84
= 458 babies

b 545 x (68 + 13.5)%

= 545 x 81.5%
= 444 babies

24 26 28 30 32 34 36

REVIEW SET 18A

1 a i many il na il categorical
ii

b i many breaths per minute {ii quantitative discrete
¢ i infinitely many i centimetres, metres, etc. i quantitative continuous
2 a Diameter of bacteria colonies b Using technology

0489 i median = 3.15 cm
113557 ii range=49-04=45cm
21115688
31012345566779 ¢ The distribution has a large tail on the left.
4101279 So, it is negatively skewed.

leaf unit: 0.1 cm
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5

6 Using technology a 1 101.5 ii 98

7

a Using technology

Girls

Boys

shape

centre (median)
spread (range)

7.7 se

pos. skewed | approx. symm.
36.3 sec 34.9 sec

C 4.9 sec

b The girls’ distribution is positively skewed and the boys’ distribution is approximately symmet-
rical. The median swim times for boys is 1.4 seconds lower than for girls but the range of the
girls” swim times is 2.8 seconds higher than for boys. The analysis supports the conjecture that
boys generally swim faster than girls with less spread of times.

@ highest = 97.5 m, lowest = 64.6 m

b The range = 97.5 — 64.5 = 33
So, if intervals of length 5 are used we need about 7 of them.
70 -, 75 -, 80 -, etc.

We choose 60 -, 65 -,

€14 frequency distribution table for
distances thrown by Thabiso
distance (m) | tally | freq. (f)
60 - | 1
65 - Il 3
70 - bl 5
75 - [ 2
80- || s
85 - M 6
90- | I 3
95 < 100 [ 2
Total 30

a Reading from the box-plots

A B

Min 11 11.2
Q1 11.6 12
Median 12 12.6
Qs 12.6 | 13.2
Max 13 13.8

b

d iii

Frequency histogram displaying the
distance Thabiso throws a cricket ball

f —

o w o o

e Usin
i

@0&9«0\ OO D P o‘o\
EEEEEE L
distance (m)

g technology
Z=8l.1m ii median = 83.0 m

range of A ii IQR of A
=13-11 =126—-11.6
=2 =1.0

range of B IQR of B
=13.8-11.2 =13.2-12
=26 =1.2

(4 i The members in squad A generally ran faster times.

ii The times in squad B were more varied.

i 105.5

b 75 ¢ £=1002, s=7.59

@ The mean length is likely to occur most often with variations around the mean occurring
symmetrically as a result of random variations in the production process.

b Similar reasons as for a.
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8 This question could be done using technology or

litres (x) | f fz | flz—z)?°
17 5 85 1299.27
22 13 286 1607.50
27 17 459 636.72
32 29 928 36.38
37 27 999 406.47
42 18 756 1419.38
47 7 329 1348.58
S 116 | 3842 | 6754.30
9 a
* Cumulative frequency
60
50 1
40 1
30
20
median
10 1 /
v Score
0 >

10 6+z+9+y+3+11

6
29+z+y
r+y
Y

0 995 1995 29.95 39.95 49.95

= 33.12
= 33.1 litres

Zfz z—x)2
=7 . /Zf(zf)

6754.30

116

= 7.63 litres

b median = 25.9 (see graph)

(4 IQR = Q3 — Q1
= (score for CF of 45)

— (score for CF of 15)
=32-20=12
d
f |midptz| fz |(z—2z)°
0—-99 |1 4.95 4.95 441
10 —19.9| 13| 14.95 |194.35 121
20 —29.9( 27| 24.95 |673.65 1
30—39.9(17( 34.95 |594.15 81
40 —49.9( 2 | 44.95 | 89.9 361
60 1557
D 37 T I ) SV LU
DL > f
50~ 26.0 7\/%f8.31

7 {as the mean is 7}

42
13
13—z

. (D

Also \/(67)2+(907)2+(97)22(3/7)%(37)%(117)2

and corresponding y-values are 4 or 9

But z <y

r=4, y=09.

1+ (x—7>2+4+(y—7>+16+16

6

37+ (x—7)> + (6 —
37+ 2% — 14z +49+ 36 — 12z + 2% — 50 =
2% — 26z 4+ 72 =
22 — 13z + 36 =
(z—=9)(z—4) =

m)2 =

S O O O WL
2 el% gl

rz =9 or 4
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REVIEW SET 18B

4 Frequency
40
30
20 -
10 | magin
0iNts)
0 ] (points)

0 10 20 30 40 50

2 Using technology:

a x=3.69, mode =4, median = 4 b 2z =156, bi-modal (58 and 63), median = 58

3 Using technology, Z = 49.6, s = 1.60 does not justify claim. A much greater sample is needed.
L Use technology or Midpoint (z) I fx Y fr 1126135
T = = —
274.5 14 3843 Sf 272
324.5 34 11033
374.5 68 25466 = 414 customers
424.5 72 30564
474.5 54 25623
524.5 23 12063.5
574.5 7 4021.5
> 272 | 112613.5
5 116 118 120 122 127 128 132 135 (n=298)
T ~—~ ~—~ ~—~ T
min T ) ) max
Q1 median Qs
2 132
range = 135 —116 Q; = —118;120 Qs = 1281132 8; 3 s =6.38 {technology}
=19
=119 = 130
6 11 12 12 13 14 14 15 15 15 16 17 17 18
I~ 1 -~ 1
min T median T max
Q: Qs
< I L. I I L. I -
11 125 15 16.5 18
7 Using technology with x values 74.995, 84.995, 94.995, etc.

Z =$103.50 and s=$19.40
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68% lie here

2 x (344 13.5) = 95% lie here
2 x 34 + 13.5 = 81.5% lie here
13.5% lie here

Q n o o

114 126 138 150 162 174 186

9 Using technology
a =460, s=150 b z=149.5 s=14.0

10 a (50 —34—13.5)% = 2.5%

days are less than 1900
b (50 +34)% = 84%
(2 x 34+ 13.5)% = 81.5%

3 | 135%)
1600 1900 2200 2500 2800 3100 3400

1 3+a+6+b+13:6.8 a+b+22:6.8
5 5

a+b+22 =34

a+b=12

b=12—a ... 1)

o \/(3 —6.8)2+ (a—6.8)% + (6 — g.g)2 +(0-68)°+(13-68) o=z
(=38)°+ (a—68)? +(-0.8)?+ (12—a—6.8)*+ (6.2 _ |, ¢

5
53.52 + (a — 6.8)% 4 (5.2 — a)? = 62.8
53.52 + a® — 13.6a + 46.24 + 27.04 — 10.4a + a* — 62.8 = 0
20> —24a+64 =0
a’—12a+32 =0
(a—4)(a—8) =0
a=4or8&8 and b =28 or 4
But a>b, . a=8 b=4



Chapter 19

PROBABILITY

EXERCISE 19A

1 a P (inside a square) b P (on a line)
. 113 .32
T 145 T 145
=0.7793.... = 0.2206 ....
=0.78 =0.22

2 Total frequency = 17+ 38 + 19 +4 =78
a P (20 to 39 seconds) b P (> 60 seconds) C P (between 20 and 59 sec (inc))

_ 38 4 38419
78 78 T8
= (.487 = 0.051 =0.731
3 [Calls/day | No. of days | @ Surveylasted 2+7+11+8+7+44+3+0+1
0 9 = 43 days
1 7 b i P@Ocals) i P(=5calls) i P(< 3 calls)
: Y 2 4434041 247411
1 - 43 43 43
5 4 = 0.047 = (0.186 = 0.465
6 3
7 0
8 1
] Total frequency a P (4 days gap) b P (at least 4 days gap)
=37+814+48+17+6+1 _ 17 C17T+6+1
=190 © 190 o190
=0.089 =0.126

EXERCISE 19B
1 a {ABCD} b {BB BG GB, GG}

¢ {ABCD, ABDC, ACBD, ACDB, ADBC, ADCB, BACD, BADC, BCAD, BCDA, BDAC,
BDCA, CABD, CADB, CBAD, CBDA, CDAB, CDBA, DABC, DACB, DBAC, DBCA, DCAB,

DCBA}
d {GGG, GGB, GBG, BGG, GBB, BGB, BBG, BBB}
2 a b c d
die2
61 o o o o o ]
5 e o o o o o . SPII’IHETZ
spinner 4 . . o o
. 4 e o o o o o DT o o o o o o
con 3 e o o o o o CT o o o o o o 3 ° ° °
T e o o o o o 2 e o o o o o B+ o o o o o o 2 ° ° ° ©
H e o o o o o 1 e o o o o o AT o o o o o o 1 . . . .
125456 12354566 123456 ABCD

6 "
die diel die spinner 1
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3 a b d

5-cent  10-cent coin  spinner spinner 1 spinner 2 draw 1 draw 2

H<: H<g 1<§ P<\;§/
H < : <y "<
< ! <§ < w<h
EXERCISE 19C

1 Total number of marbles = 5+3+7 =15

a P (red) b P (green) c P (blue) d P (not red)
=1 =1 =1 _ 347
1 _1 15

5 3 =2 or =1

e P (neither green nor blue) f P (green or red)
= P(red) _ 5+3
_1 15
=1 .

— 15
2 a 8 are brown and so 4 are white. b i P (brown) ii P (white)
_ 2 _1
-3 -3
3 8 have one a P (no first name) b P (one first name)
19 have two -0 -8
5 have three o2 32
=0 -1
1
C P (two first names) d P (three first names)
_ 1 _ 5
= 32 = 32
L a P (multiple of 4) b P (between 6 and 9 inclusive)
=P(4, 8, 12, 16, 20, 24, 28, 32, 36) =P(6,7, 8 or9)
=2 — 4
36 36
_1 _1
1 -9

< P(> 20) d P(9)
=P (21, 22, 23, 24, ...., 35, 36) ==
_36—-20
36
_ 16
~ 36
_ 4
-9

e P (multiple of 13) f P (odd multiple of 3)
= P (13 or 26) =P(3,9, 15, 21, 27, or 33)
= % _ 3_66

1

1

o=



Mathematics SL, Chapter 19 - PROBABILITY 373

5

6

7

a P (on Tuesday) b P (on a weekend) C P (in July)

_1 =2
=% 7 = ﬁ {over a
X3+ 4 year period}
124
d P (in January or February) ~ 1461

 4x31+3x28+1x29
o 3 x 365+ 1 x 366
237

1461

{over a 4 year period}

Let A denote Antti, K denote Kai and N denote Neda.
Possible orders are:  {AKN, ANK, KAN, KNA, NAK, NKA}
a P (A in middle) b P (A at left end) C P (A at right end)

2 —

W= o

2
6 6
1 — 1
=3 3

d P(Kand N are together) = 3 = 2

Let G denote ‘a girl’ and B denote ‘a boy’.
a Possible orders are:  {GGG, GGB, GBG, BGG, GBB, BGB, BBG, BBB}

b i P (all boys) ii P (all girls) iii P (boy, then girl, then girl)
= P(BBB) = P(GGG) = P(BGQG)
1 1 =1
3 3 -3
iv P (2 girls and a boy) Vv P(girl is eldest)

= P(GGB or GBG or BGG) = P (GGG or GBG or GBB or GGB)
= % — %

—1

2

vi P (at least one boy)
=% {all except GGG}

a {ABCD, ABDC, ACBD, ACDB, ADBC, ADCB, BACD, BADC, BCAD, BCDA, BDAC,
BDCA, CABD, CADB, CBAD, CBDA, CDAB, CDBA, DABC, DACB, DBAC, DBCA, DCAB,

DCBA}
b i P (A sits on one end) ii P (B sits on one of the two middle seats)

=12 _ 12
24 24

_1 _1

=3 =3

iii P (A and B are together) iv P (A, B and C are together)

12 12

=1 =1

N

9 {HHHH, HHHT, HHTH, HTHH, THHH, HHTT, HTHT, THHT, THTH, HTTH, TTHH, TTTH,

TTHT, THTT, HTTT, TTTT}
a P (all heads) b P (2H and 27) 4 P (more H than T)

sl=

®le o,
|
5l
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d P (at least one T) e P(exactly one H) = 14—6
=12 {excludes HHHH} =1
. f bulls-
10 P (hits the bulls-eye) = arca of bulls-eye
area of whole target
X 202
T x 302
4007
~ 9007
_ 4
-9
EXERCISE 19D
1 a P (2 heads) b P (2 tails) C P (exactly 1 head)
=1 =1 = P(HT or TH)
1 1
=2 o 1
d P (at least one H) 4 2
= P(HT or TH or HH)
— 3
— 1
2 a coin b There are 2 x 5 = 10 possible outcomes.
T e o+ <« o (@ ¢ i P (T and 3) ii P (H and even)
T =L = P(H2 or H4)
i 2
spinner =2
1 2 3 4 5 a1
5
iii P (an odd) iv P(H or 5)
= P(H1, T1, H3, T3, H5, T5) =35
=35 3
10 =3
3
=3 {those shaded}
3 a P(two3s) b  P(5anda6) € PGorab) die2
=P((3,3) = P((5, 6). (6, 5)) =3 4 DI
1 2
= 35 =36 :% 41 o ¢ o o o o
! 31 ¢ o o o o o
— 18 2 e o o o o o
1 ¢ o o s 0 o inq
123456
d P (at least one 6) die2 e P (exactly one 6) die2
=1 61 CEEEEEEEEEE =10 61 CEEEEEEED -
36 36
5+ e e o o o o _ 5 5+ o e o o o o
A1 o o o o o o = 13 A1 o o o o o o
31 o o o o o o 31 o o o o o o
2 e o o o o o 2 e o o o o o
100000.diel 100000.die1
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EXERCISE 19E.1

1 a
c
2 a

-7

P (no sixes) ,die2 g P(sumof7) Jdie2
25 61 o o o o o o _ 6 61 @he o o o o
36 G+ e o o o o o 36 5+ o o o o o o
_ 1
41 o o o o o o =3 A1 o o o o o o
31 e o o o o o 31 ¢ o o o o o
2+ o o o o o o 2+ o o o o o o
1+ © e e o o o diel 1+ o e o o o o diel
123456 123456
P(sum > 8) ,die2 i P(sum of 7 or 11) ,die2
10 G+ © o o o o o + o o o o o o
32 _6+2 6
5 51+ e o o o o o 36 5+ o o o o o o
18 4+ e e o o o o _ 2 A+ o o o o o o
3+ e e o o o o ) 3+ o o o o o o
214 e o o o o o 2+ o o o o o o
1+ o o o o o o diel 1+ o o o o o o diel
123456 123456
P (sum no more than 8) die2
P (sum < 8) 6+ PN e o o o
26 51 o o o o o o
36 4 e o o o o o
13 3 e o o o o o
18 2l le o o o o o
11 o o o o o o g1
123456
P (rains on any one day) b P (rains on 2 successive days)
g =P(R and R)
_ 6 6
i i =7 X7
P (rains on 3 successive days)
_ 36
P(R and R and R) Y
6 6 6 216
7X7 X7 O 353
P (H, then H, then H) b P (T, then H, then T)

P(H and H and H)
1,11
7 X3 X3

2
1
8

3 Let A be the event of photocopier A malfunctioning and

L a

P (both malfunction)
P (A and B)

0.08 x 0.12

0.0096

P (they will be happy)
P (B, then G, then B, then G)

= P(B and G and B and G)

1 1 1 1
3 X3F X3 X3

-
c:l"‘

B be the event of photocopier B malfunctioning.

b

P(T and H and T)

1 1
X3 X3

o= =

P (both work)

=P(A’ and B')

0.92 x 0.88

= 0.8096

P (they will be unhappy)

=1 — P (they will be happy)
=1— 1

16
15

1
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5 Let J be the event of Jiri hitting the target and
B be the event of Benita hitting the target.

a P (both hit) b P (both miss) C P (J hits and B misses)
=P(UB) =P(J'B) =P(JB)
=0.7x0.8 =0.3x0.2 =0.7x0.2
=0.56 = 0.06 =0.14

d P (B hits and J misses) = P(BJ')

=0.8x0.3
=0.24
6 Let H be the event the archer hits the target.
P(H) =2, PMH)=1
a P (3 hits) b P (2 hits then a miss) C P (all misses)
= P(HHH) = P(HHH') = P(H'H'H)
2,22 2,2, 3 333
=5X§X% =5X5X3g =5X5X3
_ 8 _ 12 _ 21
= 125 = 125 ~ 125
EXERCISE 19E.2
1 a P (both red) b P(GR) C P (a green and a red)
3 o 7
= P(RR) =5 X5 = P(GR or RG)
_ 76 _ 3 1,73
0 X9 == =i X9 t1X%
=L =
15 5
2 a P (all strawberry creams) b P (none is a strawberry cream)
= P(SSS) =P(8'S'S)
_ 8 7 6 4 3 2
T X1 X1 =13 X1 %10
=4 - L
55 55
3 a P (wins first prize) b P (wins 1st and 2nd) < P (wins all 3)
_ 3 _ —
= 100 =P(WW) =P (WWW)
3 2 3 2 1
d Pl . = 700 X 99 = 700 X 99 X 38
t!
(wins none of them) = 0.000 606 = 0.000006 18
=P(WWW)
97 ., 96 ., 95
= 100 X 99 X 98
= 0.912
L a P (contains the captain) b P (does not contain captain or vice captain)
= P(CC'C’ or C'CC’ or C'C'C) = P(000)
Shxgxieixxietxixt =Pxixd
_ 60
=3 (i) — 210
7TX6 x5 _2
_3 !
7 .. P (does contain captain or vice captain)
=1-2

7

~jor
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EXERCISE 19F

1 a 1st spin 2nd spin b P (both black) < P (both yellow)
i ~-B =P (BB =P(YY
2 (BB) (YY)
, s B<7i"R RNV _ 1y
1 T =273 171
T 2 1 16
4 Rélz—R
Pl ; d P (both different)
1 1
K v Eiﬁ R = P(BR or BY or RB or RY or YB or YR)
14y Lyl ol 1111l 11
% 2N AT X g Ty Xy T g Xy Ty Xy Ty Xy
_ 4, 2
=5t
_5
-8
e P (B appears on either spin)
= P(BB or BR or BY or RB or YB)
Shxhabxieixieixieixg
=4+ 4
_3
=1
2 _ L win P (M wins)
% ran <% = P (rain and win or no rain and win)
2> lose _1 L.
L_win T 5X2T5Xw
4N norain< _ 1 . 10 4
> Bojose T 10%X10 T 100
_ 14
— 100
= L
= 50

3 P (next is spoiled) = P (from A and spoiled or from B and spoiled)
0.4 x 0.05+ 0.6 x 0.02

= 0.020 + 0.012
= 0.032 (3.2%)
4 : Z_ win P (red)
3 A =Ny = P (A and red or B and red)
2W\ /3W 5> lose 18,11
3R 1R 3 win =3 X5T 33Xy
INB<*” 3 1
A B ? 4+~ lose TS
— 17
10
5 A <%/ BI a P(blue) = P(A and Bl or B and Bl or C and BI)
—r = ixErixitix
L __ Bl = u
— =
2_B<3 30
6 ZEN
b P(red) = 1 — P(blue)
5 30
5 R 9

1
30
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EXERCISE 19G

1 a P (different colours) b P (different colours)
2P = P (PG or GP) = P (PG or GP)
5G
_ 20 _ 20
= 19 = 12
_10
21
2 a P (both odd) b P (both even) C P (one odd and other even)
= P (odd and odd) = P(even and even) =1- P(both odd) — P (both even)
_3y2 —2y1 —1_3_1
=57 =571 = 10
_ 3 _ 1 - £
10 — 10 10
_ 3
-5
3 R 2
4
% R < G %
A < R 3
4 2 G 4
. 2
3R 3R ; — Gt
2G 7G R 2
9
2 % R < 7
R 2
9
% G < G ¢
9
a P (both green) b P (different in colour)
= P(AGG or BGG) =1 — P(both green) — P (both red)
Ix2xit+2zxLExs =1—2 — P(ARR or BRR)
— k4 SEo(xixirExdad
i+ “i-(+ )
—10 =5- (@& +m)
_ 2 —_r_2
=3 979
_5
9
A 1st 2nd
50
% O <4\ L
60 < 9
4L 6 [e)
9—
14—0 L i L
a P (both O) b P (both L) c P(OL) d P(LO)
~gx — 43 =& =8
— 1 — 2 — 4 — 4
=3 =15 =15 =15
t+E+ LA+ 4 The answer must be 1 as the four categories a, b, ¢, d
5 4 are all the possibilities that could occur.
Sttt Tso
15

= 22 whichis 1
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a samplel . sample2 b P (both have two yolks) € P (both have one yolk)
6 s<8S = P(DD) = P(SS)
’ o —ix3 =$x§
_ 1 _ 10
§ s Rt kL
3
9 ND < =5
D
5
a chocolatel , chocolate2 b P (both hard) ¢ P(both soft)
10 H < ) - P =P(SS)
> Z~s =35 X 51 =% X35
- I
3 % H - 20 20
25 S <
14 S
24
1t ond 3rd a P (all red)
2R = P(RRR)
ST ~ix3xd
3 1
4 R % B <?/ R =3
7B
3
— R
4
2 % R <L\ B
B B < :
4
— R
1 B 4
5 <Q\ B
b P (only two are red) C P (at least two are red)
= P(RRB or RBR or BRR) = P (all red or only two are red)
=2x¥&xZ242axZxdp2dxd =++2  {fromaand b}
_4
=3 X (6><254><4) 5
-3
5
A .
6 R P (marble from B is W) = P (RW or WW)
9 —3x342x5
e R — 579175709
E 9T~ W VYV 19
BDE < o
2 4 R aths ticked
A 5 Sy 8 {r }
18 draw 2nd draw a P (wins both) b P (wins neither)
L -W =P(WW) = P(LL)
99
2 o W<Tg _2 1 _ o8 o7
100 9~ L = 700 ~ 99 = 700 © 99
< = 0.000202 = 0.960
98 2 _ W
100 ~_ 99
L < o7
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C P (wins at least one prize) = 1 — P (wins neither)
= _ 98 X 97
100 * 99
= 0.0398

EXERCISE 19H

1 @ The rule is: add the two terms directly above the new row with 1s at either end.
b 1721332171 ¢ 1721332171

2 1 1 a Cci=3 b Ccf=21
1 21 . .
146 41 e Ci=1 f cé=1

1 6 15 20 15 6 1
1 7 21 35 35 21 7 1
1 8 28 56 70 56 28 8 1

3 acl=126 b Ci*=364 € C"=40 d Ci=3
e O} =847660528 f (39 =1.3784 x 10!

4L a HHHHH HHHHT HHHTT HHTTT HTTTT TTTTT
HHHTH HHTHT HTHTT THTTT
HHTHH HTHHT THHTT TTHTT
HTHHH THHHT HTTHT TTTHT
THHHH HHTTH THTHT TTTTH
HTHTH TTHHT
THHTH HTTTH
HTTHH THTTH
THTHH TTHTH
TTHHH TTTHH

b i1 ii5 iii 10 iv10 wvi5 wvil

5 a Cif=43738 b C¥ =817190

6 a (ptq)’ b  (r+9°
=(p+q+9)° =+ +9)?
=(p+9® +2pq+ 4% =(@+9®*+3p°¢+3pg* +¢*) {from a}
=p° +2p°q+pq’ =p* +3p°q¢+3p°¢* + pg®
+ g+ 2p¢° + ¢° + p’q+ 3p°¢* + 3pg® + ¢
=p’ +3p°q+3pg° + ¢° =p* +4p°q + 6p°¢* + 4pq® + ¢*
Coefficients are: 1, 3, 3, 1 Coefficients are: 1, 4, 6, 4, 1

¢ From a and b we notice that for (p +¢)" the coefficients are the nth row of Pascal’s
triangle. The powers of p decrease by 1 as the powers of ¢ increase by 1.

i p°+5plq+10p°¢® +10p%¢° + 5pg* + ¢°
i p°+6p°q + 15p"q* + 20p°¢* + 15p°¢" + 6pg° + ¢°
d Cl+CipPq+Cop*¢*> +Cipg® +Clq* = (p+q)* {Binomial expansion in reverse}

= 14
=1
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10

b

(p+q)* =p* +4p°q + 6p°¢* + 4pg® + ¢*
P (3 heads) = 4p3q
3
(3)°(3) A{asp=q=13}

IS

N

(p+q)° =p° + 5p'q + 10p°¢* + 10p°¢° + 5pg* + ¢°

P(4H and 1T) J L C P (2H and 3T)
= 5p4q = 10}72(]3
=5(3)" (3) =10(3)" (3)°
_ 5 — 10
=33 32

-5
1

G+5)'=3)"+13) (3 +6(3)" () +1(3) )+ ()

P(S) = %, P(S) = % S’ represents a non-strawberry cream (or an almond centre)
i P(lS) ii  P(two of each) iil  P(at least 2 strawberry creams)
_ (24 _n(2)2(1)\2 = 2T
- (g) —6 (g) (5) P(ali S or 3S,31T or 28, )2
_ (2 2 1 2 1
=1 =2 =(3) +4(3)" (5) +6(3)" (5)
32 | 24
=5 Tt
— 2
=81
_38
9

(43 = (2 +5(2) @' +10@)° @+ 103 (33 (3) ()" + ()

i  P(2 ‘flat backs) ii  P(at least 3 are ‘flat backs’)
= P(2Fs and 3F's) = P(3F, 2F’ or 4F, 1F’ or 5F)
=10 (3)° (5)° =10(3)° (1) +5(3) (3)"+ (3)°
= é—i’g _ 904+ 15+1
45
_ 106
1024
_ 53
512

EXERCISE 191

1

@ 1) L0

>
o]
>
@

@ O @

>
W
>
@
>
vs)
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2 a
b
C
d

3 a
b
C
d

L
C
e

5

Total number in the class =3+ 4+ 5+ 17 = 29

Number who study both = 17 {the intersection}

Number who study at least one = 5+ 17+ 4 = 26  {the union}
Number who study only Chem. = 5

Total number in the survey = 37+ 9 + 15 + 4 = 65
Number who liked both = 9  {the intersection}
Number who liked neither = 4
Number who liked exactly one = 37 + 15 = 52
T N T represents those playing tennis
N represents those playing netball
° a+b+c+d=40
4 a+b=19
b+c=20
d=38

So, a+b+c= 32
194 ¢ =32 and a+ 20 =32
c=13 and a=12

Hence, 124+b+13+8 = 40

b=17
T N .
a P (plays tennis) b P (does not play netball)
0 1247 1248
40 40
8 _ 1 _1
10 2
P (plays at least one) d P (plays one and only one)
_12+47+13 12413
B 40 40
_ 32 — 25
= 40 = 20
=4 =35
5 8
P (plays netball, but not tennis) f P (plays tennis given plays netball)
=13 7
10 =
7+ 13
T
20
c = C represents men who gave chocolates
F represents men who gave flowers
° a+b+c+d =50
g a+b=31
b+c =12
b=>5

Thus ¢=7, a=26 and 26+54+7+d = 50
d =12
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7

p F a P(C or F) b P (C but not F)
264+5+7 = 26
= — 50
50 _ 13
_ 38 25
12 — 50
_ 19
25
c P (neither C nor F) d P (F given that C’)
—12 7
50 =
6 7412
== .
~ 19
Me My a+b+c+d=30
a+b=24
b =12
g a+b+c =26
26+d =30 ie, d=4
244+c¢ =26 ie, c=2
and a+1242 =26 .. a=12
a P (Mu) b P (Mu, but not Me)
Me My
_u -2
30 30
1 15
)
C P (neither Mu nor Me) d P (Me given Mu)
_ 4 — 12
= 30 ~ 14
=2 )
15 7
a b < d
@3 A B A B A B
A '~B AUB’ AB
a @ b A B ¢ A B
C C C
d @ e| A B fl A B
c C C
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9 a
b
C

10 a
b

7N So A’UB’ is the region
containing either type of
Y n :
A B &\\ B shading.

ArwBJ L (A NB)' isshaded

Thus, as the regions are the same, (A N B) = A’UB’ is verified.

A U (B NC) consists of the & (AUB)N(AUC) consists of the
shaded region ‘double shaded’ region.

As the two regions are identical
AUBNC=AUBNAUCQC
is verified.

A N (B UC) consists of the
double shaded region

(AN B)U(ANC) consists of the region
shaded. (all forms N\ and 77 )

As the regions are identical, A N (BUC) = (AN B)U (A NC) is verified.
A = {7,14, 21, 28,35, ......, 98}
B = {5, 10, 15, 20, 25, ...... , 95}

i as 98=7x14, n(A) =14 ii as 95=5x19, n(B) =19
iii ANnB=1{3570} ... n(ANB)=2

iv AUB = {5,710, 14, 15, 20, 21, 25, 28, 30, 35, 40, 42, 45, 49, 50, 55, 56, 60, 63,
65, 70, 75, 77, 80, 84, 85, 90, 91, 95, 98}

n(A UB) =31
n(A) + n(B) — n(A N B)
=144+19-2
=31

=n(AUB) V
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11 A B
S d
12 a i P®B)
n(B)
~n(S)
. b+c
T at+btctd

iv

. at+b+ec
T a+b+ec+d

b P(A or B) = P(A) + P(B) — P(A and B)

EXERCISE 19)

n(A) + n(B) — n(A N B)
=a+b+b+c—0
=a+b+c
=n(A UB)

ii P (A and B)

n(A NB)
)

b
a+b+c+d

P(A) + P(B) — P(A and B)
a+b+b+c—0b
at+b+c+d

iiii P (A or B)

n(AUB)
n(S)
a+b+c

T atbtetd

{using iii and iv}

1 a M P b i P (M but not P) ii P (P given M)
=3 22
o 18+ 22
% _ 22
0 )
_u
=20
So 22 study both.
2 D B a+bt+c+d=40 .. (1) . d =14 {using (1) and (4)}
atb=23 ..(2)  234¢=26 and a+18 = 26
b+C =18 (3) e = 3 and a = 8
g atbte=26 .. @) g p=18-c=15
5 5 a P (D and B) b P (neither D nor B)
_ 15 — 14
=10 =10
s 20
14 c P (D, but not B) d P (B given D)
_ s _15
10 23
_1
5
3 S B a+b+c+d =50 c=17, a =18
a+b=23 and 18+5+17+d = 50
b=5
d a P(notB) b PBorS ¢ P(neither B nor S)
S B = P(B') :18+5+17 :%
:§ 50 1
e 1 =% ot
_ 14 = 50
=3
10 =3




386  Mathematics SL, Chapter 19 — PROBABILITY

d P(B, given S) e  P(S, given BY)
5 18
T 1845 T 18410
5 _ 18
23 28
- 9
14
L F E at+b+c+d=30 cooat+b+ce =27
a+b=25 andso, 25+c¢c =27 and a-+24 = 27
o b+c =24 c.oc=2 and a =3
g d=3 Also, b = 25—a =22
a P (E, given F) b P (F, given E')

22 3

‘n
m
I Il
S«

+

[}

[\]

I Il

vl= olw Qo
+‘

w

3 p—
5 v c a+b+c = 100
a+b =90 c=10 and a =40
y b+c =60 b =50
0%
TV C . 50
P(TV, given C) = 50110 =%
40%
0%

(] a+b+c+d+e+ f+g+h =100
at+b+d+e =20
b+c+e+f =16
d+e+f+g=14

b+e=38

d+e=5

e+f =4

e =2
ie. e=2 f=2 d=3 b=6 [ a+t6+3+2=20 a=9
6+c+24+2 =16 c=6
34+2+2+g =14 g=171

a P (none) b P (at least one) C P (exactly one)

65
= = =1 — P(none) _9 +1go+ 7
_ 13 =1-1

= 30 20 29

- 7 100
20
11

50
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d P (A or B)

e P (A, given at least one)

f  P(C, given A or B or both)

_ 94646434242 _ 9+6+243 — 34242
= 100 G = 976+6+3+2+2
= 28 =20 7
100 35 = 38
=L =4 1
25 7 =3
7 coin a P(R):%X%-i-%X%
%/ R =5
10
ZzRS E4RS < ° 5
EE %\ :—R b PBR) PBOR)
A B B =~ PR
g (R)
5 14
_32"5%
3
5
= 2
3
P(SNI)
8 I a PO=2xgG+Eixd b PO = 0
§/S<;\|, =2 (or 0.46) -
< 10 _ 5%10
23
3 % | 50
g\ S'
i, =5
10
9 A B P(B| at least one malfunctions)
Z M P(B N at least one malfunctions)
100 -
1 M < o3 P(at least one malfunctions)
10 100 ~ M’ 1 7 9 7
< 10 X o0 ~ 10 X 106
=71 7 1 93 9 7
%\M,<ﬁ 76 X 106 T 10 X 100 T 10 X 109
B M 74 63
100 - "
7493 +63
_ 10
163
10 P(B)=0.5 P(G)=0.6, PG|B)=0.9
a P (both eat)
=PB NG
- __ P(GNB)
= P(G|B) x P(B) {as P(G|B) = PB) }
=0.9x0.5
=0.45
b P(B|G) < P (at least one eats)
_ P(BNG) =PB UG
P(G) = P(B) + P(G) — P(B N G)
_ 045 =0.5+0.6—0.45
0.6 = 0.65

=0.75
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11 095 _p a PP b PC|P)
0.02 C =0.02 x 0.95 4+ 0.98 x 0.03 __ P(CNP)
005 P = 0.0484 T OP@P)
003 __ p ~0.02 x0.95
0.98 c'< T T oo0481
097 = P = 0.3926
12 Thecoinsare H,H T, T and H, T.
Any one of these 6 faces could be seen uppermost, .. P(falls H) = 3 =1
. P(HH coin N falls H
Now P(HH coin | falls H) = ( P(falls 1) )
_ P(HH)
P(falls H)
1
-4
2
— 2
3
EXERCISE 19K
1 PRNY) Also,  P(R) x P(S)
— P(R) + P(S) — P(R U S) —04x05
=0440.5-0.7 =0.2

=0.2
So, P(RNS)=PR) x P(S) = R and S are independent events.

2 a P(A N B) b P@B|A) ¢ PAB) A and B are not
= P(A) 4+ P(B) — P(A U B) _PBNA) _ P(AnB)  independentas
—241-1 P(A) ~TPB) P(ANB) = &
s 7 whereas
=% =3 =3 P(A) x P(B) = 2
H 3 15
. ; ie, P(ANB)
12 -1 # P(A) x P(B)
3 a AsXandY are independent b PX orY) X v
P(X NY) = P(X) x P(Y) =P(XUY)
= 0.5x0.7 = P(X) + P(Y) — P(X N Y) @
= 0.35 =0.5+0.7-0.35 0.15
ie., P(both X and Y) = 0.35 —0.85
c P (neither X nor Y) d P (X but not Y)
=0.15 =0.15
e p(x‘Y):M:@:%

P(Y) 0.70



Mathematics SL, Chapter 19 — PROBABILITY 389

L P (at least one solves it) 5 a P (at least one 6) = 1 — P(no 6s)
=1 — P (no-one solves it) =1 — P(6’ and 6’ and 6")
_ _ 5. 5.5
=1—P(A’ and B’ and C") =1-2xgxzg
2
=1- 5 X % X % =1— %
—1-— L 91

15 = 57¢
_ 1

15

b  P(at least one 6 in n throws) =1 — (3)"
So we want 1—(2)" > 0.99
—()" > —0.01
L ()" <001
nlog(2) < log(0.01)
1 .01
n og(Og )
log(3)
{as log(3) < 0}
n > 25.2585....
re, n = 26
6 A and B are independent = P(A N B) = P(A) P(B) ...... )
Now P(A N B’)=PAUB)—P®B) {see diagram}
— P(A) + P(B) — P(A N B) — P(B)
= P(A) — P(A N B) A 4
= P(A) — P(A) P(B) {from (1)}
= P(A)[1 — P(B)] AnB
= P(A) x P(B") . A and B’ are also independent.
REVIEW SET 19A
1 ABCD, ABDC, ACBD, ACDB, ADBC, ADCB,
BACD, BADC, BCAD, BCDA, BDAC, BDCA,
CABD, CADB, CBAD, CBDA, CDAB, CDBA,
DABC, DACB, DBAC, DBCA, DCAB, DCBA
@ There are 24 possible orderings. b P (exactly one person between A and C)
P (A is next to C) = = {8 have one person between A and C}
=22 {12 have A next to C} —1
=1
2
2 coin @ Consonants are B, C and D
T4 o o ¢ o . P(H and a consonant)
HT o X X% spmer =2 {those with x}
ABCD
b P(T and C) < P(T or vowel)
=+ {those witha v'} = P or A)
= P(T) + P(A) — P(T and A)

= 2_ 1
&8s

[o] [, oL T I
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3 T v a+b+c=24 s 134c¢c=24 and a+14 = 24
a+b=13 c=11 and a =10
b+c=14 T v
1 Also b=13—-a
=3
1
a P(T and V) b P(at least one) C P(V|T)
= % = 1 — P(neither) __u
1 m+1
25 -
— 24 T
25
L - N (0.4) P(Niklas wins)
N (0.4) N(©04)  _
~_ R(0 6)/ = (0.4)(0.4) + (0.4)(0.6)(0.4) + (0.6)(0.4)(0.4)
P Roe 0352
_—N(04)
N (0.4)
R(0.6) —
R (0.6)
R (0.6)
5 pM)=2, P(W)=2
a P(M and W) b P(at least one) c P(M’ and W)
=2 x 2 {assuming = P(M or W) =(1-2)x2
_2 independence} = P(M) + P(W) — P(M and W) —242
° _3,2_2 oo e
=5 T3 3 _ 4
1 15
1

6 A repetition of 5 independent events

binomial model applies.

P(M) =2, PM) =1
a P(M wins 3 games) b P(M wins 4 or 5 games)
=C3(3)°(3)? =CH(3)' () +A(E)°
= 0.2048 =0.737
=0.205
7 a P(wins first 3 prizes) b P(wins at least one of the 3 prizes)
= P(WWW) =1 — P(wins none of them)
= o= X 125 X o5 =1—-PWWW)
=1.93x107" =1— 550 X 95 X o8
= 0.0239
8 W (0.95) = W (0.95) P(works on at least one day)
< W’(0.05) =0.95 x 0.95+ 0.95 x 0.05 4 0.05 x 0.95
_ W95  =0.9975

W (0.05) < 009
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_3 — 2 =1
0 < 6 5s P(A)=35, PB)=3, PO)=3
3T a1 ST
A B c
P(B
a P(S)=PAandSorBandS orCandS) b PB|S) = (P(Q)S)
=ixL4+ixg+ixg 2y 8
_ 38 = S0
60
_ 19
= 30 = &
= 38
_ 6
19

REVIEW SET 19B

1 BBBB, BBBG, BBGB, BGBB, GBBB, BBGG, BGBG,
BGGB, GGBB, GBBG, GBGB, BGGG, GBGG, GGBG,

P(2B and 2G)
6 «— 6 have 2B and 2G

GGGB, GGGG ~ 16
_3
8
2 There are 36 possible outcomes.
a P(sum of 7 or 11) b P(sum of at least 8)
= 4 {those shaded} = Li2434445
" =2 _ 15
die2 9 = 36
_ 5
12
3 E L a+b+c =37
a+b= 22 224+c¢c =37 and a+25 = 37
b+c =25 c=15 and a =12
3 Hence, b =22 —a =10
a P(E and L) b P(at least one) E L
_ 10 _ 12410+15 @
10 = 0
= % _ 37
10 3
¢ PE|L) = =12=2
L Multiples of 6 are: 6, 12, 18, 24, ....., 96 «— 6x16 ie., 16 of them
Multiples of 8 are: 8, 16, 24, 32, .....,, 88,96 «— 8 x 12 ie., 12 of them
Multiples of 6 and 8 are: 24, 48, 72, 96 i.e., 4 of them
The integers could be 1,2, 3,4, ..., 99 {between 0 and 100} ie., 99 of them

P(M6 or Ms)

P(Ms) + P(Mg) — P(Mg and Mg)
16 4 12 4

99 T 99 — 99

24

99

3
33



392

Mathematics SL, Chapter 19 — PROBABILITY

5 a P(both blue)

= P(BB)
_ 54
12 1

5
33

X

=

b P(both same colour)
= P(BB or RR or YY)

=5 w4 43 w243
S XTatiXiatn X

_ 19

< P(at least one R)
=1 — P(no reds)
=1 - P[RR

—1-2 x 2
=1-13 X3

66

=1-L

d P(exactly one Y) 1
= P(YY or YY)

4

12

16

Hlm

1

8 8 4
X+t X

w

Two events are independent if the occurrence of one does not influence the occurrence of the
other. For A and B independent, P(A) x P(B) = P(A and B)

b Two events, A and B, are disjoint if they have no common outcomes,

ie, P(Aand B)=0 andso P(A or B) = P(A) + P(B)
7 W (036) a P(W and R) b P(W or R)
R(0.25) W (064) =0.25 % 0.36 = P(W) + P(R) — P(W and R)
' =0.09 = 0.36 4 0.25 — 0.09
R (0.75) < W (0.36) =0.52
W' (0.64) or P(WorR) =1—P(WR)
=1-0.64 x0.75
=0.52
8 P(A)=0.1, P(B)=10.2, P(C)=10.3 P(group solves it) = P(at least one solves it)
= 1 — P(no-one solves it)
=1 —P(A’ and B’ and C')
=1-(0.9x0.8x0.7)
=0.496
l/
10
9 3 C< a PE=3xL+ixl b p(C|E) = DCandB)
7 0= E' P(E)
< =5+3 2 L
1 _ 77710
4 7—E 3 S
[ANNIGY = 70 70
§\ E’ _ 21
~ 31
4 4 3 2 2 3 4
10 a (3+2) =) +4(3) 3)+6(3) (3) +4(3) (3) +(3) P(B) = 3
N N — —— N—— ~—~ _ 3
4B 3B 2B 1B 4B’ 5
1B’ 2B’ 3B’ P(B) = 2
b i P(2 Blue inks) ii P(at most 2 Blue inks)

= P(2B and 2B’)

IONON -

= P(2B and 2B’ or 1B and 3B’ or 4B’)

ONORRIOIOREC)

_6x9x4 66X 9x4+4x3x8+16
- 54 o 625
_ 144 =328



Chapter 20

INTRODUCTION TO CALCULUS

EXERCISE 20A.1

2 a Number of words = 14 x 380
= 5320 words
b ecrrors/100 words = 8
53.2
= 0.15
3  Paul’s hourly rate = $148.20
12
= $12.35/hour
Paul’s rate is better
4 a Tyre wear = 8.0 2.3
= 5.7 mm
b wearing rate = 57
81 = 39178
= 1.77 mm / 10000 km
5 a The time for 11:43 am to 12:39 pm
is 56 mins.
1
speed = Z—6 km/hour
60
= 76.07 kmph
EXERCISE 20A.2
1 a Average speed from Tailem Bend
to Nhill
__ distance travelled
" time taken
(324 —98) km
T /204 — 63
—— ) h
(%)
226 x 60
141
= 96.17 kmph
2 a 800 m to the newsagency b

@ 67 beats/minute means that every minute Ozair’s heart beats 67 times.

Number of beats

m— y-step 500 —0 _

= 67 x 60 = 4020 beats

rate = 8
5320
= 0.0015 errors/word
Marita’s hourly rate = $157.95
13
= $12.15/hour

5.7
32178
1.77 x 10~* mm/km

wearing rate =

b speed = 76.07 x (%) m/s

= 21.1 m/s

b  Average speed from Horsham
to Melbourne

729 — 431 km

(534 — 261) h
60

298 x 60
273

= 65.5 kmph

= 125
z-step 4-0
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(500 — 0) m

@—0) min = 125 m/minute

€ Average speed =

d The slope represents the average walking speed.

Paul stayed between the 12th and 20th minutes i.e., 8 minutes.

(800—-0) m {return journey is from (20, 800) to (32, 0)}

f A d =
verage spee (32— 20) min

= 66.7 m/minute

g Total distance travelled = 1600 m
= 1.6 km (to the shop and return)

amount of water lost
time taken

_53.8 —48.2
a 11
= 0.509 million kL/day

= 509000 kL/day

3  Average water loss =

4 a First quarter: Used 106.8 kL~ Number of days = 31 4 28 + 31

rate — 106.8
90
= 1.19 kL/day
b First six months: Used 106.8 Number of days = 90 + 30 + 31 + 30
+ 794 = 181 days
186.2 kL
. 186.2
T
= 1.03 kL/day
¢ The whole year: Used = 106.8 + 79.4 + 81.8 - 115.8
= 383.8 kL
383.8
te = —— k
rate 365 <8
= 1.05 kL/day
EXERCISE 20A.3
1 @ In the first 4 seconds: average speed = w
time taken
_(24-2)m
~ (4—0) sec
=0.1 m/s
—24
b In the last 4 seconds: average speed = H
= 0.9 m/s
(6 —2) m

¢ In the 8 second period: average speed = (8 —0) sec

= 0.5 m/s



Mathematics SL, Chapter 20 — INTRODUCTION TO CALCULUS 395

2 a i Initially there are 35 beetles. After a 10 g dose there are 3 beetles.
change in population
change in dose
(35 — 3) beetles
(0 —10) gm
= —3.2 beetles/gm

rate of change =

i.e., rate of decrease = 3.2 beetles/gram

(26 — 8) beetles
(4 — 8) beetles
= —4.5 beetles/gm

ii rate of change =

i.e.,, rate of decrease = 4.5 beetles/gram

b A dose of 0 to 1 g has little or no effect.
A dose of 1 to 8 g has good or considerable effect (rapid decrease).
A dose of 8 to 14 g has an effect, but less rapid than the 1 to 8 rate.

EXERCISE 20B.1
. 3—-1)m
1 a The tangent passes through (2, 3) and (0, 1) . slope of tangent = m
= 2 m/s
= 1m/s
—-2)k
b The tangent passes through (3.5, 6) and (2.2, 2) ... slope of tangent = H
= = km/h
= 3 km/h
¢ The tangent passes through (20, 2700) and (40, 3700) .. slope of tangent
. (3.7 —=2.7) thousands of §
N (40 — 20) items
= 0.05 thousands of $/item
= $50/item
d The tangent passes through (0, 35) and (7, 0) ... slope of tangent = %

= —5 Dbats/week
i.e.,, the population is decreasing at the rate of 5 bats/week after 5 weeks.

2 a Originally (when x =0) the volume was 8200 L.
b After 1 hour (z =1) the volume was 3000 L.
€ The tangent at (0, 8.2) passes through (1, 0)

slope of tangent = M
P M= "0—1n
= —8.2 kL ie., loses 8200 L/hour
d After 1 hour, =1 and the tangent at (1, 3) passes through (0, 6)
(6 —3) kL

slope of tangent = = —3 kL/h i.e., the rate of loss is 3000 L/hour

0—1)h
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EXERCISE 20B.2

1 LetM (1.5+h, (15+h)?*) beapointon y = x> which is close to F (1.5, 1.5%).

y-step

x-step

(1.5 4+ h)? — (1.5)2
(1.54+h)—15

2.25 + h? + 3h —2.25
h

slope of MF =

h? +3h
h
=h+3 {as h #0}

M approaches F, h approaches 0, .. h -+ 3 approaches 3, .. slope of the tangent = 3

(x + h)®
= (z+h)*(z+h)
= (2® +2zh + h?)(z + h)
= 2% + 222h + h%z + ha?® + 2zh? + 3
= 2% + 32%h + 3zh% + 3

M (1 + h, (14 h)?) is the point on
y =1 which is close to F(1, 1).

As M approaches F, h approaches 0
slope MF approaches 3
slope of tangent = 3

from 2@ (24 h)® =234 3(2)%h 4 3(2)h* + R

=8+ 12h + 6h% + K®

b

(1+h)3
= 13+ 3(1)2h + 3(1)A% + 13
= 1+43h+3n*+h®

slope of chord MF
y-step
-step
(1+h)*—1
(1+h)—1
14+3h+3h2+h%—1

h
3h + 3h% + R

h

=3+3h+h* {as h#0}

M (2 + h, (2+h)®) is the point on y = x> which is close to F(2, 8).

slope of chord MF
_ ystep

x-step
_ (2+h)*-2°

2+h—-2
8+ 12h +6h% +h*—38
h
_ 12+ 6R% +A°
h

= 12+ 6h + A* {as h # 0}

as M approaches F,

h approaches 0,

slope approaches 12
slope of tangent = 12
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1 1 z(1)— 1Lz +h) . 1
o= b M (2 h, —>
z+h = (z+ h)zx GRS 2+h
1
_z—z—h . y-coordinate is ———
 z(z+h) 2+h
h .. slope of MF = y-step
= _—h) x-step
z(x + 11
_2+h 2
(24 h) —2
_—h
_ 2(24+h) {usinga
~h with z = 2}
o —h
T 2h(2+h)
—1
= m {as h;é()}

¢ F is the point where z = 2. Now as h approaches 0, M approaches F, and the slope MF
approximates the slope of the tangent at M.
But as h approaches 0, the slope MF approaches —%, . slope of tangent = —%

d At the point where =3, y=3.

Also, the point with z-coordinate 3 + h has y-coordinate T

. . L 1
Using the method in b, the slope of the line between these points is

3(3+h)
As h approaches 0, the slope of the line approximates the slope of the tangent when z = 3,

and this is —%.

h 0.

2 2
a 1 i:ﬂ b When 33:2,

(x+h)? 22 z?(x + h)?
1 1 —4h—h°

2 _ 22 _9¢h —h? - - _==r
-z = Q+th? 4 12+ h?

xz?(x + h)?
_ Z2eh-P
= x2($+h)2
1 1
Let M be close to F(2, 5 ) ie, (24 h, ———
< i d Let M be close to (,22)1e, ( +h, (2+h)2>
1 1 L
s - D Fh2 922
* .. slope MF = ystep _ (2+h) 2
L a-step 2+h) -2
_4h—h2
) X 4(2 L h)2
3 l X :@ {uSingb}
_ —4ho
~ 4h(2+ h)?
—4—h
= dgrRe  shEO

as h approaches 0, slope MF approaches ;—g

ie., —i .. slope of tangent = —%
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ac+ \/_ b When z=09,

= p = vVI9+h—-3 1 .
VTith f(tﬂﬁé) - - (%)
(x+h)—2z c
h(vVz +h + x)
h
h(Vz +h+x)
1 <

= Verhess 70

y-step
x-step

_VATE-V9
O+h -9

vV9+h—3
h

d Slope MF =

1 .
= m {usmg *}

as h approaches 0, slope MF approaches %, .. slope of tangent = =

e N=+/t fort>4 is the same graph as y:\/i for = >4,
rate after 9 days is the same as the slope of the tangent in d, i.e., %

the population is increasing at a rate of % (thousand insects/day) = 167 insects/day

REVIEW SET 20

1 a When t=1, d=40 and when t =4, d=70

dist travelled
average speed on 1<t <4 distance fravetied

time taken
70 —40
o4-1
_ 30
-3
=10 m/s
b When t=1, d =40 and when ¢t =10, d = 81
81 — 40 41
average speed = 0_1 9 =4.6 m/s
2 a 505+ b slope = ystep
x-step
40 . 460
30 " 8.8-08
20 - 46
8
10 =528
C
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Let M (4 + h, (44 h)?) be a point close to F(4, 16).
(44 h)? —16
4+h—4
_ 16+8h+h>—16
B h
_ 8h+h’
h
=8+h (as h#0)
Now as M approaches F, h — 0 and 8 4+ h approaches 8.

slope of MF =
S (4+n,(4+1)?)

'/#(4,16)

the tangent at F has slope 8.

& a f(z+h) b w
. 2
_(Q(Hh)”)z A+ Sth + 4R + 7% + 12h 9 — A7 — 175 9
= ((2z + 2h) +3) = -
= (22 + 2h)* +2(2z + 2h)3 + 32 8zh + 4h? + 12h
=4z? + 8zh+4h* + 120 +12h+9  — —

=8z +4h+12  {as h# 0}

M is the slope of the secant (chord) AB.

h
d i As h—0, w =8z +4h + 12 approaches 8z + 12.
ii As h—0, w =8+ 4h + 12 approaches 20.

e i 8z + 12 gives us the slope of the tangent at a point with z-coordinate .
I 20 is the slope of the tangent at = = 1.

5(5) — s(2)

5 a Averagespeedon 2<t<5 is ) m/s
:(25—|—2())—(4+8) /s
3
33
= — m/
3 m/s
=11 m/s
. s(2+h) —s(2)
<t < A U TAMT
b Averagespeedon 2 <t <2+ h is T h_2 m/s
2 —
:(2+h) +4(2+h) —12 m/s
h
4+4h+h*+8+4h — 12
= m/s
h
_ 8h+h? s
o h
=(8+h) m/s

€ as h—0, 8+h—8

s(2+h2b—s(2) L S ms

8 m/s is the instantaneous velocity at ¢ = 2 seconds.



Chapter 21

DIFFERENTIAL CALCULUS

EXERCISE 21A
1 a Slope AB _T 9
P T z—3
(x4 3)(xz—3]
(z—3)
=x+3 (provided x # 3)
lin}))(slope AB)=6 ... (1)

But, asB — A, ie, r—3 and lir%(slope AB) = slope of tangent at A
z—

slope of tangent = 6

Slope AB = %

2z(z — 2)

_ 2]
2u(z—7]

= L (provided x # 2)
2z

. 1
ig(slope AB) = —3

But, as B— A, ie, z—2 and limz(slope AB) = slope of tangent at A

slope of tangent = —%
2 2 «1378
(x —a)(z” + ax +a”) b Slope AB = —
=%+ az’ + o’z — az®
_ (z—2)(a® + 22 +4)
(z—=7)

=a?4+2zx+4 (provided z #2)
limz(slope of AB) =22 +4+4=12
But, as B— A, ie, z— 2,
lirn2 (slope AB) = slope of tangent at A
slope of tangent = 12
— 1
b Slope AB = Ve -3
z—9 vz +3
{from a, provided z # 9}

lim (slope AB) = %
anlg(SOpe ) =3

But, as B— A, ie, z—9,

lirrg (slope AB) = slope of tangent at A
o

slope of tangent = %
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401

EXERCISE 21B
1 a f(z)
f(2)

< fl2)
f(

f(3)
2 a f'(2 =

o @) 1)
z—2 xr — 2
p— 2 pa— J—
o (12— (3)
z—2 xr— 2
—lirn4_x2
_z—>2 CE—Q
_ i @27
22 =7
= lirn2 —(z +2) {as z # 2}
= —4
=5-222 at z=3

3)=5-2(3)>=-13

i L0 1@
r—3 r—3
— 2 p— p—
~ tim (5—2z%) — (—13)
r—3 r—3
. 18 — 22°
o r—3 z—3
f— 2 J—
z—3 T —3
_ liné —2(z + 3)(==3)
= lim3 —2(x +3) {as z # 3}
— —2(6)
= 12
L @) )
z—2 Tz —2
4 1
oo x 2
ig Tz —2
lim o2
z—2 2z(z — 2)
lim —He—2)
22 2x(z—2)
JIELmQ ™ {as = # 2}
_4
3
-1

flz) = 22% + 52 at x=—1
F1) = 217 +5(-1) = -3

f(=1)

lim
T——2

f(z) — f(=1)
z—(-1)

(222 + 5z) — (—3)

xr+1

222 + 5z + 3
r+1

lim (2z + 3)(z—+T1)

AT

lim 2z +3 {as = # —1}

rz——1

lim
z——1

r——1

rz——1

r——1

lim 22
e——2 +7
lim 3 {as = # —2}

r——2

3

lim

r——2
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< f'(4)

= lim

r—4

= lim
)

= lim

r—4

= lim

r—4

= lim
r—4
=8
256

1

32

f(z) — f4)
r—4
1 1
22 16
r—4
16 — 2
1622 (z — 4)
—(z + 4)(z—1)
1622 (z—7)
—(z+4)

622 {as z #4}

f(z) - 1)
(z—5)

de+1 7
1

r—2
r—5
de+1—"T(x—2)
(z—2)(z—5)
dr+1—Tx+ 14
(z —2)(x —5)
-3z + 15
(x —2)(x—5)
—3(z—5]
(z — 2)(z—=7)

{as z #5}

-3
xr— 2

o J@) = 1@
r—4 il,'—4

— T —2

= lim Vet
i (Vo + 2) =2
. 1

=l my s eAY

1

242

-1
1

f'(2)

lim
r—2 T —2

4z 8
lim £= 3 (7T>
r—2 T —2
4z + 8(x — 3)
z—2 1(z — 2)(xz — 3)
12(z—=7]
2 =) - 9)
12 {as z # 2}

z—2 * — 3

- (1)
2+ 1 17
rz——4 T + 4
51z + 12(z% + 1)
e——a 17(x2 +1)(z + 4)

1222 + 51z + 12
e——a 17(x +4)(2% 4+ 1)
(z+7)(122 + 3)
e——a 17(x? + 1) (z+7)
122 + 3

= lim ——— {z# -4}

z——4 17(.’1‘2 + 1)

45

1T x 17

_ 45
289

=
+
N|=

=
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‘ f(x):% and f(9) =3 d f(@)=vz—6 and f(10)=2
’ _ o fl@) — £(10)
73 = lim @
— lim Y& 3 Jm - ——5

z—9 x—9

i VT —6-2)(Vz—6+2)
= lim M w10 (z—10)(vVz —6+2)
29 3/z(x —9) 64

~ lim —2(/z=3) = [lim (z — 10)(vz — 6 + 2)
i 3VE(E + =T 1- paa

:lim_—2 {z #9} —$L1“1110Mm+2)
2 3R/ T 9) e
3(3)(6) .

=~ T 242

4 a fx)=2>+3x—-4 at z=3
fB+h)—f(3)

'3 = lim A where f(3) =3%+3(3) —4=14
_ [B+h)?+33B+h)—4]-14
= lim
h—0 h
. 946h+h*+94+3h—4—14
= lim
h—0 h
= lim Oh + h*
- h—0 h
= }lbin%)SH-h {as h #£0}
=9

b flx) =5—2z—32> at z=—2
F(=2+h) — f(=2)

h—0 h
[5—2(=2+h) —3(-2+h)*] — (-3)
h—0 h
. 5+4—2h—12+12h—3h%>+3
= lim
h—0 h
— iy 10— 3h?
h—0 h

= }Lin}) 10 — 3h {as h #0}

where f(—2) =5—2(—2)—3(4) =-3

=10
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1

¢ fl@)=5— d fl@)= 3
! 1 11
/=2 2(-2)—1 5 fB)=5:=3%
/ f(=2+h) - f(=2) 19y — fB+h)—f(3)
f(=2) = lim = F'3) = lim
_ 1 _t 1
oy 2(—2+h)—5’(’5) g BER?29
T h h—0 h
1 1 . 9—(3+h)
— lim 2;1_—5+§ = 9h(3 + h)?
h—0 h 9
gy 296k —h
:nm% nlb T Oh(3 1 h)?
h—0
2h :hmm
= lim ————— —0 (3 + h)?
M Sh2h —5) e (( +h))
. —(6+
:g%ﬁ {as h #0} _;1113%)9(3+h)2 {as h#0}
2 — =6
:7% 81
- _z2
27
1
e fla)=Vz t f@)=—
f(4):\/4_1:2 f(l):%:1
/ . fA+h)—f4)
fi4) = lim ———m—"— F(1) = lim fL+h) = f(1)
h—0 h
. VATh-2
e S L
= lim Vith 1
— lim \/4+h—2<\/4+h+2> I h
ok VETh+2 o 1=VITE
~m AtRd w0 RIS h
h=0 h(v4+ h+2) _a- TTR) (14 VTR
:limL h—0  hy/1+h 1+V/1+h
h=0 KA+ h+2)
= lim L-(+h)
- 1
—K
= i
=3 o AT F RO+ VT h)
= lim —! {h # 0}

w0 T AL VI TR
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5 a f(x)=2"

b f(z)=2a"
EXERCISE 21C

1 a f@)=

f(z) =

¢ f(zx) =25

T
lim
h—0
lim
h—0
lim
h—0

lim
h—0

}lliig w where f(2) =2% =38

3 _

i (2+h)>—8
h—0 h

. 8+ 12h+6R>+h*—8
lim
h—0 h

. 12h+6R% 4+ 13

hm _—
h—0 h
Jim, 124+ 6h+h> {as h#0}
12

lim w where f(3)=3*=81

4 _ a4
lim (3+n)* -3
h—0 h
. 81+ 108h + 54h% +12h% + h* — 81
lim
h—0 h
. 108h + 54h% + 12k% + h*
lim
h—0 h

lim 108 + 54h + 12h% +h* {as h #0}

108
b  flz)=5
fl@+h)— f(=) 1N fl@+h)— f(=)
h fi(@) = Jim h
(x+h)—=z :lim5_5
h h—0 h
h = lim 9
h T hoo h
1 {as h # 0} 2%15%0 {as h # 0}
=0
: h) — f(=)
o - St
fi(z) = lim )
3 _ .3
lim —(m +h) — @
h—0 h
o 23+ 322h +3zh? + R — 2B
lim
h—0 h
. 32?h + 3zh® + h®
hm _—
h—0 h

Tim 322 +3xh+h*  {as h#0}

32
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d f(z)=a*
. +h) — f(z)
o g L
(=) hli% h
4 a4
= lim —(:c +h) :c
h—0 h
~ lim zt + 423h + 622h? + 4axh® + bt — z*
T hSo0 h
. 4x3h 4 62%h? + 4zh® + b?
= lim
h—0 h
::Enb4x3+6x%z+4xh2+h3 (as h #0)
= 423
2 a f(z)=2zx+5 b f(x)=2*-3z
= 1 LW ) o £EED) - F@)
h—0 h h—0 h
— im B +5) = Q2 +5) @t h)? -3z b)) — [ — 3]
h—0 h = lim
h—0 h
. 2x+2h+5-2x-5
:}le A o 22+ 2zh+h?>—3z—3h—2>+3z
—0 = lim
h—0 h
o 2h
= . 2zh+h?—3h
= lim —
=lim2  {as h#0} h0

= }1111%2:1:4-}1—3 {as h # 0}
=2z -3

¢ f(zx)=2*-222+3

oy — i L@ 4 R) — fz)

e = i
— fim [(z 4+ h)® —2(z + h)® + 3] — [2° — 227 + 3]
B h—0 h
~ lim (23 + 32%h + 3zh® + h® — 22 — 4zh — 2R% + 3) — (2® — 22° 4 3)
B h—0 h
~ lim 32°h + 3zh? + h® — dxh — 2h?
o h—0 h
= }Lir% 3z% 4+ 3zh + h? — 42 —2h  {as h #0}

= 322 — 4z
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1 1
f(x)::chQ’ b f()_2x71’
f(@) f(@)
L L&+ — fz) C oy LER) — f(@)
h—0 h h—0 h

1 1 1 1

(z+h)+2 x+2 2 +h)—1 2z—1

lim = lim

h—0 h h—0 h
lim (x+2)—(x+h+2) _ lim (22 —1) — [2(xz + h) — 1]
h—0 h(z+ h+2)(z +2) " ro0 h2(z+h) —1](2z—1)
i K iy 28— 1-20—2h+1
o0 H(z + 2)(z + b+ 2) = h20 h[2(z + h) — 1) (22 — 1)
1 —2K
li h#0 =1
I e ary A0 M AR T h) — 1@ =D
-1 . -2
CEDE = TR ey s hA 0
. -2
(22— 1)2
1
f@) = . d  j@=
f'(=) f(@)
S h) @) o [@E )~ f@)
h—0 h h—0 h
_ 1 1 1
iy EHR? 2 N R D
h—0 h h—0 h
lim a? — (x+h)? I z® — (z 4 h)?
h—0 hz?(z + h)2 = w0 had(z + k)3
lim [z + (z + h)][x — (z + h)] o 2% — 2% — 322k — 32h2 — K3
T R By = i —— ey
lim w — lim —3x%h — 3zh? — b3
h—0 HKx?(x + h) =, hz3(z + h)3
. —(2z+h) 2 2
lim ————=  {as h #0} . —3x" —3zh—h
2 2 = -
h—0 z2(x + h) %13%) pET PR {as h #0}
—2x 2
o _ -3z
9 x3 X z?
s -3
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b a fl@)=vz+2, . f’(m):%@)w
. VE+h+2-Vr+2
= lim
h—0 h
g VEA2H R Ve )+ 2 Rt VE T 2)
0 h(Vz +2+h+Vz +2)

oy (@24 —(242)
h—=0 h(vVZ + 2+ h+z + 2)
){1
hHOJf(Vx+2+h+¢x+2)
1

:}lliir%) VTt+t2+h+Vzt2 {as h;éO}
1
T Vetr2+Vzte
1
N
b f(x):%, f’(m):%%w
1 1
= lim ”erh_ﬁ
h—0 h
— lim \/_ x4+ h
 h—o h\/_hx\/i
i WE—VE S >(I+W)
h=0 Ve R X VE \VE+ Vit h
= lim —(z+h)
h=0 hy/z +h x z(Vz + v +h)
1
= lim —H
BT Va(yz + vz + h)
. -1
S T RxvEEvarR o PO

—1
-1

2z\/T
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¢ @)= VEFT
Pe) = tim LEED =10

h—0
V2@+h)+1—v2x+1
h

V2@+h)+1—v22+1 [ \/2(x+h)+1+22+1
h V2@ +h)+1+2z+1

= lim
h—0

= lim
h—0

_ lim [2(x + h) + 1] — [2z + 1]
h=0 h(\/2(x+h) +1++2z + 1)
2K
= lim
T T o)

= lim 2 {as h # 0}
h=0 (\/2(x+h)+1++22+1
- 2
2y/2x + 1
- 1
V2r + 1
5 Function | Derivative || Function | Derivative || Function | Derivative
z! 12° =1 z ! —1z72 :c% %x_%
z2 2zt = 2z x72 —2273 af% —%af%
z> 322 x3 —3z74
z? 423
If f(z)=2z" f'(z)=nz"""
EXERCISE 21D
1 a f(z)=2" b f(z) =22 ¢ f(x)=T2?
f'(z) = 327 o fl(x) =3 x 227 s (@) =2x T2
= 62? = 14z
d f(z)=2+2, e f(x)=4—22% f f(z)=2a>+3z—5,
flx)=2z+1 o fi(z) =0—-2x2z oo fi(@) =22+3-0
= —4x =2z +3
g flx) = 2® + 32> +42 — 1 h f(z) = 5z* — 622
fl(z) = 322 +2(3z) +4-0 o fl(x) = 4(52%) — 2(6x)
=32 + 6z +4 = 202 — 12z
3 —6 1 . 20 — 3 2x 3
i fl@) = ——=3-6z [ f@)=—7m— =575
F(@) = 0— (~1) x 622 = 227" — 32
_ 5 s () = —2272 + 6273
z? -2 6

= 24 =
2 x3
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3 3 _
k f(:c):x:5::c2+5a:_1 | f<$):—x +; 3:$2+1—3$_1
f(z) = 22 — b2 fl(x) =22 +0+3z2
5 3
2 a f(z) = 12* b f(m)zm—l—%:a:—i—x_l
fl@) = 1 x 4a® fl(z) =1—-2?2
= 2° 1
=1-—
x4+ 1 1 d 7:02—&—57:02 5 _3
< flx) = =1l+z flz) = 3 —F—i—x—s—m + 5z
fllx)y =0—22 fl(x) = —272 —152™*
1 o115
a2 Tozz ot
1
e flz) = (z+1)(z —2) f fl@) = 5 +6/z=0" + 622
:w2_$—2 f/() 2_3+3 _ 1
N o z) = —2x 2
fi(z) =201 -2 3
oz
g flz) = L =72 h flo)=02z—-1)? =42® — 4z +1
x
1 fl(z) = 8z —4
_3 -
flz) = —327% = iz
i fl@) = (@ +2)°
= 2% +32%(2) + 32(2%) + 23
=a°+62” + 120 +8
f(x) = 32 +12¢ + 12
3 a y =22 —72? — 1 b y = ma? c yz%zyfz
W 6y2 14y W ory W a8 2
dz dz  dx 5 523
d y = 100z e y =10(z+1) f y = 4dma?
W _ 00 = 102410 P
dz dy dx
— =10
dx
d d d
4 a — 2 — < —(5—x)?
dx(Ger ) T (z\/x) dm(5 x)
=6 %(:g%) :%(25—1095“2)
gmé =10+ 2z
% z =2z —10
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d
dx

dz

=2 — 9z?

y=zr

and so f’

62> — 9z*
3z

i(2;n — 32%)

at

f

)

:c:2
(z) =«
f(x) =2z
2) = 2(2)

tangent has slope of 4

y=2x2—-3z+7 at
flz) = 22% =3z +7

and so f’

r=

fi(z) =4 —-3+0
(—1) = 4(-1) -3
=7

tangent has slope of —7

2_
y:x 24 at x=4
T
flz) =1—4z2
f(x) = 0+8z73
8
s
d )y = S =1
ana so f()74—37§

tangent has slope of %

flz) = 4\/_+x:4x%+93

_l+1

-3
2
z

)
= =+1

-1

d
dzr
d

dx

a (496_

(4w —

W

11
4‘”)

— (z(22® — 3z — 5)

(2:53 — 322 — 5ac)

=622 —6x—5

andso f'(9) = —

16

729

tangent has slope of — =%

2z — 5

and so  f'(2)

72+%:143

729

2+F

13
tangent has slope of

22— 4z —8

= po at r=-1
f(z) =z —4z™! — 822
f(z) = 1+4z72 + 16272
_ 4 16
=1+ ol + )
andso f'(-=1) =1+4-16
= 11
tangent has slope of —11
f(z) = Yz =a3
f'() = 3273
1
3922
f(z) = 22:—\/E:2m—av%
(@) =233
—9_ L
B 2z

411

(x(zx+1)(2z —5))
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e f(m)z%—5:4x7%—5 f f(x):3m2—m\/5:3x2—x%
x
) "(2) = 6z — 323
fe) = 4(-Ha i -5 fley = oo
-2 = 6x — %\/E
= —2 -2 —
x~2 or P
5 5
= = - h = 2 _——_— = 2 —
g f(z) P bx~2 f(z) T - ——= x—3x72
f'(@) = 5(-3)e % @) =2-3(-3)z "%
= —2—25x7% =2+ %m_%
=25 9 9
NG =2t 2x2\/T
7 a y=4r— = =43z @:4—&—3 72*4—1—3
dx z?
% is the slope function of y = 4x — % from which the slope at any point can be found.
2 ds -1
b S=2t"+4tm .. E:4t+4 ms
ds . . . o . . - . .
o is the instantaneous rate of change in position at time ¢, i.e., it is the velocity function.
¢ C=1785+ 3z + 0.002z” dollars.
ili—c = 3+2(0.002)x =3+ 0.004x dollars/toaster
x
dC . . .
iz is the instantaneous rate of change in cost as the number of toasters changes.
x
EXERCISE 21E.1
1 a flz)=2% glz)=22+7, b f(x)=2x+7 g(z)=2>
flg(@)) = fQRz+T7) flg(@)) = f(z?)
= (22 +7)? =227 47
¢ f(z)=+=, g(z)=3— 4z, d f(z)=3—4z, g(z)= /=,
flg(z)) = f(B—4z) =34z flg(z)) = f(VT)=3—4T
2 2
e fla)== gla)=2"+3 t J@)=2"+3 g(2)=_,
2 2
= +3 2
flota) =1+ flo@) =12) = (3) +3
z*+3 ~ 243
x
8 [flz)=2", g(z)=3z+4, h  f(z)=3z+4, g(z)=2",
fg(@) = f(3x +4) = 2%+ flg(x)) =F(2%) =3(2%) +4
2 a fg(x) = (B2+10)° - f(z)=a% g(@)=3z+10
1 1
b f(9(e) = 7 f@) ==, gle)=20+4
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1
d f(g(z)) = N f(z)
e f(g(z)) = (2" +52—1) f(z)
10
f10) = oy f(@) =
EXERCISE 21E.2
1
! [CZEE
=2z —-1)"2
=u"2, where u=2zr—1
e 2
Nopr
=2(2-2%)%
= 2u’%, where u =2 — 2
e 4
(38—)3
=43 —x)73
=4u~3, where u=3—z
2 a y = (4x — 5)?
Ly = u? where v =4z —5
dy  dydu
Now a = @%
= 2u(4)
= 8u
= 8(4z —5)

C y = 3z — z?

Ly = u? where u =3z —x
d dy du
Now d_z = d—Z%
= %u_%(3f2m)
(3 —2z2)
2V/u
3—2x
2V/3z — 22

e y = 6(5 —x)°

2

.y = 6u® where u=5—=zx
dy dy du
dx du dz

= 18u*(-1)

= —18u°

= —18(5 — z)?

7 g(x) =5—2x

=2* g@)=2>+5z—-1

10 )

== gx) =3z —=x

(-

v 8
&

|
w

]

u=axz?—-3z

U= —132

10
22— 3

=10(2* - 3)7!

=10u"!,

where u=2z2—3

1 -1

5—2x

dy dy du
dr  dudr

where u=5— 2z

= (1 - 3x)*
Ly = u* where u=1- 3z
dy _ dy du
dx du dx
= 4u?(-3)
= —124°
= —12(1 — 3z)®

f y = 2x3 — 22

where u = 2z° — 22

=

U
<
Sl
Q.|®..
SHESS

u 3 (62% — 3x)
_ 6% —22
33/(22° — 22)2

ol
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_ 6 h __4
g y_(5x74)2 Y= 30 22
.y =6u? where u=>5zx—4 y = 4u~! where wu=3z—22
dy  dydu N dy _ dydu
NV G T duds ™ G T duds
= —12u3(5) = —4u?(3 - 2z)
60 _ —4(3—2z)
T T W
_ __—60 _ —4(3 - 2x)
(5 —4)3 T 3z — x2)2
. 2\? dy dy du _
= 2_Z —_ = == — = 2 2
i y =2 (m x) Now e Tu do 6u” (2 +229v ) s
y = 2u® where u=2a%—2z"" =6 (2:70 + F) (m2 — ;)

y=vV1-22 at z=1

y = u where u=1-z2

dy dy du 1 1
N _—=s —— = = 2 _2
W iz du dx gu”*(~2z)
-
=7
-z
V1—2a2
dy -3
at z=1%1, — = 2=
dx 1 7%
_ 12
=%
slope of tangent = —%
1
Y=z © °
y=u"? where u=2z-1
dy dy du
N —Z = 2
o dzx du dx
= —4u"%(2)
-8
T
-8
- (2x— 1)
dy —8
at =1, = TF
slope of tangent = —8

b y=(0Bzr+2)°% at z=-1
Yy = ub u=3xr+2
dy dy du
N -2 = = —
ow dx du dx
= 6u°(3)
= 18u°
= 18(3z +2)°
dy 5
t =-1, == =18(-1
at @ 2= 18(-1)

slope of tangent = —18

where

d y=6x+Y1-2x at z=0

Ly = 6u3  where u=1—2z
dy dy du
N - = = —
ow dx du dx
= 6(3)u"3(-2)
= 2u"3(-2)
_ —4
= 7=
. —4
v/ (1 —2x)2
dy —4
at = 0, E = = 12

slope of tangent = —4
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e - at z=4 f —(a:+l)3 at z=1
Y :L’+2\/5 o vy= x B
.y =4du"' where u=m+2x% . y=u’ where u=z+az"
d dy du
dy _ dydu N ay _ dyau
Now de  dudz W 4T duds
_ 209 =2
= —4du~ (l—l—af?) = 3u"(1-u™)
1\2 1
e L) a2y (-2
v at z=1 Y _ 3(1+1)%(1—1)
T dx
m—l—Q\/_ slope of tangent = 0
dy
tr=4, =2 = —_(1+1
atz =4, —~ (4+4) s(1+3)
= _5
64
slope of tangent = —=%
dy dy du dy .
= 3 i 2 _— = —
4 a y==zx o 3z b  We know that 0 dr = d {chain rule}
Rt de | _2 dydr  dy
T=v dy_3y3 de dy — dy
dy dx 2 (1), -2 =1
dway ~ > GV
_2
= 2%(y)73
= wQ(acB)’% {substituting y = 2}
= @)
= 1 as required.

EXERCISE 21F.1
1

a y=2%2z-1)

u =2z

dy
dz
dy
dx

Now

b y=4x(2z+1)>

2 and v=22-1

is the product of w =«
and v =2

uw'v+uv’  {product rule}

22(2x — 1) 4+ 22(2)

4722 — 27 + 222
622 — 2z

u'=4 and v =6(2x+1)*

dy
dz
dy
dz

Now

= [32z +4](2z + 1)

uw'v+uv’  {product rule}

42z +1)% 4+ 24z (22 + 1)2
[4(2z + 1) + 24z](2z + 1)

is the product of w =4z and v= (2z+1)3



416  Mathematics SL, Chapter 21 — DIFFERENTIAL CALCULUS

¢ y=2°/3—z isthe product of u=2x? and v:(S—x)%

v =2z and v = —%(3—3:)*%
dy _ '
Now i u'v+uv’  {product rule}
dy _ 2m(37x)% + a2 [71(37@7%}
dz 2
V3-z -
=237 ———
23 —x

y=+z(z —3)% is the product of y = 22 and v= (xz — 3)?

u = %m_% and o' =2(z —3)"

Now % = v'v+wv' {product rule}
x
% = %m*%(m —3)* +2y/z(z — 3)

y = 5x%(32%> —1)® s the product of w = 5z® and v = (32 —1)?
v =10 and o' =12z(3z% — 1)

d
Now d—z = v'v +wv’ {product rule}

% = 10z(32% — 1)® 4 52%(122)(32* — 1)

= 10z(32% — 1)® 4 602> (32% — 1)

y = +/x(x —x?)* is the product of u = 2% and v= (x —2%)?

u = %af% and v = 3(1 — 2z)(x — x?)?

Now % = v'v +uwv’ {product rule}
% = %x_%(a: — )3 +3y/z(1 — 22)(z — 2°%)?

y=az*(1 —2z)% is the product of uw=2z* and v=(1—22)2
u' =4z® and v =2(1-22)"(-2)

= —4(1 - 22)
dy _ /
Now o = WY +wv’  {product rule}
% = 42*(1 — 2)% — 42*(1 — 22)
at = =—1, j—z = —4(3%) —4(3) = —48 .. slope of tangent = —48

b y=z(z®—z+1)% isthe productof u=2% and v=(z°—z+1)?

u = %1’7% and 1)’:2(1'27334»1)(2%*1)

Now % = v'v +uwv’ {product rule}

W 13 1) 4 2yE2r - D@ — a4 1

7y = 3% (22 —z+1)*+2y/z(2z - 1)(z" =2+ 1)
at z—a, W _ 1(13)2 + 4(7)(13) = 406+
=% gr T 1 = U0y

slope of tangent = 406%
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¢ y=uxv1—2x istheproductof w =2z and v:(1—2:1:)%

W'=1 and o =1(1—22)"7(-2)
=—(1-2x)2
dy _ /
Now - = u'v 4 uv”  {product rule}
dy T
— =V1-2r - ———
dx V1I-2z
dy —4)
at = —4, %:\/g—wz?)-f—%:%

13

slope of tangent =

d y=2°/5—22 istheproductof u=2° and v=(5— 2?2

w' =32z and o =1(5- xz)’%(—2m)
=—z(5— xz)_%
dy _ '
Now i + wv’  {product rule}
x
dy . 9 > z*
petie 3z V5 —«x 0
at = =1, dy _ 3(1)%V4 — 2 6—12=24 . slope of tangent = !
dr Vi 272 2

3 y=+x(3—1x)? is the product of u = 2% and v= (3 — x)?
W' =127% and v =23 -2)'(-1) = —2(3 - )

Now =2 = u'v+uv’ {product rule}

1 2
=7 — _—_(3— —_9 _
dx 2\/_;5( w) \/_$(3 95)

(3—x)> —4z(3—=x)

2z
_ (3—2)[(3—=) —4a]
N 2z
_ B-2)B3-51) as required
2/
Tangents are horizontal when their slopes are 0.
Z—z —0 when (3—2)(3—5z)=0

ie, 3—x=0 or 3—5x=0

ie, =3 or Jc:%

EXERCISE 21F.2

1 . .
1 a y= 2t3; is a quotient where u =143z and v=2-2x
w'=3 and v =-1
Now dy _ wo—w' {quotient rule}
dr v2 q
dy _ 3(2—z)— (=1)(1 +32) 7

dz (2—2x)? (2—x)?
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2
2

y = 1 is a quotient where u =2z and v=2x+1
u' =2z and v =2
Now dy _ wo—w' {quotient rule}
dr v2 q
dy 22z +1)—2%(2) 22”42
dz (2z + 1)2 T (224 1)2
C Y= is a quotient where uw = and v =a%—3
u'=1 and o' =2z
Now dy _ wo—uw' {quotient rule}
dr v2 q
dy 1(z*> —3) —z(2z) —-3-—2°
de (z2 —3)2 T (22— 3)2
d y= m is a quotient where u = 22 and v=1-2z
1 -2z
u = %x’% and v = -2
d 'y — uv' .
Now d—Z = uvU—qu {quotient rule}
1— 2z
—(~2
dy 2z ( )\/57 1—-2x+4c 1+ 2z
de (1 —22)2 T 2vz(l—-22)2 T 2y/z(1 — 2x)2
z? -3
€ y=-——— isaquotient where u=2z>—-3 and v =3z — 2>
3r — x?

' =2x and v =3 -2z
dy u'v —uv’

Now e {quotient rule}
dy _ 2z(3z — z?) — (z? — 3)(3 — 2x) 622 — 22° — 322 +22% +9 — 62
de (3z — 22)? N (3z — 22)?
32 -6z +9
(3z — z2)?
f y=—2_ isaquotientwhere u=2x and v=(l—3z)3
v =1 and o' = ,%(1 - 3m)*%
d "o — uv! .
Now d_z = uvv—2uv {quotient rule}
1-3z—=x _73
dy _ 2y1-3z) 2(1-3z)+3x  2-3z
dz (1—3z) 2(1—32)% 2(1— 32)%
2 a y= 1_1:233 is a quotient where w =z and v=1-2zx
dy u'v — uv’ .
w'=1 and v =-2 Now e {quotient rule}
dy _ 1(1—2z) —x(-2) 1
dr (1 —2x)2 T (1—22)2
d_y 1 1

at z=1 a0z = m = m =1 slope of tangent =1
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is a quotient where u =2 and v=z2+1

o =3z% and o =2z
dy wv—w' 32°(z®+1)—2°(2z) 2!+ 327

N a9y _ —
W &z 02 (2 +1)2 (22 +1)2
dy 143 4

—rs 2

t = — = =
a de (1112 1

and so, the slope of tangent = 1

C y= VT is a quotient where w=2z% and v=2zxr+1
2z 41

u/:%x’% and v =2 L
—(2 1) — 2
iy IETDVE)
dr v?2 n (2z+1)2
at =4 @ = %_4— (%_4) xé—g_lﬁ
~ dz 81 8l 4 324
7
slope of tangent = —=57
d y—x—2 is a quotient where uw =22 and v = (z°>+5)?
Va2 45
w =2z and o :%(x2+5)_%(2x)
:x(x2+5)7%
x
2022 5 — 2 [ ——
dy  vwv—w <\/IB2 + 5>
Now —= = =
dx v? (2 +5)
i ooy My B -(F) _ (H12+45) 3 —36+8
B de 9 B 9 327
_ 28
slope of tangent = —5=
a :12—\/5 is a quotient where u=22% and v=1-2z
—x
W =227 and o =—1
d 'v —up’ .
Now d_z = uvv—21w {quotient rule}

1
dy HFUmD-WEEDY o e z+1

= as required.

dr (1—2)? Vo Va(l-z)?  Va(l-a)?

i —~ =0 when z+1=0 ie., x=—1. However 3—2 is not defined for

d
x < 0 because of the \/z term. Hence d_y never equals 0.
T

ii 3—y is undefined when = < 0 and when z =1
x
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2
— 1 . .
b y:ﬂ is a quotient where y=2°>—-3z+1 and v=gz+2
T+ 2
w=2r—3 and v =1
d v —up'’ .
Now d—z = uvv—2uv {quotient rule}
dy 2z —3)(x+2) — (" =3z +1)(1)
dr (z+2)2
. 202 +4x — 3z —6—x2+3x—1
a (z+2)?
= w as required
= ~aror q .
i @:O when 22 +4x—7 =0
da —4+ /1
i.e., xr = T = —2i\/11
- dy 2 .
ii . S undefined when (z+2)° =0 e, z=-2
EXERCISE 21G

1 a y=x—22>+3 at =2
Since when x =2, y=2—2(2)?>+3 = —3, the point of contact is (2, —3).

Now @ =1—-4z
dx
dy
t 2=2 2 =1-8=-7
at o
.y —(=3) , _
the tangent has equation oo = -7 de, y+3=-7z-2)

—Tx+14 -3
e, y=—Trx+11

o
<
Il

b y:\/ﬁ—i—l:x%—l—l at z=4
Since when # =4, y=+4+1=3, the point of contact is (4, 3).

dy 1
N = = —
R 2\/x
dy 1 1
t p=4, =2 = _—_ -1
TrTES G 2v/4 ¢
the tangent has equation % = i e, 4dy—12 =2x—-4

ie., 4y =z +38
¢ y=2>—5z at z=1
Since when z =1, y=1%—5(1) = —4 the point of contact is (1, —4).

Now dy =322 -5
dx
dy
t =1, —— =3-5=-2
at w e
. —(—4 .
tangent has equation %(1) = -2 e, y+4=-2x+2

e, y= —2x—2
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4 4
% = —2r 2
at z—=1, @i:—z@%):—z
dx
. y—4 . .
the tangent has equation i -2 e, y—4 = -2x+2
ie, y= —2x+6
1 1
e y:i——z at (=1, —4). Now yzé——2f3x_1—x_2
T T T
d
el —3z72 42273
dx
dy -3 2
t = - = [
: D S CE T
Loy =(=4) _
tangent has equation =i -5 ie, y+4=-5(z+1)
ie, y=—-bHr—5—4
1 e, y=—-5—9
f y:3m2—;:3m2—x_1 at r=-—1
. 1 . .
Since when z = —1, y=3(-1)? - =) =4 the point of contact is (1, 4).
d 1
Now ﬁ = 6z — (—1z7%) = 62 + =
dy 1
t =—1, — = 6(—1 =-5
ae dz =D+ (-1)2
the tangent has equation xy%(:ll) =-5 e, y—4=-5x—-5
e, y= —-br—1
a y=2a2 at (3,9)
dy
=2 — 9
dx *
dy 6
t = 2 —923)=6=2¢
at =3, e 3)=6=7
.. the normal at (3, 9) has slope f%, so the equation of the normal is
y—9 _ : _
23 =% ie, 6y—54=—-x+3

ie, 6y = —x+57
b y=2®-5x+2 at z=-2
Since when z = -2, y = (-2)®> —5(-2)+2=4
and so the point of contact is (—2, 4)

dy

N =32"-5
ow -~ T
dy 2
t =-2, = =3(-2)"-5=7
at T (—2)
the normal at (—2, 4) has slope f%, so the equation of the normal is
y—4 .

ie, Ty = —x+ 26
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€ y=2yx+3 at z=1
Since when z =1, y=2V14+3=5 the point of contact is (1, 5)

Now y=2/7+3=22%+3

Z—i = x7%
— dy _ 1 _
and so, at =z =1, T ﬁ_l
the normal at (1, 5) has slope —1, and so the equation of the normal is
Y=5 _ 1 e, y—5=-2+1
z—1 )
e, y=—x+6
3 . .
d y= \/_E and so, when z=9, y= % =1 .. the point of contactis (9, 1)
3 1
= — =322
Y /7 z
dy 3,—%2
% = -3z 2
t =9 dy _ 3 9-5) = _3(33) = _L
e *2( )* 18
the normal at (9, 1) has slope 18, so the equation of the normal is
Y=Ll 18 e, y—1 = 18z— 162
r—9 )
ire, y = 18z — 161
e y= 5 -z at (1,4)
yi \/E 7 1 1
Now y =5z 2 —z2
% = —%x7% — %x7%
d
at =1, d—z =-2 (1*%>7%<1*%) =-2-1=-3
the normal at (1, 4) has slope %, so the equation of the normal is
—4 .
1—1 — 1 e, 3y-12==z-1

e, 3y =x+11

1
f Yy = 8\/_ — p at z=1
. 1 . .
Since when z =1, y =81 — == 7 the point of contact is (1, 7)

1
Now y:S\/_——Qz&v%—m*z
x

@ :4m7%+2m73
dx

at =1, @ =44+2=6
dx

the normal at (1, 7) has slope —é, so the equation of the normal is

e, 6y—42 = —xz+1
—x + 43

1
6

ie., 6y
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d
y =22 +32% — 12z +1 d—'z:6x2+63c—12
Horizontal tangents have slope = 0 so 62 +6x—12 =0
224x-2=0
(x+2)(x—1) =0
r=-2 o z =1
Nowat z=-2, y=2(-2)3+3(-2)2-12(-2)+1=21
andat =1, y=2(1)>+3(1)*>—-12(1) +1=—6
i.e., points of contact are (—2, 21) and (1, —6)
tangents are y = —6 and y =21
2 1 1
Now y = m;/; :2\/54—%:295%4—95_%
Wt 13- L
dx 2 VT 2x\/z
Horizontal tangents have slope = 0 1t 0
& pe = N
2r —
z—1 —0
2x\/x
2c—1=0
v =1
2(3)+1 2
Nowat ¢ =2, y=—22_ " — —2/2
2> 1
3 3V2
the only horizontal tangent touches at (%, 21/2)
Now vy = 22° + kz? —3
d
& _ 6x2 + 2kz
dx
— dy _ . 2 —
and so when z =2, o =4 o 6(2)° +2k(2) =4
24 +4k =4
4k = —20
k=-5
Now y = 1—3z+ 1222 — 82° %:—3+24x—24x2
x
when z =1, % = —3+24—-24=-3
dzx

i.e.,, the tangent at (1, 2) has slope —3
—3 + 24z — 24z® = —3 for all points = where the tangent has slope = —3
242° — 24z = 0
24z(z—1) =0

ie, when z =0 or z=1
When z =0, y=1-04+0-0=1

and when z =1, y=1—-3+4+12—-8=2

y—1 y—2 _

——0 = 3 and prumi

ie, y=-3z+1 and y=-3z+5

the tangents are -3
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d
L a Now y =a>+ax+b —i:%ﬁ—!—a
at =1, @:2—“1
dx

the slope of the tangent to the curve at z =1 willbe 2+ a
However the equation of the tangentis y+2z =6 1ie, y=—2x+6
and so the slope of the tangent is —2. S 24a= -2

a = —4
y=2a>—4x+b
Also, at x =1, the tangent line contacts the curve
ie, 12—4(1)+b= —2(1)+6

1—-4+b=4
b=17 . a=-4, b=T
b Now y:aﬁ+izaxé+bz%
VT

&

2
at x =4, @:g<4—%>_2(4—%>:2<1>_2(1)
dx 2 2 2 2 \8

the slope of the tangent to the curve at = =4 will be

However the equation of the normal is 4z +y =22, ie., y= —4z+22
the normal has slope —4

4a —b
the tangent has slope % and so, 6 = %
da—b =14
b=4a—-4 ... (1)
Also, at ©x = 4 the normal line intersects the curve.
. b
ie, avd+— = —4(4) +22
7 (4)
b
2 - =
a—+ ) 6
Consequently, 2a + da 2_ 4 = 6 using (1)
2a+2a—-2 =6
4a =
a=2 andso b=4(2)—4=4 from (1)

5 a y=+v2x+1 when z=4, y=./2(4)+1=3 .. the point of contact is (4, 3)

. 1 Y 1 1 1
Since =2r+1)2 then — = 52z+1)"2 = —
dy 1 1
at x = 4, - = M = =
e a)y+1 °
so the tangent has equation H = % ie, 3y =x+5
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1 1
b == == 2 — -1 t = —1 - = 1
y=5_, (2—x) at x .y syt
the point of contact is (—1, %
dy o 1
N — = —-1(2 - —-1) =
ow =120 (1) = oo
dy 1 1
t o =— = = =1
CETTY W T (e Y
_ 1
the tangent has equation (_31) % ie, 9y—-3=x+1

ie, 9y =z+4

1
€ y=———— at (1,1
Yy (.’,C2+ 1)2 a ( > 4)
as y = (x? +1)72
dy 2 -3 —41‘
W 92 4+1)73(22) =
dx (&% +1)7"(2) (z2 4+ 1)3
dy —4 —4 1
t =1 L =0—m===_=
B N U D 2
normal at (1, 1) has slope 2.
_ 1
So the equation of the normal is Z_‘i =2 e, y—1=2z-2
20 —y = %
e, y =2z —%
1 1
d y=—— at z=-3, y= ——=1
V3 -2z 3-2(-3) °
the point of contact is (—3, %)
Now y = (37233)_%
B 322 = (320
dy _3 N
a w=-3 L=(-20-3) =9 F=37=%
normal at (—3, 1) has slope —27,
_ 1
So the equation of the normal is my_—(_?’?)) =27 e, y—3 = —27(z+3)

242

ie, y= —27zx— ==

The tangent has equation 3z +y =25, ie, y=-3x+5

tangent has slope —3 ...... (1)
Also, at z=-1, y=-3(-1)+5=38
the tangent contacts the curve at (—1, 8) ...... 2)
Now y=a(l— bx)% Z—Z = 1a(1 - bx)fé(fb)
—3 = La(1+b)"3(~b) using (1)
ab
6= — ... 3
V1+b @)

and (—1, 8) must lie on the curve y = av1 — bz
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andso 8 = av1+b ... 4)

DEEP - S fcquating o in () and (4)

6(1+b) = 8b
6+ 6b = 8b
6 =2b

b=3 and a = =4

Sl

T
f(z) = 1-3z

is a quotient where uw=z and v=1-3z

at (=1, —1)

RN
—~
8
— =

w'=1 and v = -3
v —w
02

1(1 —3x) —2(-3) 1
(1-3z)? (1—3z)?
1 1

f<‘”:m:1—6

{quotient rule}

So the tangent has equation e, 1l6y+4 =x+1

f(@) = VEQ - 2
since  f(4) = V4(1 —4)? =18, the point of contact is (4, 18)
Now f(x) isa product where u = 2% and v= (1 —x)?
u = %1’ 3 and o = 2(1—2z)(-1) = —2(1 —=x)
) = w'v+uv’ {product rule}
fl@) = 3273 (1 —2)> —272(1 — 2)
) = (17 — VA1 —4) = 1(9) — 2(2)(=3) = ¥

the normal at (4, 18) has slope —5;47

So the equation of the normal is y- 148 = -2 e, 57(y—18) = —4(z—4)
z —
ie, b7y = —4dx+ 1042
2
x
= t (2, 4
f@)= 15 at @ -4
f(x) is a quotient where v =2> and v=1—z
w' =2r and v = -1
1., /
Now f/(z) = uvv—2uv {quotient rule}
flz) = 22(1 — z) — 2%(—1) _ 2z — 22° + 22 _ 2z z?
(1—=)? (1—x)? (1—=)?
22) -2 4-4
y=22 = -~ 9
re =g =5

As the tangent has slope 0, i.e., is horizontal, it has equation y =c¢ and

as the contact point is (2, —4), the tangent has equation y = —4



Mathematics SL, Chapter 21 — DIFFERENTIAL CALCULUS 427

z? -1
— 2 J—
Since f(—1) = é(—l)lﬁ; = % =0 the point of contact is (—1, 0)

Now f(x) is a quotient where w =2 -1 and v =2z 43
u'=2x and v =2

wo—w'  2x(2x+3) — (22 —1)(2)

Now fi(z) = —5—= (2z + 3)2
oy = 2EDE248) ()P DE) 21 - (0)@) _
Fen= 1) +37 T

the normal at (—1, 0) has slope %

. . —0 .
So the equation of the normal is % = % ie, 2y=xz+1
T — (—
y=a> at z =2

Since when z =2, y=2%=8 the point of contact is (2, 8)

d d
Now d—z =322 andso at z =2, % =3(2)2 =12
*. tangent at (2, 8) has slope 12 and its equation is Z:g =12 ie, y—8 =12z —24

e, y =12z —-16

the tangent meets the curve where 12z — 16 = z°
ie, 2° 122416 =0

Because the tangent touches the curve at = = 2, there must be a repeated solution at this

point. .. (z — 2)? must be a factor of this cubic
(x—2)2(x+4) =0
tangent meets curve again when x = —4

and when z =—4, y = (-4)° = —64
tangent meets curve again at (—4, —64)
y=—2*+222 +1 at z=-1
Since when z = —1, y=—(-1)*+2(-1) +1=4
and so the point of contact is (—1, 4)

Now % = 32 +4x . at =1, % = —3(=1)? +4(-1) = -7

tangent at (—1, 4) has slope —7

. L —4

its equation is a;yf—(fl) =-7 o y—4=-Tx+1)

ie, y=—-Tr—3
Now the tangent meets the curve where —7z —3 = —z% 4222 +1
ie, 2°—22° -T2z —-4=0

Because the tangent touches the curve at = = —1, there must be a repeated solution at this
point. . (x4 1)% must be a factor of this cubic

(z+1)*(x—4) =0
tangent meets curve again when = =4

and when z=4, y=—4)°+24)?+1=—-64+32+1=-31
tangent meets curve again at (4, —31)
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3
€ y=2>—= at z=3
x

Since when z =3, y=3%— % =8, the point of contact is (3, 8)

dy 3
Now X _op4 2
ow ar T + 2
dy 3
at © =3, T 2(3)-1-3—2:6—1—%:%
tangent at (3, 8) has slope % and therefore its equation is
-8 .
173 =1 e, 3(y—8) =19z —3)
3y = 192 — 33
: 19
re, y= xx—11
3 3

Now the tangent meets the curve where %x —11=22-=

192 — 33z = 32° — 9
ie, 3z°—192°+33z—-9 =0
Because the tangent touches the curve at = 3, there must be a repeated solution at this point.
Hence, 3z — 1922 +33z—-9=(z—3)*Bz—-1)=0
{since coefficient of z* is 3 and constant term is —9}

. 2
the tangent meets the curve again at = = % where y = (%) - =

tangent meets curve again at (%, — %)
4
d y=2°+- at z=1
T

Since when z =1, y=1%+ % =5 and so the point of contact is (1, 5)

dy 2 4 dy
Now %:333 = andat =z =1, %:3—4:—1
tangent at (1, 5) has slope —1 and therefore its equation is
Y=5 _ 1 e, y—5=—a+1
z—1

ie, y=—-x+6

4
Now the tangent meets the curve where —z +6 = z° + =
T

4
224+ —6+— 0
T

42> —6r+4=0
Using a graphics calculator, this quartic has a graph which touches the z-axis at x = 1 and has
no other z-intercepts. i.e., the tangent never meets the curve again.
9 a y=2>-z+9 at z=a
Since when z =a, y=a?—a+9 the point of contact is (a, a*> — a + 9)
Now @=2m—1 c.oat x=a, d—y:2a—1
dzx dx
the slope of the tangent at (a, a®> — a + 9) is 2a — 1
y—(a®—a+9)
T —a
ie, y—(a>—a+9) = (2a—1)(z—a)
ie, y=2a—1)r—2a>+a+a®>—a+9
ie, y=(2a—1Dz—a*-9

the equation of the tangent is =2a-1



Mathematics SL, Chapter 21 — DIFFERENTIAL CALCULUS 429

But this tangent passes through (0, 0) s 0=a*>-9
(a+3)(a—3)=0
oa =13
tangents are: at a=3: y—(9—-3+9) =5(z—23)
.y = bz, with contact at (3, 15)
= —T(z+3)

at a=-3: y—(94+3+9)
.y = —Tx, with contact at (—3, 21)
points of contact are (3, 15) and (—3, 21)

Let (a, a®) lieon 3y =z

dy

Now — = 3m2, c.ooat x=a,
dx

the slope of the tangent at (a, a®) is 3a*
3

dy _
de

3a?

=3a®> e, y—a® = 3d?)(z—a)

the equation of the tangent is

—a
But this tangent passes through (—2, 0) ooa—a® = 3d*(—2—a)
o —a® = —6a® — 3a®
2a® + 6a® = 0
2a*(a+3) =0
. a=0 o =3

If a =0, tangent equation is y = 0, with contact point (0, 0)
If a = -3, tangent equation is y — (—27) = 27(z + 3)
ie., y = 27x+ 54, with contact point (—3, —27)

Let (a, v/a) lieon y=./z.

dy 11 1 dy 1
N —_— = = = — t =a, —
WV oG T2 2\/x = 2/a
1
the sl f the t t at , s ——=
e slope of the tangent at (a, v/a) is NG

the slope of the normal at (a, v/a)is —2v/a

the normal has equation Y-y = -2va e, y—+a=-2a(r—a)

z—a
But this normal passes through (4, 0) s 0—+va = -2/a(4—a)
2va(d—a)—va =0
Va8 —2a—1) =0
. Va(T—2a) = 0
 a=0 or I

2
when a = 0, normal equation is y = 0, and contact point is (0, 0)

when a = I, y—\/gz_z\/g(w_%)
ie., \/§y — \/7 = 72\/7 (m — %)
ie, V2y+2VTz = TVT+VT

ie, V2y+ 27z = 87
ie, y=—V1ldzr+4v14 with contact point (%, \/;>
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EXERCISE 21H
1 a f(z) = 32% — 62+ 2 b flx) =22® — 32> —2+5
f(z) = 6z —6 fl(z) =622 —6x—140
f'(x) =6 f'(z) =122 -6
2 1 2 —3x _
c f(:r):ﬁflzzfr z -1 d flz) = — =2¢7% — 3271
fl($) — —(137% f’(l’) = —4$73+3fl}'72
neN _ 3-8 f(z) = 12¢7* — 623
fla) = 3o 12— 61
e flz) = (1 —22)® zt
f'(z) = 3(1 — 22)*(-2)
= —6(1 — 2z)?
f(z) = —12(1 — 22)*(—2) = 24(1 — 2z)
f fla)= 22t21 is a quotient where u=x+2 and v=2x—1
W=1 and o =2
122 — 1) — 2(x + 2 .
fl(z) = ( (2:27 1)(2 ) {quotient rule}
— ﬁ and f"(z) = 102z — 1)~3(2)
-
20
_ -2 —
= —5(2z — 1) 2z - 1)
2 a y=x—a° b y—mz—% C yzZ—%
dy g g2 = 22 Bz 2
dr v =2-3z"
d*y W _ op 10272 dy _z
e wo =5
d—§:2—30x*4:2—% Py o 3
dx T o i
d y:4;x—4w71 1 e y = (2% — 3z)°
&y _ g g—z = 3(2® — 32)%(2z — 3) = (62 — 9)(2? — 3z)?
dx
&2y 8 which is a product where u =6z —9 and v = (z* —3z)?
T2 827% = e W' =6 and o =2(z? - 3z)'(2z — 3)
2
% — 6(2% — 32)% + (62 — 9)(2)(? — 32)(2z — 3)
= 6(z* — 3z) [(a:2 —3z) + (2z — 3)2]
=6(2? — 3z)(2® — 3z + 42® — 122+ 9)
= 6(z* — 3z)(52% — 15z +9)
f y:mQ—x—i—T:ﬁ—m—&—(l—w)*l
dy -2 —2
%:23:—14—(—1)(1—3:) (-1)=2z-14+(1—2x)
d*y _3 2
Y _ 9 91— 1) =2
Ty (1= =2+ s
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3 a f(x) = 22® —62% + 5z + 1
fl(z) = 62 — 12z +5
f'(z) =122 —12  andso f"(z)=0 when 12z —-12 =0
o122 =12
ie, when z =1

b f(z)= %_'_2 is a quotient where w =z and v=z%+2

u =1 v =2z

1(z? +2) — 227

f(z) = ECES {using the quotient rule}
o 2-— z? hich i h .
= m which 1s another quotient

with u=2-2% and v=(2?+2)?
w =2z, v =2(2*+2)(22)

—2x(z? +2)% — 4z (z? +2)(2 — 2?)

f”("ﬂ) — (mz +2)4
_ =232 +2)[22 + 2+ 22— 27)]
= (wz + 2)4
_ —2[a’ 4]
= (.T2 T 2)3
= % and so f"”(z) =0 when 2513[?52 —6] =0

ie.,

0 or z2—6=0

ie, when z =0 or x:i\/é

REVIEW SET 21A
1 y=—22% Sincewhen z=—1, y=—2(—1)*>= -2, the point of contact is (—1, —2).
dy
Now =2 = —4
ow  — x
dy
t o x=-1, —2 = —4(-1)=4
at = - (-1)
-y —(=2) _
tangent has equation T 1 4 e, y+2=4x+14
ie, y=4x+2
2 4 @ —x 1
2 a y=3z°—=x b U =x—x
dy 3
— = 6z — 4x . @ o —2 i
dx c dx—1+ﬁv —1+$2
3 flx)y=2*+2x, . f(z) = lim flzth) - f(z)
h—0 h
2 a2
~ Jim [(z 4+ h)* 4+ 2(z+ h)] — [x° + 22]
h—0 h
. 2zh+h> +2h
= hm _—
h—0 h

= }Lir% 20 +2+4+h {as h#0}

=2x+2 Checking:  f(z) = 2* + 2z,

fl@)=22+2 v
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1-2 . 1-2(1 . .
L 4= 5 z Since when x =1, y= T() = —1 the point of contact is (1, —1)
T
. 1 2 dy _3 o 2 2
Since Yy = F — ; then % = —2x —+ 2x = 7; + F
atx = 1, @:72+2=0
dx
i.e., the tangent is a horizontal line. .-, the normal is a vertical line, of the form z = k.

As the normal passes through (1, —1) its equation must be =z =1

5 y=223+42—-1 at (1,5)

dy 2 dy 2
- = 4 : =1, —==6(1 4=1
Now I 6x” + Soat o xz=1, e 6(1)° + 0
the tangent has equation Z%l =10 ie, y=10z—-5

Now the tangent meets the curve again where 10z — 5 = 2z° + 4z — 1
20 —6x+4 =0
2 —3z+2=0
We know that (z — 1)? is a factor since the line is tangent to the curve (i.e., touches) at z = 1
Consequently, z® —3z+2=(z—1)*(z+2)=0 {since the constant term is 2}
Thus z = —2 is the other solution and when = = —2, y=2(-2)%+4(-2) -1 = —25

tangent meets curve again at (—2, —25)

b b
6 :agi/_; =a ac—l——z:aa:%—i—b:c*%
dy a _1 b _s3 a b
_ = = 2 — = 2 =
dz 2 2 2y/x  2z\x
The equation of the tangentat z =11is 2z —y =1
ie, y=2x—1 .. theslopeis?2
dy a b
t z=1, ZL=2_2_9
TETE W T2
a—b=14
a=b+4 ... (1)
. 1)+b
Also, at x =1 the tangent touches the curve  i.e., % =2(1)-1
ie, a+b=1
b+4+b=1 {using (1)}
_ L oa=4-32=2
2b = -3 . 2= 2
b:*% ie., a:%, b:—%

7 y=4(ax+ 1)72
Since when =z =0, y=4(0+ 1)’2 =4, the point of contact is (0, 4)
dy —8a dy

N = - _ 1) 3(a) = —— at x = - = -
ow -~ 8(ax +1)""(a) @rF at =0, e 8a

. -4 .
the tangent has equation y_O = —8a e, y—4=—8ax
T —

and this passes through (1, 0) . 0—4 = —8a(l) .. a=3
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1
8 =— at x=4
V=7
Since when =4 y = ﬁ = % the point of contact is (4, %)
dy 1,2 dy 1 (-2 1(1 1
Now %:751} 2 at 1'24, E:7§<4 2):75(5):73

the normal at (4, %) has slope 16.

1
So the equation is _i =16 e, y-— % = 16x — 64 ie., y = 16z — 127
9 a M = (t* +3)* b A= m is a quotient with
dM
W = 4(t2 + 3)3(2t) u = (t + 5)% and v = t2
%:St(t2+3)3 '2%1&—1—57% v =2t
dt
> — VT +5(2t)
E B
2 —2<2t><t+5>
214/t +5
4 . e Gt
10 a y:ﬁ73x=4x7573x DTN
dy s _9 _ —3t — 20
% 3= =3 2+ 5
4
b y = (xfé) =(x—azh)? < y:\/foSx:(ﬁf?;x)%
dy 1/..2 -1
soo=—= =z(x* -3 2z —3
dy _ Az —2z P +272) dx 2@ 2)"* (22 =3)
dx 2z -3
1\3 1 o
:4(;5__) (1+_2> 2Vz? — 3z
x T
REVIEW SET 21B
1 a y = 5z — 3z~ ! b y = (32% + x)*
dy _ -2 _ 3 dy _ 2 3
dx_5+3m _5+:c2 d$—4(3m +z)°(6x + 1)
4 = (2 +1)(1 —2?)* isaproduct with u=2z>+1 and v=(1-2z%)?3
ooouw' =2z and o =3(1—2?)?(—2x)
Z—i =2x(1 — 2%)® — 6z(2* + 1)(1 — x?)*> {using the product rule}
3 2 dy 2
2 y=2"-32"-9x+2, .. —= =32"—6x—9
dx
horizontal tangents occur when Z—y =0 ie, when 3z2—-6z—-9 =0
x
2 —22-3=0
(z—=3)(xz+1) =0
. . =3 or z=-1
when z =3, horizontal tangent has equation y = —25

when « = —1, horizontal tangent has equation y =7
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1 . 1+1
3 y::c+2 and since when z =1, y= as

2 — =2

12 -2 ’

the point of contact is (1, —2)

1 . . .
Now y:;t2 is a quotient with u=x+1 and v=22—-2

v =1 and v =2z

2 —2)— 1)(2
4y _ L ) = (z+1)(22) {using the quotient rule}

dx (x2 —2)2
o, dy _ (1P-2)-(1+121)  (=1)—4
at =1, I = Z-2)p = 1 =-5
the normal at (1, —2) has slope %
— (=2
the equation of the normal is y—(l) = % e, by =x—11
z —
3
L a f(x)= @ =(z+ 3)390_% which is a product with u = (24 3)® and v = z2
T
W =3(x+3)? and o = —%x_%
2 3
fl(z) = 3z+3)” (z+3) {using the product rule}

Nz 2x\/x
b f(z)=a*vV22 +3 whichisaproduct with u=2z* and v=(z°+3)2
W' =42® and v = %(m2+3)_%(2m) zm(m2+3)_%
5
'(z) = 4237 + 3+ ——=———  {using the product rule
f'(=) N {using the p }
5 a f(z)=+z(1—x)* isaproductwith u= 2% and v= (1 —x)?

W' =123 and o' =2(1-z)(-1)

1-a)?

fl(z) = N 2\/z(1 —z) {product rule}
b fa) = VI =Be—a2)} ¢ flz) = Qix —(2—2)!

fe) = 3@ =)~ 20) f'@) = 12— 2) (1)
_ 1
ICEEE

6 a f(z) = Smeé:?)fom*l b f(z) = \/:E:ZE%
f(x) = 6z +27?2 oo fi(=x) = %x_%
and f’(z) = 6—-227°=6— 2 s @) = _%37%

3

7 y=22/I—z at z=-3
Since when z = -3, y = (=3)%\/1— (=3) =94 =18,
the point of contact is (—3, 18)
Also, y=2%y/T—2z isaproduct, with v =2 and v=(1— m)%

1
v =2z and v =3(1-—xz)"2(-1)
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10

&l
8
Il
[N}
8
—~
[
I
8
~
[N
I
8
[
/N
=
—~
fu
I
8
~
|
N
N—

at w=-3, 22 =2(=3)(1-(-3))7 — (-3°(F)(1 - (-3) 2 = —6(2) ~9(3)* = - F

. -1 .
the tangent at (—3, 18) has equation xy_—(_é;) = —% ie, 4y—72 = —57x— 171

= =57z — 99

o

'
<
|

Now when z =0, y:—%g and when y =0, z =—%

area of AOAB = 1 (99) (9—?) = 21.5 units?

1) \5

y=a>+ax+b . @:3w2+a and so at x =1, d—y:3—|—a
dx dx

Now the equation of the tangentat x =1 is y =2z

the slope is 2 . 3+a=2 andso a=-1

Also, at =z =1 the tangent touches the curve.
ie, z°+ar+b=2x whenz=1
(1)° + (-1)(1) +b = 2(1)
1-14+b=2
b=2 andso a=—1.
dy

y=a>+az® -4z +3 d—:3x2+2am74
T

The tangent at z = 1 is parallel to y =3z, soat z =1,
ie, 3 =3(1)%*+2a(1)—4
. 2a =4
a=2

dy_
%—3

Since when z =1, y = 1°+2(1)> —4(1) +3=2

The contact point is (1, 2) and since the slope is 3, the tangent at (1, 2) has equation

-2
Y72 3 e, y—2=3c—3
z—1 .
e, y=3r—1
The tangent meets the curve where 22+ 2% — 4z +3 =3z —1

ie, 24222 —Tzx+4=0
Since the line touches the curve (i.e., is tangent to it) at « = 1, (x — 1)? must be a factor.
Consequently, z° +2z2% —Tz+4=(z—1)*(z+4) =0 {since the constant term is 4}
the curve cuts the tangent at © = —4, y = (—4)> +2(—4)? —4(—4) +3 = —13

ie., at (—4, —13)

flz) = 22* + Az + B s fl(x) =62+ A
Now as the slope at (—2, 33) is 10,
f(=2) =10 and as (—2, 33) lies on the curve
10 = 6(—2)*+ A f(-2) = 33
A= —-14 o 2(=2)2—14(-2)+ B = 33
f(x) = 22® — 142+ B S —16+28+ 8 =33

B =49 —28
B =21
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REVIEW SET 21C
1 a y=23/1—22 isaproduct where y=2> and v= (17x2)%
u' =32 and v =3(1- :vz)*%(—%:) =—z(l - w2)7%
dy _ 3221 — a2 — 96—4 {using the product rule}
dx N
b y= 2’ 3z is a quotient where u =2 -3z and v = (z + 1)%
v +1

1 1
2r — 3 1)2 — 1?3 1)72
Z_y = (2z—3)(@+1) j_(f D+ {using the quotient rule}
x x
z+1
2 Yy = m at r=1
. 141 . .
Since when z =1, y= 5= —2, the point of contact is (1, —2)
| . .
y = $2+ is a quotient with u =z +1 and v = x> —2
2 —2
w=1 and o' =2z
d 1(2? —2) — 1)2 . .
d_z = (z (ml _(2:;;_ )2z {using the quotient rule}
dy (1-2)—21+1) -1-4
t =1, —= = = = _
ar=s W 1_2)2 1 g
the normal at (1, —2) has slope %
So th Ih on: YD _ 1 10=a-1
o the normal has equation: —V_—1 % re, Sy+10 =2 —
ie, by =z—11
3 flz) = 22* —42® — 922 + 4z + 7
fl(z) = 82% — 1222 — 18z + 4
f(z) = 242% — 24z — 18, . f"(z) = 0 where 24z% 24z —18 =0
4o® — 4z —3 =0
2z +1)(2z—3) =0
zT=—3% or x=
b f@) =% & 22
T 14z ’
f(z) is the product of v and v where u=3z and v=1+z .. «' =3 and v =1
‘ 3(1+z) — 1(3z) 3
th tient rul ! = = . (9) = 3 =1
by the quotient rule  f'(z) e iTa7 2 =35=3
the normal at (2, 2) has slope —3
. . —2
So the equation of the normal is b = -3 y—2 = -3z —2)

—3z +6
e, y=—-3z+8

:_..
LI
I
Il

when £ =0, y=8 andwhen y=0, z=3%

e
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B and C are at (0, 8) and (%, 0), and the distance BC = \/(0 - %)2 + (8- O)2
=% +64
- \/@
9

= —8‘/35 units
2
a y= is a quotient with w =22 and v=3-2z
3—2x
w' =2z and o = -2
dy 22(3 — 2z) — 2%(—2) 6z — 22> . .
e B_ 2002 = 32072 {using the quotient rule}

b y=z(z®>—2)® isaproduct with u=2z7 and v=(2%—z)?

u = %mfé and o' =3(z? — z)*(2z — 1)

2 _\3
Z_ay: = % +3yz(2x — 1)(z® — z)? {using the product rule}
4 2 4 -1 3 1 3 -4
a y=3z"—==32" -2z b y=z"—x+-—==2a"—x+2 2
T \/5
dy _ d
e LW gy g
d*y 2 -3 2 4 d?
x
= at =-3
Y 11—z v
Since when = = -3, y= % = —3 the point of contact is (—3, —2)
1—-(-3
x 1
Now = —— isaquotient with u =2 and v=(1—2)2
1
u =1, v':%(l—w) z(—1)
DVI—z—a2(2)(1—z)"3(-1
Z_Z = (m) m ﬁ(i)i 2) 2(-1) {quotient rule}
_1
o dy VA IB@W R 2o 23
T dx 4 4 4 16
th 3, -2)h i ") s el 16+ d) 5@+ 3
e tangent at (—3, —3) has equation ) T T ie., (y+3) =5=z+3)
16y + 24 = 5z + 15
ie, dxr—16y =9
b=-16 and a=09
flz) =32+ Az’ + B
As the point (—2, 14) lies on the curve, 14 = —24+4A+ B
4A+B =38 .. (1)
Now f'(z) = 92> +2Ax andas f'(—2)=0
36— 44 = 0 s 4(9)+B =38 {using (1)}

A=9 ;. B=38-36=2
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Thatis, A =9 and B =2
f(x) = 92* + 18z
f’(z) = 18z +18 andso f"’(-2)=—-36+18=—18

a

9 y=— = 2)~2
Y (z+2)2 o(z+2)
The slope of the line AB is 2=y _8-4 4 -9
T2 — X1 0—2 —2
the equation of the tangent is Z—:i = -2 e, y=—2z+8
% = 2(a)(z+2)%=-2
a
m =1 - a=(z+2>% ... (1)
The line AB meets the curve where —2xr+8 = @ j2) 5
(z+2)° .
—2z+8 = EFDIE {using (1)}
—2r+8 =z +2
-3z = —6
T =2
andso a = (2+2)° =64

10 The curves y=+3z+1 and y=+bzr—2? meet when +/(3z+1) = vbx — z?

Squaring both sides, 3z +1 = 5z — 2

22 —224+1=0

(x—1)2 =0
rz =1
and when z=1, y=+1/3+1=2 .. the curves meet at (1, 2)

Now for y=+BzF+1=3z+1)2
dy _ 1 4

L LB+

d 3
at (1,2) 2 -2 3
dr  2(3+41)2

and for y = Vbx — 2?2 = (bz — mz)%

dy 1 o1 5—2x
— =50Bz—27)"2(5 - 20) = ——
A N TR
dy 5—2 3
at (1,2) == = —— ==
L2 3 2v5-1 *
i.e., the curves have the same slope of % at their point of intersection.

-2
Now the equation of the common tangent at (1, 2) is % =3 e, 4y—2) =3(@x-1)

dy—8 =3z—-3
e, 4y =3x+5



Chapter 22

APPLICATIONS OF DIFFERENTIAL CALCULUS

EXERCISE 22A
A gy = Y8 —v(0) L 50 -
1 a by ) b J(4) = < = 2 = 6.25
200 o Jon . v(12) —w(4) . 54 .
5 = v'(8) = < = 5 =675
100 o _
o‘,,.o 11'(12) = M = % =7
0 o ' (se0) 8
i 10 20 30 40 v(16) = 220 —v(12) 58 = 7.25
: 3 :
Gy
8 o—o—0—0—0 v/ (20) = v(24) — v(16) 5 v(16) . Q0=75
4 o(24) = U2 —v@0) S v20) . 50275
t _
- — v(28) = LB V@D L w0 . g5
| 10 20 30 8
€ For wv(t) = 5.242 x 40865 v'(4) = 6.42 v'(20) = 7.38
V() = 5.242 x 1.0865¢-086 v'(8) = 6.82 v'(24) = 7.50
V'(t) = 5.695t-0865 v'(12) = 7.06 v'(28) = 7.60
v'(16) = 7.24 The fit is excellent.
1.5) — v(0.5) v(3) —v(2)
2 ai V(1) = v(L5) = v(0.5) il v(25) =
) 15-05 V28 =T
L 50-20 L6658
Tl N 1
= 3 m/s? = 0.8 m/s?
b +/(0.5) =3.6—-0.0=3.6 g b al) ()
v/(15) = 5.8 — 3.6 =22 3
v'(2) = 63—5=13 2
v'(3) = 6.8—6.3=0.5 1
p - > 1 (se0)
v'(3.5) = 6.9 — 6.6 =0.3 7 1 2 3 4
EXERCISE 22B
1 P(t) =2t> — 12t + 118 thousand dollars, ¢ > 0
a P(0)=$118000 is the current annual profit
b % =4t — 12 thousand dollars/year
dP . . s
(4 T is the rate of change in profit with time
d i Profit decreases when (fi_}: <0 e, 4t—-12<0
s At <12
ie, t<3
But t>0 0 < t < 3years
- . dP .
Il Profit increases when — >0 i.e., t> 3years
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e The profit function is a quadratic with @ >0 .. shape is \/
So, a minimum profit occurs when T 0 ie, at t=3 years

and P(3) =18 — 36 + 118 = 100 thousand dollars i.e., $100000.
f i When t=4, % =4 thousand dollars per year.

So, the profit is increasing at $4000/year after 4 years.
ii When t¢=10, dd—]; =28 thousand dollars per year.
So, the profit is increasing at $28 000/year after 10 years.
iii When ¢ =25, ar _ 88 thousand dollars per year.

dt
So, the profit is increasing at $88 000/year after 25 years.

2 Area, A=’ a average rate of change in A for 4 < s < 4.5
s A(4.5) — A(4)
T 45-4
4.5% — 42
0.5

=8.5cm?/cm

dA
b — =2s So, when s=4, — =8cm?/cm
dt dt

3 V =200(50 —t)*> m®

a average rate on 0 <t < 5 b V/(t) = 400(50 — t)' x (—1)
_V(5)-V(0) s VI(5) = 400 x 45 x —1
- 50 = —18000 m*/min
_ 200(45)° ; 200(50)* i, leaving at 18000 m*/min

= —19000 m®/min

i, leaving at 19000 m>®/min

dv

a = 1.2 m*/min b vV = imr®
C;—‘: = %71' x 3r% = 4nr?
c v, _ dVdr {chain rule} d when r = 3.6
dt dr dt dr
av o dr 1.2 = 47(3.6)? —
— = 4mr°— dt
dt dt ) 1.2 dr
T 4m(3.6)2  dt
% = 0.007 37 m/min
5 s(t) = 1.2+ 28.1t — 4.9t metres
@ Whenreleased, t=0 and s(0)=12m .. itisreleased 1.2 m above the ground.
b s'(t) = 28.1 — 9.8t m/s is the instantaneous velocity of the ball at the time ¢ seconds after
release.
¢ When s'(t)=0, 281-98t=0 . = 23 =287 sec.

So, after 2.87 sec the ball has reached its maximum height.
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d 5(2.867) = 1.2+ 28.1 x 2.867 — 4.9 x 2.867% = 41.5 m
So, the maximum height reached is about 41.5 m.

hits the ground after 5.78 sec.

d*s
g F = —9.8 m/s/s

e 1 s0)=281ms i s(2) =281-19.6 il s'(5) =28.1—49

= 8.5 m/s = —20.9 m/s
If s'(t) >0, the ballis travelling upwards.

If s'(t) <0, the ballis travelling downwards.

f s(t)=0 when 1.2 +28.1t — 4.9t = 0
ie, 4.9t°—-281t—12=0

28.1 + 1/28.1% — 4(4.9)(—1.2)

b= 9.8
= —0.0424 or 5.777

. . ds
and is the constant rate of change in T

i.e., the instantaneous acceleration is constant at —9.8 m/s? for the entire motion.

6 a s(t) = bt — 4.9¢>
s'(t) = b—9.8t
s'(0) = b

i.e., the initial velocity is b m/s.

EXERCISE 22C.1

1 Q=100—10v% t>0
a i At t=0, Q = 100 units
ii At t=25 Q=50 units

iii At t =100, Q =0 units

c Q _ 5
Y
dQ

7t < 0, forallt>0,

2 HZZO—Lm, t>0
t+5

b

since s(14.2) =0
b(14.2) — 4.9(14.2)> = 0
142[b—4.9x14.2] = 0
b=49x14.2
b = 69.6

the initial velocity is 69.6 m/s

dQ 1 5
X = 57T = ——
@ - T
i At t=25, 4Q _ —1 units/year
dt
i.e., decreasing at 1 unit/year
. . dQ 5
N At t =50, 5 =%

S ;
=-5 units/year

i.e., decreasing at % units/year

is decreasing for all £ > 0

9
a At planti t=0 H(0) =20 — =18.2
planting, (0) 0r5 m
b i At t=4, 0 il At t=38, 0 ili At t =12, 0
H(4) =20—- —— =20 —— H(12) =20 —
@) 0 445 0 8+5 (12) 0 12+5
=19 m =19.3 m =195 m
dH o9
i When t=0, ii When t=5, iii  When t=10,
dH dH dH
E:Q—%:o.%nﬂyr E:%O:O.OQ m/yr E:%:O‘Oélzm/yr
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d

dH 9 2 dH
ed 9 . N dH N
Now G152 as (t+5)°>0 forall ¢>0, 7 >0 forall ¢>0

i.e.,, the height of the tree is always increasing, which means that the tree is always growing.

R=20+ T+ 55717 When T = 0°C, R = 20 units
When T = 20°C, R = 24 units
When T = 40°C, R = 32 units
drR T
dR .
T = 0 when 0.017 = —0.1 ie, T = —10
Sign diagram of % is: 4—__1'0;> R increases when Z—g >0
ie, when T > —10°C
C(v) = 200v + 10000v " dollars I At v =20 kmph, C = $4500
ii At v =40 kmph, C = $8250
4% _ 200 — 100000 = 200 — 20990
dv v2
i At v = 10 kmph, ii At v = 30 kmph,
d d
ac = $100 per kmph ac = $188.89 per kmph
dv dv
Cost is a minimum when E =0, ie., 200 — 10000 =0
dv v2
200 — 10 0200
v
v? = 50
v = £v50

ie., v = V50 kmph

=z(z — 2)(z — 3) = &(a® — 52” + 6x)

When y =0, =0, 2 or 3

the lake is between 2 and 3 km from the shoreline.

% = & (3z*~102+6) When z = 1, Z—i = & .. land is sloping upwards.
When z = %, Z—z = —4% .. land is sloping downwards.
The deepest point of the lake occurs when the slope of the land is 0, i.e., % =0

(32" — 10z +6) = 0
10+/I00 — 72 547

ie, 32°—10z+6 =0 =
1.e x x + x 6 3
but it must be the value between 2 and 3 km, ie., x = > +3ﬁ = 2.549 km
the depth at this point is (2.549) = (2.549)(0.549)(—0.451)
= —0.06311 km

i.e., = 63.11 m below sea level.
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av

V=23 - —=32" mm®mm
dx
This is the rate at which the volume increases as the length of side increases.
When z =2, Z—V =3(2)? = 12 mm*/mm
x
i.e., for every mm increase in length of side the volume increases by 12 mm?.
3 dv 2 _ 1(p,2 1 :
When V =z°, i 3z° = 5(627) = 5A, where A is the surface area of the cube
x
av
— x A
dx .

As the salt crystal grows, its additional volume is related exactly to the outer surface area of
the crystal because as it grows it deposits on the outer surface.

V =50000 (1—&)% 0<t<80 av
i
80
v £\ L t t
57 = 2% 50000 (1 - %) x (—g5) = —1250 (1 - %)
Outflow was fastest when ¢ = 0 (when the tap was first opened). —1250
av 1250 V1350 _ 13
As E = —1250 + Wt’ then W =% — %
2
. . e dv . . .
and since is constant and positive, it shows that —— is constantly increasing

dt? dt
i.e., the outflow is decreasing at a constant rate.

b =aP (1 — B) — (i) P and when % =0, the rate of change of population

dt b 100
is zero, .. the population is not changing and is stable.
If a=0.06, b=24000, c=5 then Now for a stable population
ap dP
— =0.06P(1l—-—— ) - 2P — =
ar 000 ( 24000) 100 a =
P
- 0.06 P> S P=0 oo ——— =001
= 0.06P — 0.05P — 52000 400000
P ie, P =0 or 4000
= P(0.01 — . Lo
( 400 000) i.e, the stable population is 4000 fish
. dP P
If the harvest rate is 4%, then pr 0.06P (1 — m) — ﬁP
0.06 P
= P(0.02—
(0 0 24 000)
For stable population % =0 ;. 0=P (0.02 — 340—(?5;)
0.06P
P = ——— = 0.02
0 or 21000 0.0
0.02 x 24000
P = _
0 or =506

o, P =10 or 8000
i.e., the stable population is 8000 fish.
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EXERCISE 22C.2

C(z) = 0.0003z% + 0.0222 4 4z + 2250
C'(z) = 0.0009z> + 0.04z +4 (dollars/pair)
C’(220) = 0.0009(220)? 4 0.04(220) + 4
= $56.36 per pair
This estimates the cost of making the 221st pair of jeans if 220 pairs are currently being made.
C(221) — C(220) = $7348.98 — $7292.40

= $56.58
This is the actual cost to make the extra pair of jeans (221 instead of 220).

C"(x) = 0.0018z + 0.04

. .04
C"(x) =0 when 0.0018z+0.04 =0 ie, z = 0.0

"~ 0.0018
= 222 but =0

when the rate of change is a minimum it is out of the bounds of our model (we cannot
make < 0 jeans!)

C(z) = 0.0000722* — 0.000 6122 + 0.19x + 893 dollars
C'(z) = 0.0002162% — 0.001 22z + 0.19 (dollars/item)
C'’(z) represents the cost/item for the z items of production.

b C’(300) = 0.000216(300)? — 0.001 22(300) + 0.19 = $19.26

This estimates the cost of making the 301st item if 300 items are currently being made.

€ Actual cost = C(301) — C(300)
= $2858.43 — $2839.10
= $19.33 i.e., the actual cost of the 301st item is $19.33
d C"(z) =0.000432z —0.00122 whichis 0 when 0.000432z = 0.00122
L, _ 000122
~0.000432
T = 2.82
the rate of change in price is a minimum when z = 2.8
EXERCISE 22D.1
1 a s@)=t*+3t—-2 t>0
L s(t2) —s(t1)  s(3)—s(l) 16—2 1
Average velocity = r— = T =— = 7 ms
1 —s(1
b Average velocity ¢ lim st h) —s(1)
h—0 h
_ 8(t2) — s(t1) = lim 5+h
ta —t1 h—0
_s(14+h)—s(1) =5ms!
(1+h) -1 This is the instantaneous velocity at
(1 +h)?+3(1+h)—2-2 t = 1 second.
B h
_2h+h*+3h
=

= (5+h) ms™*
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s(t2) — s(t1)
to —t1
_ s(t+h) —s(t)
 (t+h)—t
[(t+Rh)* +3(t+ k) — 2] — [t* + 3t — 2]
h

d  Average velocity =

_ 2ht+h*+3h
=T

=(2t+3+h)ms!

t+h)—s(t
Now fim SEFM =8O i 34n)
h—0 h h—0
= (2t +3) ms™!
This is the instantaneous velocity at t seconds.

S(tg) — S(tl)

s(t) =5 —2t* cm b  Average velocity = P
22—t
Average velocity = w _s(2+h)—s(2)
2 — Ul - (2 4 h) —9
_ s(5) = s(2) .
h
_(-45) -~ (-3) .
= 3 _ —8h —2h
_ 42 - h
3 -1
— 4ems? =(—-8—2h) cms
lim S@HR) =8 (—8 — 2h) d i SEHH) = s(t)
h—0 h—0 h—0 h
=—8cms! ; [5—2(t + h)?] - [5 - 2t*]
= lim
This is the instantaneous velocity when h—0 h
t = 2 seconds. —4th — 2h>
= lim ——M8 —
h—0 h
=1 —4t — 2
w4 = 2)
= —4t ecms™!
—4t em s~ is the instantaneous velocity
at t seconds.
3 vt)=2vt+3emst, t>0
Average acceleration b  Average acceleration
_ ult2) —vlty) _ ot2) —v(t)
T -t Tttt
- v —vd) _v+h) —v(1)
T 41 - (1+4+h) -1
:% C RVIFR+3] - [2V1+3]
B h

=Z2cms? 21+ h—2 2
=——F—— cms
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v(l+h)—v(1) v(t+h) —v(t)

¢ lim ———~= d 1
heo (1t h) —1 Py h
f 2VITR 43— [243] i 2VEER—2VE
= m h—0 h
h—0 h
o AVIER-1 | VIERAl i 2RV TRV
h—0 h CVTTht1 h0 Vit+h+t
2% . 2h
T - = AR+ VD)
h—0 h(vI+h+1) (VE+h+ Vi)
_2 _ 2
=2 =
24/t
=1cms~2 This is the instantaneous accel- Vi
eration when t = 1 second. = — cm s~ 2 This is the instantaneous
Vi acceleration at t seconds.
b a This is the instantaneous velocity at t = 3 seconds.
b This is the instantaneous acceleration at t = 5 seconds.
€ This is the instantaneous velocity at t seconds.
d This is the instantaneous acceleration at t seconds.

EXERCISE 22D.2
1 a s@t)=t*—4t+3cm, t>0 .. oft)=2t—4cms b s(t): |—i—é—>t

and a(t) = 2cms™ _

b When ¢t=0, s(0) =3cm a(t): p—F——
v(0) = —4cms™?! 0
a(0) = 2 cm 52 .. the object is 3 cm right of O and is moving to
the left with a velocity of 4 cm s™* and slowing
€ When t=2, 5(2) = —-1cm down, its acceleration being 2 cm s~ 2 to the right.

the object is 1 cm left of O, momentarily at
rest, but with acceleration 2 cm s~ 2 to the right.

d The object reverses direction when v(t) =0 ie., at ¢ =2 seconds.
At t =2, the particle is 1 cm left of O.

¢ . T .

-1 0 3

f Speed decreases when v(t) and a(t) have opposite signs, ie., when 0<t<2.

2 s(t) =98t —4.92m t>0 u(t): |—+110_—>z

a o(t) =98—98tms! 0
- _ -2 -
a(t) = —9.8 ms a(t): ;
b When t=0, s(0)=0m, v(0)=98ms' 0
€ When t=5, s(5) =367.5m
v(5) = 49 ms™* The stone is 367.5 m above the ground, travelling
a(5) = —9.8 ms™? upwards at 49 ms~! and slowing down.
When ¢t =12, s(5) = 4704 m The stone is 470.4 m above the ground and

(
v(5) ~19.6 ms~ ! travelling downwards at 19.6 ms ™!, increasing in
(

a(5) = —9.8 ms™? speed.
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Maximum height is reached when v(t) = 0 ms™* .. the maximum height is
98— 9.8t = 0 5(10) = 9.8(10) — 4.9 (100)
9.8t = 98 = 980 — 490
t = 10 seconds = 490 m

The stone is at ground level when s(t) = 0 i.e., when 98t —4.9t> =0
4.9t(20 —t) = 0
t = 0 or 20 seconds

i.e., it hits the ground after 20 seconds.

s(t) =12t -2t —1lem, t>0 v(t): |L—_>t
soou(t) =12—6t2 cmsT! 2
and a(t) = —12¢t cms™? a(t): |;>t
When t=0, s(0) = —1cm
v(0) = 12 em s~ The particle is 1 cm left of O, moving right at
a(0) = 0cms™? 12 ¢cm s™' with constant speed.

The particle reverses direction when v(t) =0 ie., at t= /2 seconds.
When t=+2, s(v2) =12v2-2(2v2) —1
=8y2—1 e, the particleis (84/2— 1) cm to the right of O.

i From the sign diagrams in @, the speed increases for ¢ > /2 seconds.
ii The velocity of the particle never increases {a(t) < 0}.

+ - +
-9+ 24tm, t>0 o(t): Ffll—n

v(t) = 3t* — 18t + 24 and  a(t) = 6t —18

3(t* — 6t + 8) = 6(t — 3) ms2 a(t): |;3—+>t

3(t—4)(t—2) ms™! 0

8
—~

~
=

Il

Reverses direction when wv(t) =0, ie., at t=2seconds and t = 4 seconds.

z(2) =8—-364+48m and x(4) =64 —144 496 :»
=20 m =16 m

| x | .

0 16 20

i The speed decreases when v(t) and a(t) have the same sign, i.e., when 0 <t <2
and 3 <t <4.

ii The velocity decreases when a(t) <0, ie., when 0<t<3.

When t=5, s(5) =5°—9.5%+245 .. distance travelled =20+4+4m
=125 — 225+ 120 =28 m
=20m

Let the equation be s(t) = at® + bt + ¢

v(t) = 2at+b
and a(t) = 2a =g {gravitational acceleration}
a=1g
Also wv(t) = gt+b
But, when ¢t=0, v(0) =¢gx0 + b
v(0) = b ie., initial velocity is b
v(t) = v(0) + gt as required
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b Nowwhen t=0, s(0) =0
ax0?24+bx04+c=0

c=20

and so s(t)—(

39) t* +v(0)t

ie, s(t) =v(0) xt+ %gt2 as required

EXERCISE 22E.1

1 a b X C
y . 1 2.3
(=2,2)
3 ) \ ) .
- \ > \
= 3
l G- !
i z>0 i never | r <2
il never ii —2<2<3 i x>2
d LY e Ly f ¥ x=4
(5,2) U
. o TN, (7). .
(1’ _1)
w v
i all real i 1<z<5 i 2<z<4, >4
il never i <1, =z>5 ii 2<0, 0<z<2
EXERCISE 22E.2
1 a f@)=d flo)=2 b f()= o’ [(z)= 802
Sign f'(z): < — } r Sign f'(z): - — " >
0 0

increasing when x > 0,
decreasing when z < 0

¢ f(x)=22>+3x—4, fl(z)=4x+3

d

Sign f'(x): =

increasing when x > —
decreasing when z < —
2

-7

1
2

f(=z)

[N}

T

Sign f'(z): - 0

-1

NG

f(z) is only defined for = > 0

decreasing when z > 0, never increasing

decreasing for all

Sign f'(z): = 0 >

only defined when z > 0,

increasing when « > 0, never decreasing

flz) = 2® —62%, f'(x) =3z% 122
= 3z(z —4)
+

Sign f'(z): = ha (:)

increasing when = < 0 or z

4
24,

decreasing when 0 <z <4
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flx) = —22% + 4z

f(z) =—6z>+4
= —2(32% - 2)

Sign f'(z): = : : >

increasing for f\/g <z < \/g,

decreasing for z < —\/g or x> /2

f(x) = 3" — 162° + 242 — 2,
f(z) =122 4 482% + 48z
= 12z(2% — 4z +4)
= 12z(z — 2)?
- + +
Sign f'(z):

.
T
0

increasing when x > 0,

decreasing when z < 0

flz) = 2 — 62 4+ 3z — 1,
f(z) = 32 =122+ 3

= 3(2® -4z +1)
=250 94 /3

Sign f'(z): = * = e
increasing when z < 2 — \/§

or z>2++/3,

decreasing when 2 — \/§ <z<2+ \/§

y = 3z* — 8z® — 622 + 24z + 11

j—y =122% — 242% — 122 4+ 24
T
=12(z® — 227 — 2+ 2)

Using technology, a root is —1,

Z—z =12(z+1)(z? — 3z +2)
=12(z 4+ 1)(z — 1)(z —2)
. dy .
Sign diagram of s
- + -+

-1 1 2
So f(zx) is increasing for —1 <z <1 and
x > 2, and decreasing for = < —1 and
1<x<2.

f(z) = —4a® + 152% + 18z + 3
f'(z) =—122% 4 30z + 18
= —6(22% — 5z — 3)
=—6(2z+1)(z—3)

J— + | ja—

3
<3’

1
2
1
bl X
decreasing when z < —% and = >3

Sign f'(z): =

increasing when —3 <
flx) =22% +92% + 62 — 7,

f(x) =62>+18z+6
=6(x* + 3z + 1)

S. ’ R + } — } + -
ign f'(x): = o
2 2
Tz = —3+/9—4 _ —3+V5
= 2 =3
increasing for z < _3;*/3 orz > _3‘5\/5
—3+5

decreasing for _3;\/3 <z <

f@) =z—2yz, f(z) =1-27%
x
_VE-1
Ve
Sign f'(z): g_—‘l—+>

increasing when z > 1,
decreasing when 0 <z <1

y = at —4z® + 22% + 4z + 1,
W _ 4o 120 440+ 4
dx

= 4(z® - 32>+ +1)
Using technology, a root is 1,

dy _ Az —1)(z* — 22— 1)

dx 0
N 248
xr = 2

when =z =1 or
1 or z=14++2

ie,

Sign diagram

dy -+ -+
—t
of - -2 1 1+2

increasing for 1 — V2<z<l
and z>1+ V2, decreasing for
z2<1—v2and 1<z <1+V2
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4x . 4x
i = b i = —
2 a i f(o N f(z) EESIER
let w =4z, u =4, let w =4z, u' =4,
v=x4+1, o =2z v=(x—-12 v =2x—-1)"
b AP+ 1) —dr x 2z , 4z —1)% — 8x(x — 1)
I = ——r f@) = =
_ 42® +4 827 4z —1)((z—1) — 2z)
(2% + 1) B (z — 1)1
_ A-da® _ 4A(=1-2)
@21 RREENE
_ e 4z +1)
RS RRCERE
—4(z+1)(z—1) . . dy
= W Sign diagram of I
- + - _ _
Sign diagram of @: B —— - . -
dz -1 1
-1 1
ii .. increasing for —1 <z <1, ii increasing for —1 <z <1,
decreasing for £ < —1 and =z > 1 decreasing for z < —1 and =z > 1
J— 2 —
¢ 1 f(x):%’ let vw=—a?4+4e—7 v =-2zx4+4, v=x—-1, v =1
-2z +4)(x — 1) — (=% + 4z — 7)(1
Fla) = ( )( ) —( & )(1)
(z—1)
. 202+ 6z —4+2%—dx+7
- (z—1)
B —2?4+2c+3
= —1)2
oy Sign di P
 —(a®—22-3) ign diagram of —=:
(z—1)2 e
_—(@=3)(=+1) -1 3
(z—1)?
ii . f(z)isincreasing for —1<z<1 and 1<x<3, and
decreasing for z < —1 and x> 3
3 a =P et wmat W —32% vea?o1, o =2
f(x)fm, et u==z°, u =3z°, v=z"-1, v =2
3z%(z® — 1) — 2% x 2z
f/(m) — ( 3 ) 3
@ -1
_ 3¢ — 32 — 22* Sign diagram of d_y:
(x2 —1)2 dz
~ 2%(z? - 3) T _,_i‘ i
(z? —1)? -3 -1 0 1 3
_ 2@+ V3)(z —V3)
=T o1y

f(=)

decreasing for —-V3<z< -1, —-1<z<0,

is increasing for = >+/3 and z < —+/3, and
0<e<1

and 1<x<\/§.
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b f(x)z:c2+—1, fl(z) =20 —4(x—-1)"2x1
B 4
_ 2z(z—1)?—4
EENCEDE
~ 2z(z® -2z +1)—4
ST @1y
2% 4?4204 Sign of —=
B (z—1)? _ N
_ (z—2)(22° +2) - i 2
L
f(z) is increasing for = > 2, and decreasing for 1<z <2 and z<1.
EXERCISE 22E.3
1 a A is alocal minimum, B is a local maximum, C is a horizontal inflection.
b f'(z) has sign diagram: < . - — 5 — b Lo
¢ i f(z)isincreasing for x < —2 and x> 3 ii f(z) is decreasing for —2 <z < 3.
2 a f(x)=2-2 fl(z) =2z b flx)=2*+1 f(z) = 322

with sign diagram: ‘A%&' with sign diagram: ‘+7OA'

local minimum at (0, —2)

fx)

_‘/5\\1/\/5 X
(0.-2
local min.

¢ flx)=2°—-3x+2
fl(x) =32 -3
=3(z*—1)
=3(z+1)(z—1)
with sign diagram:

-1

local maximum at (—1, 4),
local minimum at (1, 0)

A
local max. f(x)
(=14
2
= —2J ) X
i local min.

horizontal inflection at (0, 1)

P;IZCW
(0.1
< _y l -
f(z) = 2* — 222
fl(x) =42® — 4z
= 4x(z® — 1)
=4z(z+1)(z—1)
with sign diagram:
PV AN SN
¥ oo\

local minima at (—1, —1) and (1, —1),
local maximum at (0, 0)

fx) 1 local
| s |

) 2 X
(-1-1 | 1-1
local min. | loca min.

Y
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e f(zr)=a*—62+12z+1 f fx)=Vr+2
f'(z) =32 — 122 + 12 s fl(@) =iz
=3(z? — 4z + 4) 1
2 =5 = 7’5 0
=3(z—2) 2\/x
with sign diagram: + 5 e with sign diagram: I + >
0
horizontal inflection at (2, 9) no stationary points.
f(x) f&x)
2.9
horizontal
inflection 2
l - .
7 X l ] X
(no stationary points)
v
g flz)=z—+x h f@)=a"—62>+8z-3
o fi(x) =1- %xfé o fl(x) =42® — 122+ 8
B 1 =4(2* - 3z ;r 2)
= _m =4(x —1)(z° +x—2)
=4(x—1 2)(x—1
v (o= Dz +2)( 1)
2 X -
Ve with sign diagram: A\ 2 }l/:‘
- 1 "
o . ) 7
with sign diagram: 0 local minimum at (—2, —27),
F(x) is defined for all z > 0 horizontal inflection at (1, 0)
local minimum at (i, f%)
)
horizontal
inflection
-« l -
local min.
(5.~7%) local min. me
i f(ac)zl—xﬁzl—x% i fl@)=2*—22%-38
fl(x) = —3a2 s f(e) =42 —da
— 2 _
_3VF =4z(z” —1)
= =dz(z+1)(z—1)
with sign diagram: o with sign diagram: ‘_‘\_]. /‘+ : _\ 1 /4 |
0 / o\
F(z) is only defined when z 3 0 local minima at (—1, —9) and (1, —9),
) local maximum at (0, —8)
local maximum at (0, 1)
Hf(x)
Y ()
(0, 1) local max. \ f
N > T-2 local  [2 X
X max.
(0,-8)
(-1,-9 (1,-9)

local min. v local min.
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3 f(x)=ax®’+bx+c, a#0 b

f'(z) =2ax +b and f(zx) has a stationary point when f'(z) =0 ie, z= ~%a

There is a local maximum when a < 0 '/\‘ and there is a local minimum when a > 0 \/

b f(z)=22>4az? —24x+1, . f'(x) =62+ 2ar—24
But f'(-4)=0, .. 96—-8a—24=0
72 =8a andso a=09.
5 a f@)=2>4ax+b .. fl(zr)=32"+a
Now 3z24+a =0 when z=-2 Now (—2, 3) is a point on the curve.
124+a =0 o flx) =2 =122+ b
ie, a= —12 S 3= -8+24+0b
Soob=-13
b .. f(x)=2*-12c-13 and f(z) = 32%> 12
fl(@) =3(+2)(z-2)
where f'(z) has sign diagram: <+ N2 /4,
¥ 2N\
there is a local maximum at (—2, 3) and a local minimum at (2, —29)
6 Let the cubic polynomial be P(z) = az® + bz +cx +d ... (N
. Pl(z) = 3ax® +2bx+c ... 2)
(0, 2) lies on P(x) s P(0)=2 and so  a(0) +b(0) +¢c(0)+d = 2
ie, d=2
Now the tangent is y =9z + 2, .. slopeat (0,2)is 9 S P(0)=9
3a(0) + 2b(0) +¢ = 9
c=9
and a stationary point at (—1, —7) means that P(-1) =0
3a(—=1)2 +2b(-1) +c =0 {using (2)}
3a—2b+c=0
but since ¢ =9
3a—2b= -9 .. 3)
Now (=1, —=7)alsolieson P(z) .. a(=1)*+b(=1)>+¢c(=1)+d = =7
—a+b-9+2=—7
a—b=0 ... )
Sooa=b
3a—2a = -9 {in(3)}
: a = -9
a=b=-9

P(z) = —92°% — 92 + 92 + 2

7 a f(z)=a—12c—-2, for —3<z<5
f(x) =32%—12
=3(z+2)(z — 2)
which is 0 when x = —2 or 2

o -3 -2 2 5
f(z) 7 14 | —18 | 63

maximum value is 63 when z =5, and minimum value is —18, when x = 2.
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b f(z)=4—-324+2% for —2<z<3
f'(x) =—6z+32° z | 210213
= 3z(z — 2) @) | —16
which is 0 when « =0 or 2
maximum value is 4 when x =0 or z =3, minimum value is —16, when =z = —2.

8 C(z)=0.0007z> — 0.17962> 4 14.663z + 160
C’'(z) = 0.0021z> — 0.3592x + 14.663
C'(z) =0 when 0.0021z> — 0.3592x + 14.663 = 0

Using technology,

r =103.74 or x = 67.30

gz 50 67.30 | 103.74 150
C(z) | 531.65 | 546.73 | 529.80 | 680.95
EXERCISE 22F.1
3 — 2
1 =
a f@) z+1 b
3(x+1)—5
o T+ 1
a0
a r+1
VAis z+1=0, ie, xz=-1
and the HAis y =3
{as |z] — o0, f(z)— 3}
4 — 2x
¢ fl@) =
2@ —-1)+2
r—1
2
= —2 _
+ r—1
VAis z—1=0, ie,z=1
. 1
i =3+ —
2 a f(z) 3+ 1—=
VAis 4—z=0 ie, =4
and HAis y= -3
{as |z| = o0, y— —3}

When z=0, y=-3+1=-22

4

y intercept is —2%

When y =0,

1

—3+m20
1
=3
4—x
4,:3:%
a:=3%

z-intercept is 3%

the maximum hourly cost is $680.95 when
150 hinges are made. The minimum hourly
cost is $529.80 when 104 hinges are made.

r—4
f@) = 5—
:%(%—1)—3%
20 — 1
—31
_1 2
_2+2x71
i T
2 202z —1)
VAis 20 —-1=0, ie, z=1%

2
and the HA is y = %

{as |z| — o0, f(z)— 3}

and the HA is y = =2 {as |z] — o0, f(z) — —2}

i f@) = -3+@—a)"!
fl@) = —(d—2)72 x (-1)
1
B
Sign diagram
of f'(z) is
iv
Y ) =3
NN
4 ENAN X
\ _ y=-3
v x=4r’
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x .
f(@) ) .
(z+2)—2

z+2

2

Cz+42

z=-2 {z+2=0}
y=1.

VA is
and HA is
fas |z| = o0, y—1}
when =0, f(0)=0

y-intercept is 0

x

h =0, =0
when y o)

x-intercept is 0

_4x+3 e
fl@) = —— ii
4(x —2)+ 11

T —2

VA is
and HA is
{as |z| = 00, y— 4}

when z =0, f(0)=

r—2=0
y=4

ie, x =2 iv

3
-2
y-intercept is 71%
when y=0, 4dz+3 =

g =

; ; 3
z-ntercept 1s —3

|
o
o

—(z+2)+3

T+ 2

—1+

T+ 2

z+2=0
y=-1

VA is
and HA is

ie.,

{as |z| = 00, y— —1}
when z =0, f(0)=1

. .1
y-intercept 1S 3

when y R P
1—x=0
r =1

z-intercept is 1

T=-2 jy

Lz +2)—=(1)

_ 2
(z +2)
+ 0+
and has sign diagram 4—_2—>
f0)=—
Ay
y=1
- X
x=-2 ¥
, 4(x —2) — (4= + 3)1
f (.27) - (13 _ 2)2
o —11
CERE

and has sign diagram

ICEPE ‘
and has sign diagram —
-2
X = -2 by ) 1—x
| S0 = xX+2
2
. e x
y=-1

~
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EXERCISE 22F.2

1 a 2z 2x b 11—z
Vo2 Td T @22 Y= zr2)2
VAsare x+2=0 and z—2=0 VAis z+2=0 ie, x= -2
ie, x=-2 and z=2 HAis y=0 {as |z|] — o0, y — 0}
HAis y=0 {as |z|] - o0, y— 0}
2 .
€ y= ?;26 i 1 has no VAs {as 2® +1 =0 has no real solutions}
anda HA of y =0 {as |z| — o0, y — 0}
. 4z R 4(x? +1) — 4z(2x)
a i = — iii =
2 f@) = %3 F'(@) (2 +1)2
hasno VAs {as 2> +1=0 422 + 4 — 822
has no real solutions} - (22 +1)2
and a HA of y =0 B 4 — A2
{as |z| — o0, y — 0} T (@2 1)2
ilil  when =0, f(0)=0 _4+x)(d—=)
2 2
y-intercept is 0 (2% +1)
A and has a sign N AN
when y =0, 2l 0 diagram of - TN
x =0 and so the z-intercept is 0 4(-1)
. local min. is -1,
v y local max (1, 2) . 1+1
e, (=1, —=2)
‘y=0 » and local max is 1, ﬂ
X 1+1
4 e, (1,2)
Yy=-3
local min (-1, —2) x“+1
4z 4x
b = =
f(@) 22 —4zx—5 (z-5)(z+1) )
. . I 4(z® — 4z — 5) — 4z (22 — 4)
i Vertical asymptotes occur when i f'(z) = T
(@ —5)(z+1) =0, (22 —dz —5)
ie, at z=-1 and z=5. _ 4z® — 16z — 20 — 8z® 4 16
- 2 _ 4z _5)2
Horizontal asymptote is y = 0 (2% — 4z —5)
{as |z| — 00, y — 0} =42 -20
~ (@—5)(z+ 1)
Since —4z% — 20 is always
negative we have no turning points,
and sign diagram is: ; ;
H - i =
. -1 5
ilil When 2=0, y=2=0 .
° ) x=—1%44V x=5
y-intercept is 0
4x
When y =0, m =0 y:()
r= B Ax
z-intercept is 0 y= 2 _4x—_5
3
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d

. 4z e Al@—1)? —dzx2(z— 1)1
I f(l‘) - (x _ 1)2 n f (E) - (I . 1)4
has VA z—1=0 ie, z=1 Az — 1)z —1—2q]
anda HA of y =0 n (x—1)4
{as [z| =00, y— 0} 4(—z — 1)
BCERE
_ Mat])
(z —1)3
which has sign ;
diagram A A L G
N TN
local min. at (—1, ?ﬁ;;;) ie, at(—1, —1)
iii when 2=0, y=2%=0 iv
y-intercept is 0 g f(x) = Lz
hen y=0, —% 0 e
when y =0, EE
z-intercept is 0 -
Iocdm x=1
3z —3
1= ooy
2 — p—
i Vertical asymptotes occur when it f(z) = 3@+2) 2(m2+42)(3x 3)
(x+2)*=0, ie, at z=—2. (z+2)
. _3(z+2)—2(3z—3)
HAis y=0 {as |z|] =00, y— 0} = EFPE
_3x+6—-6x+6
(z+2)°
12-3z
ICEE
_ 39
- (z+2)2

Sign diagram :\ ‘ + -
of f'(z) is: 1-2 / 4\

there is a local maximum at (4, i).

B 3 3 .
i when z=0, y=33=—% v
y-intercept is f% X=- Y
local max (4,%)
when y =0, 3r—3=0 _——
Lo =1 3 x
4

z-intercept is 1
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EXERCISE 22F.3

202 —x 42 20—z +2 —z? 42 —1
1 a Yy = > = b Yy = —
z2—1 (z+ 1D (z—1) ?2+zx+1
has VAwhen z+1=0, z—1=0 hasa VA when 22+xz+1=0
ie, z=-1, z=1 But A =1%—-4(1)(1) <0 .. no real
1 9 solutions .". no VA’s exist
2*—+—2 9 1
andas y= —=% T 137 _1+E_F
1—; and as y=——"7—7"
1+ -+
HAis y=2 T T .
{as |z| = o0, y— 2} HAis y=-1 {as |z| — oo, y:T}
3 1 2
¢ g3z t2 3 -wt2 )
MR R PR N S )
r oz
has VA z+4+2=0 ie, z=-2 hadHA y=3 {as |z] — oo, y—>%}
2 1 1
. = - z(rx—1) ) -z
Y 226 (z-3)x+2) and since y 1 6
x 2

has VA when z—-3=0, 2+2=0

ie, z=3, z=-2

the HAis y =1
{as |z[ o0, y— 1}

(22 —1)(2? —z —6) — (2® — 2)(2z — 1)

i f@) =

(22 —xz —6)2
2 2
— (22 — 1)(:”2 —z—6 g a” +z) Turning points are when
(2% -2 —6) f'(z) =0, ie., when z=1.
_ —6(2z — 1) Sign diagram of f’(z) is:
(.Tz — X — 6)2 : T
B AN
¥ o 3 N3 %
there is a local maximum at (3, 5=).
fii When 2=0, y==2=0 iv Ay
-1 i local
y-intercept is 0 / o(l,z?(

When y =0, z(z—1)=0 232 -7
rz=0or1 - / . >
z-intercepts are 0 and 1 1 X

ye x—x
x“—x-6
x=-2 ¥ x=3
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-1 (z+1)(xz—1) C 2z(a® 4+ 1) — (2 — 1)22

i = = ii / —
YTy z?+1 (@) (24 1)2
hasno VA as z®>+1=0 has 2;5[$2 N 1]
no real solutions and since = (22 +1)2
1-— % . 4z
y= xl the HAis y=1 (24 1)2

1+ ) and has sign _ .
{as |z| — 0o, y— %} diagram ‘AWL’

a local minimum of (0, —1).

iii When 2=0, y===-1 iv i
.. y-intercept is —1 y=1
When y =0, (z+1)(z—1)=0 ‘\ /"""
Soxm=l - _— 1 X
x-intercepts are £1 x%-1
local min (0,—1) y 2l
2
. z*=bzx+4 (z—1)(z—4)
i y= = has VAs of 1=0 and 4=0
R CERCET) as VAs of x + and = +

e, z=-1, z=-4
5 4
953 ‘z the HAis y=1  {as |z| 500, y— 1}
_Jr_

)

dy (2z — 5)(z? + bz +4) — (2% — 5z + 4)(2z + 5)
dz (x 4+ 1)2(z+4)?
 [22® + 102% 4 8z — 52® — 25z — 20] — [22® — 102? + 8z + 5z® — 25z + 20)

@+ )2 (@+4?

102> —40

_($+1)2($+4)2 + . T AT+
10z +2)(z—2) . o - /. \ . /‘;

= m which has sign diagram / —4 / -2 \—1 \2/

4410+4 .
N m) 1e., at (—2, —9)

4-10+4\ . 1
—————— ) e, at(2, —%
,4+10+4) Le, at(2, —3)

local max at (—2
local min at (2

fii When =0, y=37=1 . the y-intercept is 1
When y=0, (z—1)(z—4)=0 .. z=1or4

z-intercepts are 1, 4

iv by
_ x> —5x+4
x° +5x+4
1 y=1

T %

4
local max (—2,—9) - \ local
min

(e

xX=- xX=-
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2> —6z+5 (z—1)(z—5)

d i y= =
CEE (@+1)
has VA z4+1=0 ie, z=-1 and HA y=1
-5, 2
{as y:%e% as |z| — oo}
1+ -+ =
T

dy _ (2z—6)(x+1)° — (" — 6z +5)2(x+ 1)1

dx (x+1)4
~ (z+ )22 — 4o — 6 — 22° + 122 — 10]
o z+1)4
8z —16 ( ) ;
£ SO )
_ -1 2
= H and has sign diagram
local minimum at (2, %) e, (2,—3
iii When z=0, y=2=5 iv 4y
y-intercept is 5
2
When y =0, (z—1)(z—5)=0 =¥ _63‘;“5
r=1or5 c (x+1)
z-intercepts are 1, 5 y=1
- \ —>
No——" 5 X
x==1{Y  loca min(2,—9)
EXERCISE 22G
1 a f@)=2*+3 b flz)=2-2° - N, -
fl(@)=2z and f"(z)=2 F(z) = —322

Since f"(x) #0,

no points of inflection exist.

< flz) = 2® — 622 + 9z 4+ 1 d
fl(x) =32 —12¢+9
= 3(z% —4x +3)
=3x—-3)(z—1)
L B s S
and f"(z) = 6z —12
= 6(z —2)

Now f”’(z) =0 when z=2
and f'(2) #0
.. there is a non-horizontal inflection at (2, 3)

_ 2 + -

and f''(z) = —6z <+—(,)—_>

Now f“(z)=0 when z=0
and f'(0)=0
there is a horizontal inflection at (0, 2)

flx) = 2 + 62 + 1220 +5
f(z) = 32° + 122 + 12

3(x? + 4z + 4)

3(x + 2)?

+ o 4+

and f"(z)

6z + 12

6(z +2)

Now f”’(z) =0 when z= -2
and f'(2) =0

.. there is a horizontal inflection at (—2, —3)
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1 1
— 4 _ 3 = _ — = —x 2
e f(z) = =32" —8z° 4+ 2 f f(z) =3 VG 3—z
f(z) = —122° — 2427 .
= —122%(z +2) oo fl@) = a2
+ — o _— . and f'(z) = —%m’%

¥ -2 X\ \ L,

and f"(z) = —362> — 48z _
= —12z(3z +4) 4x?\/x
I T T f'(z) #0 forallz

' ' .. no points of inflection.
horizontal inflection at (0, 2),

. . . 4 310
non-horizontal inflection at (—5, 2—7)
a f(z) = 22 v
f/(x) = 2z which has sign diagram: - +

anéll f'(z) =2 < \\(l)/ >

1 There is a local minimum at (0, 0).
ii There are no points of inflection as  f”(z) # 0.
iil f(x) is increasing when = > 0, and decreasing when x < 0.
iv f(z) is concave up for all z as f”(z) >0 forall z.
b f(z) = 2* v fx)

+ +
f'(z) = 32z® which has sign diagram: —r 5

0o+ - -

" _ . . . . -
and f"”(x) = 6z which has sign diagram: «——7—» ©0) >
horizontal

i A horizontal inflection at (0, 0).  {f'(z) =0} inflection
i seei
ili f(z) is increasing for all z.

iv f(z)isconcaveup z >0, and concavedown z <0

i
P
8
&
|
(NI
8
|
[N
|

+
= % which has sign diagram: |—>

3 —1 +
and f'(z) = —f27 2 = which has sign diagram: |—>
4 dx\/T 0

i There are no stationary points as  f'(x) # 0. v f()
il There are no points of inflection as  f"(x) # 0.
ili  f(x) is increasing for all z > 0.
iv  f(x) is concave down forall z > 0 as f"(z) <0

for all x > 0. x
d flz) = 2% — 322 — 24z + 1
f(z) = 32> — 62— 24
= 3(z* — 22— 8)
- 4
= 3(zx —4)(z +2) which has sign diagram: - ; \\ /+~
-2

and f"’(z) = 6z —6
= 6(x—1) which has sign diagram: < | >

i There is a local maximum at (—2, 29), and a local minimum at (4, —79).
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iv

There is a non-horizontal inflection at (1, —25). '} f(x) i
local max. non-horizontal
inflection

f(z) is increasing for z < —2 or z >4, (=2,-29)
and decreasing for —2 < z < 4.
f(z) is concave down when z < 1, and -4

-80

concave up when z > 1.

flz) = 3z* +42® — 2
fl(zx) = 122° + 1222
122%(x +1) which has sign diagram: -— \—1/ + / +,

and f"(z) = 3627 + 24z

iv

and f"(z)

iv

g flz) = z* —42® +3

122(3z 4+ 2) which has sign diagram: < : ; >

There is a local minimum at (—1, —3), and a v
horizontal inflection at (0, —2) non horizontal ( )
70 |nf|ect|on X

There is a non-horizontal inflection at (— » — 5 2

and a horizontal inflection at (0, —2)
f(z) is increasing for = > —1, and decreasing
for = < -—1.

horizontal

. ©0,-2)
f(=) is concave down for —2 <
x

< n inflection
0\0’ and (—1,-3) loca min.

concave up for < —2 or
fl@) = (z-1)*
flx) =4(x—-1)°3x1 \ /
= 4(x —1)* which has sign diagram: - — LV >
12(z —1)* x 1
= 12(z — 1)®> which has sign diagram: < : >

There is a local minimum at (1, 0).

There are no points of inflection. v
f(z) is increasing for = > 1, and decreasing

for z < 1.

f(x) is concave up for all z.

fl(z) = 42° — 8z local min(1, 0)

da(z? —2)

= 4z(x +/2)(x —+/2) which has sign diagram: :\_‘E/"*' _\ 2 /"'L
0

f(z) = 122% -8

iv

= 4(32% - 2)
= 4(v/3z + v2)(v/3x — /2) which has sign diagram: - * — L
. . ,\/Z \/Z
There is a local maximum at (0, 3), and 3 3
local min. at (v/2, —1) and (—v/2, —1). v non-hori-
. . . non-horizontal £(x)Hocal max. zontal
There are non-horizontal inflections at inflection (0, 3) inflection

VZD and (—/ZD. {f'@x)=0 5 (% %)
f(x) is increasing for —vV2<2<0 and
x>+/2, and decreasing for 0 < z < V2
and = < —V2.

f(x) is concave down for f\/g <z < %, and concave up for z < f\/g and

;1:2\/%

X

loca min. (—x/z—l)l (/2,-1) local min.



Mathematics SL, Chapter 22 — APPLICATIONS OF DIFFERENTIAL CALCULUS

463

4
h flx) =3——, >0 v Hf(x)
v 5
=3- 4@7% B -
1o X
fl(z) = 2072 = G with sign diag: + 0
0
and f'(z) = 3278 = _m;j/E with sign diag: |;> )
0
i There are no stationary points as  f'(z) # 0.
ii There are no points of inflection as  f"(z) # 0.
iil f(x) is increasing forall >0 as f'(z) >0 forall z.
iv f(z) is concave down forallz >0 as f”’(z) <0 forall z.
EXERCISE 22H
1 a ym b by (m?)
A=100m? |[xm
L =2x+y
but = 100 - >
wo v x (m)
100
Yy = —
x
L =2x+ 100
x
dL 9 100 100
(4 — = 2-100 =2—- — Lpin = 2V50 + —
dx v x? * V50
1 = 24/ v/
which is 0 when 20 _ 9 V50 +2v50
z 5 50 = 4+/50
= =20v/2 m when z = 5v2 m
z =50 {z >0}
d
d2L 5 200 14.14 m
W—200£L‘ —?>0for:v>0 1707m
min L = 28.28 m when z = /50 m
a Inner length of box = 2z cm b Volume = 200 cm?
x X 2x x h = 200
22°h = 200
z2h = 100 ... (1)
¢ From (1) h= £20 d
@ 4y (em?
Now area of inner surface is
A(z) = 2(2z x 2) + 2(2z x h) + 2(z x h) 4301
= 42?4 4zh + 2zh
= 42? + 6zh
600 x (cm)
ie, A(z) = 42>+ — cm? - >
ie, A(z) @” + — cm ‘ o
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e A(z) = 42 + 600z~ " A'(z) = 84120023
Al(z) = 8z — 600z 2 — 84 1220
= 8z — 609 v
B x2 s A'z) >0 {as x>0}
A'(z) = 0 when . minimum when z = 4.22 cm
600
600 s A = 4(4.217)% + ——
- 2
82% — 600 = 213.41 cm
z® =175 f
z = V75 5.62cm
r = 4.127 cm 843 — 722 cm
3 a Volume of can = 7wr?h b Opening the can up we get
1000 = 7r?h  (in cm) h

1000 T

A(r) = 7 + 72 + 27rh

= 2nr? 4+ 27rh
= 2772 4 2000 cm?
_ 2 —1

c A 4 cm? d  A(r) = 27r® 4 2000r -

1500 A'(r) = 4mr — 2000r =2 = 47r — 3

2

So, A'(r)=0 when dnr = SSO
- r (cm) 5 2000
r r° = —

] 15 4

L _ o500
™
S r =5419 cm
542cm 4000
e <5 A'(r) = 4m 4+ 4000r 2 = 47 + -
10.84 cm andas r>0, A"(r)>0
area is a minimum when 7 = 5.42 cm
and h = 10020 = 10.84 cm
r
A
~
262

-

36—2x
R S e——
36—2x
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Now volume of container is V = lbd
= z(36 — 2z)(36 — 2z)
V = (36 — 2z)? cm®
let u=2, o =1, v=(36-2x)% o =2(36—2x)(—2)
o Vi(x) = (36— 293)2 4z(36 — 2z)
= (36 — 2z)[(36 — 2z) — 4]
= (36 — 2z)(36 — 62)
V'(z) =0 when z=6 or x =18
+
VN

volume is maximised when x = 6 cm

s S+

Sign diagram of V'(z) is

cut out 6 cm x 6 cm squares.

a P = 27r + 21 b Area, A= 7mr®+(22) x1
o400 = 2m(z) + 21 = max? 4 2zl
200 = Tz 41 = x4+ 22(200 — 7x)
Lo P=200-7z = m2® + 400z — 272
Now 0 <1< 200 o A = 400z — 7a?
and [ > 0 means that
e < 200
200 dA
it 4 N — = 400 -2
T < — ow dr T
and =z > 0 which is 0 when 27z = 400
200
0<e < — x:@ and [=0
™ ™
Sign diagram of A’(z): + -
,_/ 200 \_.
T
area will be a maximum when the track
is a circle.
a Arc AC = 3%20 x (27r) b Now arc AC forms the base of the cone.
0
_ 9(2)(71’)(10) L 27TT—%X27TX10
360 0
7T9 . r = —
Arc AC = — o
rc 13 36
¢ Height of cone = /102 — 12 {Pythagoras} d V = imr’h
2
_ 0\2 -1 (L
b= /100 — (&) V= 1r(%)*/100 (36>
e 3 7 129 600 — 62
V(cm - 2 2
sool ¢ 3% 36 36
m6?
= ————/129600 — 62
139968

= 360 =00
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270 1 70>
f "(9) = 12 —62)?
Now V'(6) = g5ges (120600 - 6%)* + z5e

_ om0 (2129600 — e, 0°
~ 139968 1 V129600 — 62
. 2(129600 — 6%) — 62
~ 139968 129600 — 62
and V(@) =0 when 0 =0 or 2(129600 — 6?) = 6°
259200 — 260 = 6?

(%) (120600 — 62)~% (—26)

o307 = 259200
. . Joos + _
T - - = 4
Sign diagram of V' (6) is ; / 5 \360 0 = /86400 {as 6 >0}
o0 =293.9
maximum V occurs when 6 = 293.9°
7 a Volume of boxis V = Ibd b  Arca of base is 2 m? with cost $25/m?
=rXxTXy and area of sides is 4zy m? with cost $50/m?.
=2’y . total cost is C(x) = 252 + 50(4xy)
But V = 1m? = 252% + 200zy
_ .2
1= = 2522 + 200z <i>
1 72
Yy=—=
x? = 2522 + 200
¢ C'(z) = 50z + (—200z2) = 50 200 ’
L) = ot (AT ) =00 T TS C(z) = 25(2® 4 8z~ 1) dollars
L 2 .
which is 0 when 50z = % ie, 23=4, - z=Y4=159m
400
C"(z) = 50+400z° =50+ — .. C"(z) >0 as x>0
T
.. 1
minimum cost occurs when z = 1.59 and y = (159)2
dimensions are  1.59 x 1.59 x 0.397 m '
100
8 a IfOB=2x then AB =2z b Area ABCD = 2z x —
x
C has coordinates (z, %) ie, A= 200 — 2002 "
100
BC = — dA _
22 and i —200z2
100 <0 for x>0

ABCD is 2z x —
T

as x increases, area decreases for all x > 0.

¢ Perimeter P

2(AB) + 2(BC)
2(2z) + 2 <1OO>

x2

P(z) = 4x + 20022
400

Pl(z) = 4—-400z % =4 — — Now P"(z) = 1200z *
T
o 5 1200
which is 0 when 4z° = 400 =4
z = V100 >0 when x>0

4.64 .. .
minimum perimeter occurs when x = 4.6

dimensions of rectangle are 4.64 x 9.28
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9 Let the circle have a radius of z cm. . area of circle = 7z
and circumference of circle = 27z

(24 — 27z) cm s used to form the square

. 24 -2
side of the square = TM = (6 — 7r_ac> cm

2
area of the square = (6 - ﬂ-_;)

total area, A = area of square + area of circle

2
= (677T—;) + mz?

2. 2
:36—67m+7rm + 7a?
dA oy
o0 92
T 6 + 1 + 2mx
2
which is 0 when 71Fl‘—|—2ﬂ:73:67r W—;-‘r?l':ﬁ
T+ 4x = 12
z(r+4) =12
-2 .
) ) w44
d“A 2 L
and W = T +27{' which is >0

minimum occurs when z = 1 cm = 1.68 cm

i.e., when the circumference of the circle = 27 [ 12 } cm = 24—” cm = 10.56 cm
T+4 T+4

make the cut 10.56 cm from RH end or 13.44 cm from LH end.

10 a X must lie between A and C (or at A or C).

If =0, then he rows straight to the shore and runs to C.

If =6, then he rows straight to C. s 0<z2z<6
b Now XC =6-—=x Z—T:O
time to row from B to X T ’ L
_ % _ G when —8\/25—|——1'2 = 1=
8 8 . 17z = 8B a2

and time to run from X to C

km

289z = 64(25 + %)

_XC 6-z 2 2
=T =17 289:122 = 1600 + 64x
S 22527 = 1600
. V25 +a2 6—=x 1600
total t T = h . 2 _
otal time T'(x) 3 + 77— hours Sz 958
= 1@+ + - = T=3=3
dT 1
€ Now —— = =(25+2%)77(2z) — &
; R
ar_ a Sign diagram of d—: - o o,

el _ T 1
dr 825+ 22 7 dx
8

Thus, the time taken is a minimum if Peter aims for X such that z = 3 km.
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11 Let MX = z km, then XN =5—z km
AX = V44 22km and XB = ,/1+4(5—2)? km {Pythagoras}
Now P = AX + XB
P = (4+2%)7% + (26 — 10z + 22)2
ap 1 2\—% 1 2\—%
e 5(4+27)72(2x) + 5(26 — 10z 4 z°)" 2 (22 — 10)
. T T —5
VAa+ 22 x2—10x + 26
Thus, ﬁ = 0 when
dzx
x B 5—x
Vi + 22 Va2 — 10z + 26
z? 5— )2 . .
yprape il <_ 10:1:)—|— % {squaring both sides}

(2% — 10z + 26) =

z* — 102> + 2622
3z? — 40z + 100
(3z — 10)(x — 10)

T

dP .
Sign diagram of s 18:

= O

(4 + x?)(25 — 10z + 2?)
100 — 40z + 4a% + 2522 — 1023 + 2*
0

10
3

N

{as x cannot be 10}

10

L

3

minimum length pipeline occurs when x = 1—30 km
12 V = 7r?h
0.1 = 7nr?h  {as 100 L = 0.1 m®}
0.1
h=—7
r?
2 9 0.1
Now A = @r®+ (2nr)h = wr® 4 271 (—2>
wr
ie, A(r) = m?+0.2r7"
2
A'(r) = 27r — 0.2r 2 = 2717 — 3—2
2
A'(r) =0 when 2mr = 2—2
0.2
3 _ 2
T 2
r= 3{/%2 =0.3169 m
r = 31.7 cm

A4 S
Now A”(r) = 2w+ 0.4r~3 =21 + 0—3 whichis >0 asr >0
r

minimum area occurs when 7 = 31.7 cm

1
FEN S——— Y
and h = TorG1e0) © LT em
r = h=31.7cm
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14

C

5¢cp T

intensity due to 40 cp =

and intensity due to 5 cp =

total intensity, [ =

ie, 8(6—2)° ==z

dl
N - =
ow dr

dI
dz

S
a2
kS
@

where s is the power of the source
and d is the distance from it

{k is a constant}

40k
e

5k
(6 —x)?

0k sk
x? (6 —x)2

k[402™2 4+ 5(6 — x) 2]
k[—80273 — 10(6 — ) 3(—1)]

k —80 n 10

x3 (6 —x)3
80 10
z3  (6—x)3

26—2z) ==z {finding cube roots}
12 -2z ==«
12 = 3z I
=4 Sign diagram of — is: — = +
dz
the minimum intensity, i.e., the darkest point occurs when =z = 4 m 1i.e., at 4 m from the
40 cp lamp.
AB =z m
BC=(24—2z)m
AC? = AB? + BC? {Pythagoras}
= 2%+ (24 — z)?
= 2% 4576 — 48z + =
= 22° — 48z + 576
ie, [D(z))? = 22> —48z +576 andso D(z) =222 — 48z + 576
2
dP@I" _ 4y
dx
D 2 - 12
% = 0 when z =12 and the sign diagram is: I \ /+ I
0 24
ie, when AB =BC =12m, D(z) is a minimum, and
.. ) 17m
minimum D(z) = 12v/2 m = 16.97 m.
D(z) is a maximum when either z =0 or = = 24, 12m 24m

ie.,

when the pen ceases to exist and D(x) = 24 m.
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15 a Consider each boat’s position ¢ hours
after 1.00 pm.

AP = 12t BQ = 8t
-, PB = 100 — 8t
Using the Cosine rule in APAB
D(t)® = AP? + BP? — 2AP x BP cos60°
(12t)* + (100 — 8t)> — 2(12¢)(100 — 8t)%
= 144¢* + (100 — 8t)* — 12¢(100 — 8t)
= 144t% 4 10000 — 1600t + 64t> — 1200t + 96t
= 304t% — 2800t + 10000 and so D(t) = v/304¢2 — 2800¢ + 10 000

2
b Now % = 608t — 2800

2
ADOF _ 4 when ¢ — 2800 . 4 60526
i 608
-\ 4605 S+

and has sign diagram:

D(t) is a minimum when ¢ = 4.60526 hours after 1.00 pm
and [D(t)]%, = 304 (4.6053)% — 2800 (4.6053) + 10000

[D(t)]2n = 3552.63 km?

¢ The ships are closest when ¢ = 4.60526 hours
i.e., when the time is 4 hours 36 minutes
time is approximately 5.36 pm

16 a AsPAB and PRQ are similar.
PA _ PB_AB Q
PR ~ PQ RQ
) 49 wall 5
x x
= — and . QR =
T+ 2 QR T 1m
m| O
b Now [L(z)]* = RP? + QR® {Pythagoras} R 2m A xm P
2
= (z+2)7°+ (‘TIZ)

— (@42)?x1 + (:c+2)2><w—12

[L(x)]? = (z +2)° [1 + %} as required

[L(x)]? = (z +2)? [1 + ccfz]

‘ % =20z +2) [L+a7%] + (¢+2)°[-227°] {product rule}
=2z+2) [1+272— (z+2)z?]
— 2@+l 4o -2t - 207
= 2 +2)(1 - )
- 2a+2)( I D)
d[L(x))?

T =0 when == V2=1.2599  {asz >0 and L(z)> 0}
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17

19

d Sign diagram of L'(z) is: \ ¥ /-‘I-

the ladder is shortest when 2 = /2m and minimum L = /(z+2)2(1+ %) =416 m
Suppose PN = zm A
length of cable = PA + PB + PC
L=8—z+Va2+16+ V22 +25
Using technology we graph this and find the minimum, p gm
i.e., the minimum length occurs when xz = 2.57798 ‘ J
m
ie, x=2.578 m from N *
B 4m N 5m C
Suppose P has coordinates (z, 8)
PC = —3)2 8 —11)2 AP = —1)2 8 —2)2
V=37 +( ) V-1 +(E-2) (3, 11) Caville
=Vz2—-6x+9+9 = V22 -2x+1+36 e
— V& 6T 8 N e o SN L)
= vat =6z = Vet =2z 8 P~ pipeline
PB = \/(z — 7)2 4 (8 — 3)2
\/( ) ( ) c‘/ (11 2) ° (71 3)
= x2 — 142 + 49 + 25 | Aden Bracken
= Va2 — 1z + 74 3 o
length of pipeline L = v/z22 — 6z + 18 + /22 — 2z + 3 + /22 — 14z + 74
Use technology to graph L and find a minimum. This occurs when x = 3.543 66,
ie., Pisat (3.544, 8).
y =maz + ¢ is the equation of any straight line.
If this line is to pass through (2a, a) then a = m(2a)+c
a = 2am+c
c=a—2am
y = mz+ (a —2am) .. (1)
This line cuts the z-axis when y = 0, . 0 =mz+a—2am
mr = 2am —a
2am —a
r=—-
m
This line cuts the y-axis when z = 0, Sy =mx0+(a—2am)
ie, y = a—2am
2am —
area of AAOB, A(m) = 1 (%) (a — 2am)
o2
_ad (4m—1—4m?
2 m
a® 1
A(m) = 5 (4—m —4m)
a2
Now A'(m) = —(m™>—4) whichisOwhen m™> =4 ie, m==+1
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Now since the graphs are in Q; the slopes are negative and so m = —

Now A’(m) =

and A”(-3)

minimum area occurs when m

1
2

Tz = 4da ie., at (4a, 0)

{as r > 0}

2y

NS

Alz) = 22 Jr—
a

Using (1) y =
y=—52+2a
Thus the graph meets the xz-axis when y = 0, 0= —%m + 2a
%x = 2a
20 2 4+h% =42
. 2 _ 2 2 2
h™=s"—r —— is 0 when
h = +Vs2—r2 dr
2 2 _
But V = %m"zh 2s 737’2 =0 ,
2s° =3
V = %m"z 52 —r2 82 "
w2 S _ 3
V2 = 31"4(52 —7?) r2 2
2 S _ 3
= % (r452 — 7'6) T ?
) ) e, s:r = %
d
—;:: = % (47"332 - 67‘5)
2
=3 2r3(2s% — 3r?)
av? +
Sign diagram of —— is: - -
d 04 5
" r=0.5s / \ r=0.9s
V' is a maximum when s:r = g:lzx/g:\/ﬁ
2 2
21 a % Z_Z =1 b  Seating area is
A = 2z X
220? + y%a® = a®v*  {x by a*b?} — 4y
a?y? = a2 — 222
9 a’b? — z?b? -
Yy = o2
2
y = +£4/0% — b—2w2
a

a?

160>

a2

16b% 22

as required
(a® —a?)

(a’z? — %)
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2 2 a
¢ ﬂ = 166 [2a2m —4x3] . . dA? | ) + V2
dr a2 d Sign diagram of gl T
x
which is 0 when r=0.5a r=0.8a
2a%x —42® = 0 . maximum area occurs when z =

Sl

2z(a® —22%) = 0
22° = a®> {asz >0}

2
4b a a
Max. area = — — 4/a? — | —
a 2 (ﬁ)

a
T = ft—
V2
a - _ 4 ]
x—ﬁ {as z is in Q1 } 2 D)
[Note that A is a maximum when A is a _ 4 « X
maximum. | V22
= 2ab
e % occupied = 2ab x 100% = 63.66% “
mab
EXERCISE 221
1 C(x) = 38000+ 250z + 2
a Cost = C'(800)
= 38000 + 250(800) + (800)?
= $878000 Marginal cost = C’(z)
A _ $878000 =250+ 2z
Verage cost = —grn— - C'(800) = 250 + 2(800)
— $1097.50 = $1850
b A(x) is minimised when A(z) = C'(z)
ie., Cl) _ C'(z)
x
C(z) = zC'(z)
38000 + 250z + 2% = (250 + 22) Average cost — C(z)
38000 + 250z + z° = 250z + 2z° z
38000 = 22 - 0(1;5;)5)
z = /38000 {asz >0} $124 775
z = 195 T 195
i.e., A is minimised when approximately = $639.87

195 items are produced.

2 a C(z) = 295 + 24z — 0.082° 4 0.0008z>
Average cost, A(z) = %x) = 2::;5 + 24 — 0.08z + 0.0008z>

Marginal cost = C’(z) = 24 — 0.16x + 0.00242>

b  Average cost is minimised when C’(z) = A(zx)

295

24 — 0.16z + 0.00242> -+ 24 — 0.08z + 0.0008z>

24z — 0.1622 + 0.00242> = 295 + 242 — 0.08z2 + 0.0008z>
0.00162% — 0.082% — 295 = 0

Using technology, z = 79.311 and so, x > 79 items
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minimum average cost = A(79)

295
= =9 + 24 —0.08(79) + 0.0008(79)
= $26.41
< C'(z) = 24 — 0.162 + 0.0024z>
C"(x) = —0.16 + 0.0048z
which is 0 when 0.0048xz = 0.16
0.16
T = 00048 33.33
ie., x = 33 items
Sign diagram for C"(z) is: . - LT N

33 items
C’(33) = $21.33

C'(z) is a minimum when z

minimum marginal cost

3 Suppose z fittings are produced daily.

C(z) = 1000 + 2z + %ﬂ = 1000 + 2z + 5000z " dollars

5000
C'(z) =2- 3
C'(z) = 0 when z? = 2500

ie., x = 50 {as z > 0}

C"(z) = 1000023
10000
LE?’

whichis > 0 when z >0

there is minimum cost when 50 fittings are produced.

L C(z) = 720 + 4z + 0.02z2 dollars and p(xz) = 15 — 0.002z dollars
R(z) = xp(zx) = 15z — 0.0022> and R/(z) = 15 — 0.004x
If C'(z) = R'(z) then
4+ 0.04x = 15 — 0.004x
0.044z = 11
x = 250
Andas R"(z) = —0.004 and C”(x)=0.04 ie., R"(250) < C"(250)

then maximum profit is made when 250 items are produced.

5 C(z) = 312>+ 824200 and P(z)=23— iz
s, R(z) =zP(z)=x(23-32)=23z— 32> - R((@2)=23-2
If C'(z) = R'(z) then
%x+8 =23—-z
Sz=15
z =10

Andas R’(z) = -1 and C"(z)=3 ie, R’(10)< C"(10)

then maximum profit is made when 10 blankets/day are produced.



Mathematics SL, Chapter 22 — APPLICATIONS OF DIFFERENTIAL CALCULUS

475

7

a Let the demand function be p(z) = A + Bz
Now p(800) = 150
A+800B = 150 ...... (1)
and p(840)
A+ 840B = 145 ...... @)
(2) — (1) gives 40B = —5 andso B=—%

[
— =
SO
[

and A = 150 — 800B = 150 — 800 (—3) = 250

i, the demand function is p(z) = 250 — g

2
b Revenue R(z) = zp(z) =z (250 - %) = 250z — %
, 2x L T .
Now R'(z) = 250 — 3 which is 0 when i~ 250 ie., x = 1000
andas R"(z) = —% <0, maximum revenue occurs when z = 1000
need to sell at  p(1000) = 250 — &;O = §125
and must have a rebate of $150 — $125 = $25
< C(z) = 20000 + 30z dollars
If C'(z) = R'(z) then m:zm-%
x
Z =9
1 0
z = 880

Andas R’(z) = -1 and C”(z)=0 ie, R"(880) < C”(880)
then maximum profit is made when 880 DVD players/week are produced.

need to sell 880 DVDs and the cost per item = p(880)

880
= $(250 — ===
(250 — =)
= $250 — $110
= $140.00

i.e., offer a rebate of $150 — $140 = $10.

2
Cost/hour = running costs + other costs = 11)—0 + 62.5

2

1625
_ 10 ’ __ cost/hour
Now C(v) = " {cost/km = —km/hour}
v 625 4
Cv) = 5+ =0.1v+62.50
C'(v) = 0.1 — 62502
which is 0 when 0.1 = %
v
v? = 625
v =25 {asv>0}
125

and C"(z) = 62.5 x 2v™% = — which is > 0 when v > 0
v

minimum cost/km occurs when v = 25 km/h
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REVIEW SET 22A u(t): I t -t ‘
1 2
1 a s(t) =229 +12t—5cm, ¢t>0 0 - . +
a(t): | N
o(t) = 6t — 18t + 12 0 e
= 6(t* — 3t +2) and a(t) = 12t — 18
=6(t—2)(t—1)cms™! = 6(2t —3) cm s>
b Whent =0, s(0) =—-5cm € Whent=2, s(2) =—-1cm
’U(O) =12 cm S_1 1}(2) = 0cm S_l
a(0) = —18 cms™2 a(2) = 6 cms™?

i.e., when t = 2, the particle is 1 cm to the left of O, instantaneously at rest and increasing in
speed towards O.

d Particle changes direction when ¢t =1 and t=2 s(1) =0cm s(2) = —1cm
e - ey f Speed is increasing when 1 <t < % and t > 2
- _‘5 —‘l b >s {v(t) and a(t) have the same sign}

2 C(v)=10v+ 2 dollars/hour
v

a i t=2hours at v=15kmph ii ¢=>5hoursat v =24 kmph
cost =$ (10 x 15+ 22) x 2 oocost =$(10x 24+ 53) x5
= $312.00 = $1218.75
b C'(v) =10-90v"2 =10 — %
v
i If v=10kmph ii If v=6kmph
'10) =10 - 20 - c6) =102
C'(10) =10 -~ LCe) =10
=10-0.9 = §7.50 per kmph
= $9.10 per kmph
2 J—
¢ Now C'(v) = 10— 2 _ 10v —90
“ N4
C'(v) =0 when v?> =9 = 3 >

ie, v=3 {asv>0}

minimum cost occurs when v = 3 kmph

3 a f(z) = 22° — 327 — 362+ 7
f(z) = 62 — 6z — 36
= 6(z* —z — 6)

=6(zx—3)(z+2)

and f’(x) has sign diagram: ~:/- s i\ 3 /+=
and f(—-2)=51, f(3)=-T74
So there is a local maximum at (—2, 51), and a local minimum at (3, —74)
f'(z) =122 -6
=62z —1)

and f”(x) has sign diagram:

+

o=

and f(3)=—2 so there is a non-horizontal inflection at (3, —%
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b f(x) is increasing when =z < —2 or z > 3, d local max
. (=2,51) b ¥ non-horizontal
and decreasing when —2 < z < 3. inflection
. L’ _lll
¢ f(z) is concave up when = > %, § @ ~1kz)
and concave down when z < é '/ X

¢ local min (3, —74)
3x —2
h =
fy =2 N
a@ The vertical asymptote is x = —3 {when z + 3 = 0}
: 2 - 2
b Cuts z-axis at (3, 0), y-axis at (0, —3) y=3
¢ flz) = 3z+3)—Bz—2)(1) 11 - D -
B (x+3)2 - (z+3)? j
o+ x==3
which has sign diagram: 4%3—> X

d No stationary points exist since f'(z) is never 0.

5 a Nowif OD = z, the coordinates of C are (z, k — 22)
area of ABCD = 2z x (k — z?)
ie, A= 2kx—2z°

b %:%—612 and %:O when AD = 23 ie, z=+3
2k —6(v3)2 =0
2k—18 =0
. 2k =18
k=29
Checking % = 18 — 622
= 6(3—z?) which has sign diagram:

= 6(/3+0)(V3—a) A A,
i.e., maximum occurs at z =+/3 ie., when AD = 2v/3 \‘/ / 3 \1
6 flo)=a2*+a2>+22—4
a y-interceptis —4
b a-intercepts occur when 2% 4+ 22422 —4 = 0

(z —1)(2® + 2z +4)
Now x?+2r+4 =0 has A <O .. the only z-intercept is 1.

0 given z =1 is one root

¢ fl(z)=32"+2x+2has A =4 —24 = —20 d Ay
which is <0, .. f'(z) is never 0, /

so there are no stationary points - d
F et - |
o f"(x) =0 when z=—-1% —4
a non-horizontal inflection occurs at /
1 124

(—5 — %) !

X
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7 a A = 500 m* b y = 500z !
zy = 500 . dy — 50022 = _ 500
500 o dx x2
y=7% >0 and since 22 > 0 for all z,
€ As the width of the rectangle increases, @

the length must decrease to maintain a dx <0 forallz

constant area.

_ 2 \_¢s_ -1
8 H(t)_6(1 t+3)—6 12(6+3) ' m, t>0
a Whent=0, H(0)=6(1-2)=6(3)=2m
b H(3) =6(1—-32) H(6) =6(1—3) H(9) =6(1-3)
=6(3) = 6(5) =6(3)
=4 m = % m =5m
12 _ _
c Hl(t):(t—|—3)2 L HO0)=2=4myrt H@6)=2=xmy "
H@)=2=3imyr’ H@O =& =73my '
d Since H'(t) = _12 e 4 H(f) metres

13 6
H'(t) >0 forallt>0 /’—_————>
2

ie.,, H(t) continually increases.  (years)
i.e., the tree is continually growing. 9 >
9 a Volume = lbd
dc PN
22y = 1 C Thus %:4x—8m
1 _ 8
y==> = >0 =4z — 2
4(z® -2
b area = z2 + 4y = X 2 )
cost = (z” + 4ay) x 2 which is 0 when z = /2 m
= 222 + 8ay
— 2
1 and E has sign diagram: \ : / o,
But y = — dx
x
C = 224 § dollars minimlum cost when = = \3/§ m ie, x=1.26
z L y=— =0.630
x
10 a AC=2zm and the box is 1.26m by 1.26 m by 0.630 m
Now, ABC is an isosceles triangle. B
s XC==2
But, BC? = BX? + XC? {Pythagoras}
2500 = BX? + z?
BX = /2500 — 22
A(z) = 3(22)v/2500 — 22 = /2500 — 22 river
2 2 2 dA2 3
b Now [A(z)]® = z*(2500 — z°) T 5000z — 4z

ie, A? = 250027 —z* 4z(1250 — 2?)

22(v/1250 + z)(v/1250 — )
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2
Sign diagram for — is:
dz

|+ .

| >

o 25/2

maximum area occurs when =z = 25\/§ m = 354 m

The corresponding maximum area = 1250 m?.

11 s(t) =15t — cm, t>0

60
(t—1)2
a .. s(t)=15t—60(t—1)"? cm b

v(t) = 154+ 120(t —1)"® cm s™*
a(t) = —360(t —1)~* cm s>

When t = 3,

= 30 cm

=30cms!

a(t) = —22.5 cm s™2

The particle is 30 cm right of O, travelling

12
¢ v(t)=15+ @ _?)3 em st
22.5 cm s~ 2
v(t) =0
120
when 15+ CERE =0
15(t —1)* +120 = 0
(t—1)° = -8
ot=—1
a(t) = —360(t —1)"* = % cm 52 Sign diagrams:

where (t — 1)* is always positive.
a(t) <0 forall ¢>0

So, speed increases for 0 <t <1 as v(t), a(t)

12 Suppose the sheet is bent z ¢cm from each end.
To maximise the water carried we need to maximise
the area of cross-section.

A = z(24 — 2z)

A = 242 — 247
and ﬁ = 24 — 4z
dx

which is 0 when z =26

. . dA .
Sign diagram of T is:
x
maximum water when = = 6 cm

i.e., bends must be made 6 cm from each end.

REVIEW SET 22B

4900
- - >
1 W) =500~ 5~ g t>0
a When ¢t =0, W(0)=5000— &100 =100 g
b i When t=1, ii When t=4,
W(1) = 5000 — @ W(4) = 5000 — @
— 2550 ¢ 47118 ¢

right at 30 cm s~ ! and is slowing down at

have the same sign.

il
y

ili When ¢t =26,
4900
26) = 5000 — —2
W(26) = 5000 -
= 49928 g
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7

9800 (%)
()2 +1)°
333.5 g/week

9800t
¢ W/(t) =4900(t> + 1) 2 x 2t = ———
(1) = 4900(¢% + 1) x 21 = s
i t=0days =0weeks i ¢=10days =22 weeks il ¢=20days = 22 wecks
W) =0 /(10 9800 (1_70) /(20
()2 +1)
= 1514 g/week =

d 19740

R YONC) ,

100, t(weeksz

A
2 z(t)=3t—+tem, t>0 -
1 €
a x(t) =3t—t3 0 3
v(t):3_%t—%:3_L:M + ;
2Vt 2/t i—’
0
which is 0 when vVt = £, ie.,t= o
1
and a(t) = lf% = —— which is always positive
t) =1 ™ ys p

b When t=0, z(0)=0cm
v(0) is infinitely large and negative, so is not defined
a(0) is infinitely large and positive, so is not defined

i.e.,, the particle is at O, moving left and slowing down.

€ When t=9, z(9) =24cm 09 =L cems' a9 = L cms?

6 108

the particle is 24 cm right of O, moving right at % cm st

d The particle reverses direction when t = 3—16 seconds.
x (3—16) =2 -—1=-2=-L ie, itis &5 =0.083 cm to the left of O.

@ The particle’s speed decreases when v(t) and a(t) have different signs,

ie, for 0<t< 3—16.
d
3 a G=13%t-27+5 b d—?>10 s 2(t-2) >
dG 9 1 t—2 >
& 22
dt 5 ) t >
which is 0 when ¢t =2 _ +
. G is increasing for ¢ > 2 2
L flz) = 2% — 42® + 4a @ Cuts the y-axis when = =0 ie., at (0, 0)
— 2 _
= z(z” —dz +4) Cuts the z-axis when y =0 ie., =z(z—2)>
= x(zx —2)?

and increasing its speed.

10
15
17

=0,

ie, when z =0or2

i.e.,, at(0,0)and (2, 0)
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b f(z) =32°—8z+4 < y horizontal
= (32— 2)(z — 2) " flection
which is 0 when 2 = 2 or 2 axisintercept

Sign diagram of f'(z) is: a (0, 0)

Py - \ 2 A+
2R
there is a local maximum at (g, g_i)’

and a local minimum at (2, 0)
f'(z) =6z —8=2(3z —4)

=Y

local min
(2,0

- +

Sign diagram of f”(zx) is: =

4
3
*. there is a non-horizontal inflection at (%, ;—‘;)

5 a P =200 m b Areaof lawn = 2z x y + nz?
P =2x+2y+mx :23@[100—3@—%3:}4—%#:52
200 = 2z + 2y + 7o = 200z — 2z* — ma® + L’
2y = 200 — 2z — 7w = 2002 — 222 — gmz’
y=10-z-32 A =200z — (2+ %) 2® m?
dA -
€ — =200-2(2+%)a /\
=200 — (44 m)x  which is 0 when (4+ 7))z = 200
L _ 200
+ — 447 28.0m
. . dA .
and the sign diagram for T is: 200
v e 56.0m
. 200 .
maximum area occurs when z = —— = 28.00 m
447
6 f(zr)=ayr—12
@  f(z) has meaning provided z > 0 b Cuts y-axis when z =0, ie., at (0, 0)
Cuts x-axis when z/r —x = 0
z(y/Tr—1) =0
ie, when z=0 ory/z—1=0
=0 or z=1
Sooxz=0 or z=1
i.e.,, at(0,0)and (1, 0)
4 flz) = 2 Ay
1 axis
fl(x) = %xz -1 intercept
S 3 (0,0)
which is 0 when 3z =1 x
N % 1
4 local min
T=3 | 6
4

Sign diagram of f'(z) is:

:

there is a local minimum at (%, —%)
3
and "(x) = 2;];_% = —
@) =3 4z

Since f’(z) # 0 no inflections.
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2
z°—1
7 =
f@) = g
a Cuts z-axis when y =0 b As z2>0, 22+ 1 can never be 0.
ie, 22—-1=0, - ax==1 .. there are no vertical asymptotes.
ie, at (1,0)and (-1, 0)
Cuts y-axis when z =0, i.e., (0, —1)
2z(x® +1) — (22 — 1)2 4(z® +1)% — 4z x 2(z® + 1)(2
¢ plo 2@ D -6 1% d pre - A dex 2 £ 1))
(x2 +1)2 (22 + 1)
_ 4 _ A(2% +1) — 1622
@ 1) =T @i
o o -N o S+ ( )
Sign diagram of f'(x) is: = . > 41227
- (2 +1)3
there is a local minimum at (0, —1) a1 V32)(1 = V3z)
- (.172 + 1)3
< X — + —
and sign diagram is: < 'l 'l >
non-horizontal non-horizontal -3 e
inflection at / \ inflection at
(—ﬁ, —%) Tocal min (ﬁ —%) -, f(z) has nonstationary inflections
©-1 at x:i\/g.
-2 z—2
8 S —
f(@) 2?2+zx—2 (z+2)(x—1)
@ Vertical asymptotes are: * = —2 and x =1 {when the denominator is 0}
1(z°+2-2)— (z—2)(2z+ 1 : .
b f'(z) = (@t (ac2)— m(i 2)2)( z+1) ¢ Cuts y-axis when z = 0 i.e., at (0, 1)
) ) Cuts z-axis when y = 0 1i.e., at (2, 0)
'+ x—2—2z2"+3x+2
ST @t 2@ 1)y d F()
_ dg — z? \0]
(@ +2)3(z - 1) local min_# 'O‘Ei' ?Sax
_ —z(x—4) - ©D o . .
(22 4z —2)2 X
which has sign diagram: j’ftg' oot
— — 4+ + _ x= -2V x=1
-2 0 1 4
there is a local minimum at (0, 1),
and a local maximum at (4, é)
e For 290;2 = p to have 2 real distinct roots the horizontal line y = p has to cut
2tz —2

the curve in exactly two difference places, ie., p<0 or p>1 or 0<p< %
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9 a Let the height of the cylinder be h cm.
o (22) +h? = 10 {Pythagoras}
10 em . h = v/100 — 422
hcm o, V(x) = area of base x height
l = 7z’ x /100 — 4z2
x cm : So, V(x) = 7z®/100 — 422 cm?

b Now V?Z = 72z%(100 — 4z?)
= 72(100z* — 4x5)
dv?

- = 72 (4002 — 242°)

= 8223 (50 — 32?)
= 87223(v/50 + v/3z)(v/50 — /3x)
which is 0 when z=./% {asz >0}

2 + —
and % has sign diagram: }7@?»
X 0 \/%

maximum V occurs when = = ./ % = 4.08
radius = 4.08 cm, height = /100 — 4 (5—??) = 5.77 cm

10 a AsLQX and XPM are similar. b L(z) = LX + XM
LQ  LX _ QX

8 2
_ = = — — 2 2 2
XP XM _ PM _“(x) +8 + VvIf+zx
LQ 8 1
1 PM :81/F+1 + Va2 41

8
LQ = —
Y = 2\/1+x2 + 1WI+a?
8
LQ =7 km :m<§+l)
L(z) = V2?2 +1 (1—|— %)
8 2
and LQ:(mQ—&—l) <1+—>
z
ML =2 (142) w2 (143) (-55)
e = 2z 1+a: + (z®+1)2 1+x = {product rule}
_ 8 8\ _ (2 8
72<1+x) [I(lJr ) (@ +1)(x2>}
:2(1+§) {x+8—8—%}
T
3
:2<m+8) z —8>
T 2
2
M:O when z=-8 or z®>=38
dzx
but x >0, .. when z =2
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2 - 2 +
Sign diagram for d[Ldﬂ is:
x

0
minimum L(z) occurs when z =2 and the shortest length is /22 4 1 (1 + %)
=55
= 11.2 km
11  When the box is manufactured its base is (k — 2z) by (k — 2z) and height is = cm.

V = z(k — 2z)(k — 2z)

ie, V = z(k—22)°
% = 1(k — 22)* + z 2(k — 22)" (-2)

= (k —22)? — 4a(k — 2z)
= (k- 23:)[ — 2z — 4z
= (k—2z)(k — 62)
which is 0 when ;c:gor- butk72:n>Oandsox<§

/+

+
and the sign diagram of — is: / \
maximum capacity occurs when = =

12 a ON=z OC=r
OB = r (radii)
AN = /1?2 — 22
A(z) = $AB x CN = AN x CN
A(x) = Vr2 —22(r +z)

b Now A% = (2 -2} (r+2)*=(r—2)(r+z)?

dA? 3 2
S — (DD + (- 230+ ) (1)
= (r+0)* [+ 2) + 30— )]
= (r+a)?[—r—x+3r—3z] = (r+2)% [2r — 42]
which is 0 only when z = % {as z > 0}
2 | + _ r
Sign diagram for T is: | / T \ » . maximum area occurs when z = 3
2
0
and in this case CN =7+ £ = %r
and AN = 1"2—%: %:@r
_ON_ Br
tan L{CAN = AN ; =3
£CAN = 60°

A is equilateral {as it is isosceles with base angles 60°}



Chapter 23

DERIVATIVES OF EXPONENTIAL AND LOGARITHMIC FUNCTIONS

EXERCISE 23A
1 a flz) = e* b f(z) =e*+3 < f(z) = exp(—2z)
f'(@) = 4e** fiz) =e"+0 . f@) =
= % fl(x) = =27
d f(z) = €3 e flz) =273 f fl@) =1-2e77
fl(x) = 3e? fl(x) =2e 7 (—3) fl(z) = 0—2e""(-1)
= —67% 26_:c
8 fl)=deF-3 h o f) = 2 i @)=
f'(x) = 4e% (3) PR fll@) = e (~20)
—3e”"(—1) f@) = 2 + 2 = —2ze”°
= 2% + 3¢ 7 oy €8 e (=)
Fla) =S4 8
i f(z) = ex k flz) =10(1 +e2“”) | flz) =20 (1—e7?)
Flla) = e* (_i) = 10 + 10> = 20 — 20e~"
3
v f'(z) = 0410 (2) f(z) = 0—20e % (-2)
_ e® = 206> = 40e2"
T2
m f(z) = ¥t n y = ef o y = =2
fl(z) = ¥ x 2 dy _ 0% 1 dy _ 1-22% (g
— 9p2e+1 dzx 4 dz
= %6% = —dgel™%
P o ~0.02z Z_z — 7002 5 (_0.02) = —0.02¢ 0%
2 a f(z) = ze® u=z, v=e€", u =1 v =¢"
fl(z) = 1e* + e*x {product rule}
= e” 4 ze”
b f(z) = 2% u=2% v=e% W =322 VvV=-e"
f(z) = 322%™ +2®(—e™™®)  {product rule}
= 3z%e™ —zle™"
c f(az):% u=¢e* wv=z, u =¢€% v =1
fl(z) = £ m—mze ) {quotient rule}
ze® — e®
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f'(@)

ex_z u=z, v=e" u =1 v =¢
le® — xe” .
e {quotient rule}
e’(1—=x)
(e)?
11—z
ez
z2e’® u=2a2 v=e u =2z, v =3
2ze3” + 3x%e3®
\G/—E u=e", U:.I%, u =e*, v':%m_%
xT ez
e*\/x —
M {quotient rule}
(Vz)?
re® — %ex
/T
Vre ® u=2%, v=e % u = éaf%, v =—e"
1 —x —x
——e " — \/ze {product rule}
2z
T+ 2
:—x——:—l u=e*"+2, vV=e*+1 u=¢€% vV=-e"
e“e+1)—(e"+2)(—e™ "
( ()e*z(—&— B ) ( ) {quotient rule}
1+e”+1+2e "
(67z + 1)2
24 e +2e "
(e—z + 1)2
(e® +2)* =u* where u=¢e"+2
dy du 3
) ©
du dx wi(e”)
4(e® +2)%(e”) = 4e”(e® + 2)°
1
m = U_l where u=1—-¢e""%
_dydu o
dud - v €
efr
(1—e%)2
e + 10 =u? where u=e>® + 10
dy du _1 -
%% = %u 2 (262 )
621‘
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d f(x)zm:u” where u=1—¢**
dy  dydu _3 30y 6677
A= duds 2 )=
, B 6631
f(CL') - (17631)3
¢ @)= === -u? where u=1-c
T) = ———=u where u=1—¢e
l—e=
dy dydu =, _3. _, e "
dr ~ dudz zu () = 2u3
_67:1:
f(@) =
) 2(1 —e—v)3

f flx) =zvl—2e7=z u? where u=1—2¢""

@) =1u? + ztu3 - {product and chain rules}
o
=1yu + =z %uié 2e™®
_ \/1—26*””+ xe *
1 1—2e=
(1 =2e")+ae "
1—2e=
, 1—2e % +xe™®
T
f@) 1—2e~*
. dy . d%y dy
= Aek® i =2 = Aet® i —Z = 2
avy © dx e (k) dx? kdm
= k(Ae™) = k(ky)
= ky — kzy
b Prediction: <Y Ty
dzm
y = 2e3% + 5et®
Ay _ gene + 20¢e*®
dx
d2y 3z 4x
W = 18e +80€
Now LY _qd 12y = (18€%" 4 80e™) — 7 (6€* + 20e™*) + 12 (2> + 5¢**)
dxz? dx
= 18" + 80e™™ — 42¢%* — 140e*™ + 24¢3* + 60e*”
= e [18 — 42 + 24] 4 ** [80 — 140 + 60]
= 37(0) + ¢**(0)
=0
2
e, WY 7B 45,

7 dx? dx
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6 a y = ze * u=x, v=e " u =1 v =—e"
d
ﬁ = le™® —ze ® {product rule}
=e "(1—x)
_ Ll hich has sign diagram: — —
= which has sign diagram: / 1 \

_ 1 . . .
at x =1, y=1le ' = = we have a maximum turning point.
e

. 1
has a local maximum at (1, —)
e

b y = z2e® u=x2, v=e% u =2z v =¢€
d
Y oge® + 22" {product rule}
de . o SN0 M
= ze®(2+ z) which has sign diagram: / 5 \
at £ = —2, y=4e"2, we have a maximum turning point

and at x =0, y =0, we have a minimum turning point.

. 4 ..
we have a local maximum at (—2, —), and a local minimum at (0, 0).
e

C y:e_ u:em, v=2zx, u/:ez’ ’U’:].
T
d Tx—e” (1 .
% = egc:c—ze() {quotient rule}
“(r—1 . . - 1
= % which has sign diagram: - \ : / Ll

e .. . .
at x=1, y= 1 = e we have a minimum turning point.
we have a local minimum at (1, e)

d y=e (z+2) u=¢e " v=zx+2 u=—-e% V=1

dy

Ir = —e %(x+2)+e® {product rule}

=e % (—z—241) T .l -
=e (—z—1) which has sign diagram: / \

at £ =—1, y=e(—1+2) =e we have a maximum turning point.

we have a local maximum at (—1, e)

EXERCISE 23B

1 a N = 50e**
In N = In(50e?") {Inab=1Ina+ Inb}
= 1In50+1ne* {as Ine™ =n}
InN = In50+ 2¢

b P = 8.69¢ 00541 < S = a’e™
In P = In(8.69¢**%*!) o InS = In(a’e*)
= In8.69 4 In ¢ ~0-0541¢ =1Ina®+1Ine *
InP = In8.69 — 0.0541¢ s, InS =2lna —kt {Ina™ =nlna}
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2

(4

InD = 2.1+ 0.69¢t b InG = —31.64 +0.0173t
D = 214069t G = —31.64+0.0173t
o 21y 069t G = 3164  L0.0173¢
D = 8.166¢"5% G = 1.815 x 1071 x £0:0173¢
InP =1Ing—2t d InF = 2lnz —0.03¢
= Ing — In(e*) = Inz? — Ine%0%
— In (i) _ ln(x260.03t)
et F — p2e—0-03t
- 9
T e2t
P = gefm
Ine? = 2lne b In,ec=lnez ¢ In <l> = Ine™*
e
=2(1) = %hle = —1lne
2 1
- 32 = -1
1 -1 In3 21n3 In 32
d In{— | =lne 2 e e’ =3 f e e
\/E 1 — In 9
= -3 Ine
- _%(1) —1 - -2
_ 1 s e—ln5 — eln5 h —2In2 eln2
= 73
_ ot _ i
_1 _ 1
=3 =1
In5+1n6 b 3ln4 —21In2 C 2In5 d 2+ 3In2
=1In(5 x 6) —1n43 —In2?2 =1In5? =Ine? +1n2®
=1n30 43 =1In25 = In(8¢?)
= ln 2—2
=Inl6
Let 2 = ¢€” b Let 10 =€ ¢ Let a=¢€" d Let o =¢”
In2 ==z Inl0 =z Ina =z Ina® =z
2 eln2 10 = 611110 a = elna xlna =z
aac — ewlna
e’ =2 b e® = —2 has no solutions
Ine® = 1n2 as e® >0 forallz
r = 1In2
e® =0 has no solutions d ¥ = 2¢°
as e >0 forallz e(e®”—=2) =0
e® =2 {ase” >0}
z = In2
e =e " f e —5¢"4+6 =0
T =—x (e =3)(e"—2) =0
20 = 0 e =3or2
rz=0 r =1In3orln2
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g e’ +2=3""
e + 2" =3 {xe”}
. e 42" -3=0
(e +3)(e"—1) =0
e = —3orl
e® =1 {as e® >0}
r=1Inl
z =0
i e +e =3
e 41 = 3e” {xe”}
e —3e"+1=0
ex:?):t\/m
2
7 a lnx+ln(x+2) In8
Infz(z +2)] = In8
(m+2)—8
22 +2c =8
2’ +22-8=0
(z+4)(z—2) =0
. ox=2o0r—4
r =2

{since In(—4) is undefined}

8 a yi=¢c" yp=e"-6 meet when

h 14+12e7% = ¢e*
et +12 = ¥ {xe}
e —e®—12=0

(¢" — 4)(e* +3) = 0
e” =4or—3
e® =4 {as e® >0}

r = In4
ez_3i\/5
o 2
3+5 3-V5
z = In or In
2 2
= 0.962 or —0.962
b In(z—2)—In(z+3) =1n2
r—2
L ln(m+3>—ln2
m—2:2
T+ 3
x—2 = 2(x+3)
r—2=2x+6
-8 ==z

As In(—8) is undefined, no solutions exist.

Y = Y2
et = e -6

e e =6 =0
(e =3)(e"+2) =0

{as e” > 0}
z = 1In3 andy =¢e* =3
meet at (In 3, 3)
b y1=2e"+1, y1 =7-¢€" meet when  y; = y»
2" 4+1 =7—¢"
3e” =6
e’ =2
z =1In2 and y=7—-¢e"=7-2=5

meet at (In2, 5)

€ y1=3—¢€% y2=05e"—3 meetwhen y; = y
3—¢e®” =5he *-3
3e® — 2" = 5 — 3¢” {x by e”}
e —6e”"+5=0
(e —=5)(e"—1) =0
e®* =1lorb
z =0orlnb
and y =3-¢° or 3 —en®
=3-1 =3-5
=2 = -2

i.e., meet at (0, 2) and (In5, —2)
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9 a flx)=3-¢"

cuts z-axis when y =0 ie, 3—¢€e* =0

e’ =3
z =1n3 ie, Ais(In3,0)
cuts y-axis when £ =0 . y = 3 —¢°
=3-1

—2  ie, Bis(0,2)
b f'(x) =—€e® where
Now e” >0 forallz, .. f'(z)<0 foralz

f(x) is decreasing for all z

¢ f'(z)=—€" where € >0 forallz, .. f'(z)<0 forallz
f(x) is concave down for all =

d 4y e as z— +4oo, f(z)— —o0,

\2#\ y=3 as xH—OO, 693%0 3_ez_>3’
- In3 _ ie, f(z)—3 (below)
l \ * .y =3 is a horizontal asymptote.

10 a y=¢"—3e""

cuts the = axis at P when y =0 .. e —3e " =
e —3 = {x each term by e”}
e =3
2z = In3
T = %ln3 o Pis (%ln?), 0)
cuts the y-axis at Q when z =0 .. y = e® — 3e°
=1-3
= -2 o Qis (0, —2)
b dy =e"+3 7 < dy =e"+3z7"
dzx dx
— " 4 3 d2
= = . y B
er w — % _ 3%
Since e® > 0 forall z =Y
dy 2
iz 0 forallz Above z-axis y >0 .. % >0
x
the function is increasing for all x the function is concave up
2
Below z-axis y <0 .. % <0
x
d y .. the function is concave down

i.e., a non-horizontal inflection occurs
when y =0

-~ -2 (4in3,0)

non-horizontal
inflection
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11 a For f(z)=¢" -3 and g(z)=3— >

e(E
the z-intercept occurs when y =0 . ef—=3=0 and 3 — — = 0
e =3 " €
s, x =1In3 36_5:0
ie, at(In3,0) N

3¢" =5 =0

e’ =3
T = ln%

ie, at(n2,0)

the y-intercept occurs when z =0 . y =¢e"—3 and y = 3 — %
y=—2 ‘
=3-5
re., at(0, —2

( ) _ 5

ie, (0,-2)
b a z—+oo f(z)— +0 as x— +oo g(z) — 3 (below)

x— —oo f(z) — —3 (above) z— —oco g(z) = —o0

€ f(z) and g(z) meet when e —3 =3—5e "
e?® —3e” = 3¢ -5 {xe®}

o€ —6e"+5 =0

(e"=5)(e"—1) =0
ie, when e® =5orl

z = In5o0r0

when z=1In5, f(z)=e""-3=5-3=2
when z =0, flz) =e"—3=1-3=-2

f(z) and g¢(z) meetat (0, —2) and (In5, 2)

EXERCISE 23C
1 a y = In(7x) or y = In(7x)
y=In7+Inz Cody 7 <—f’(m)
@:04—1 de Tz «— f(x)
dzx T 1
_1 Tz
Tz
b y = In(2z + 1) < y = In(x — 2?)
dy 2 — fl() . dy 1 -2z « f'(z)
dr = 2z +1 « f(z) ode T oz —22 — f(x)
d y=3-2nz e y=az?lnz
@:0—2@) R QT R <l>
dz x dx T
=2zlnz+z
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Inx
f VS o
! 2 1 2
dy _ (E) z — Inz(2)
dz (2z)?
_2—-2Inz
T 4a?
_1-Inz
T 22
h y = (Inz)?
dy 1(1)
2 — 911 -
dx (Inz) T
_ 2Inz
Tz
] y=¢e¢ “lnx
% = —e "lnzx+e” <—>
=< e g
x
I y = e
Inz
iy Llngﬁ—%/f(%)
dr (Inx)?
Lo 2
v z
B (Inz)?
~ Inz -2
" Vz(lnx)?
n y = xlndz
dy 1
&~ 1n4 -
de 2z " ac—i—\/i( )
. ln4x+i
2z x
a y = zlnb
dy
—= =1
e nb
4 y = In(z? + x)
dy _ 4a® +1
de ~— zi4x

y = VInz = (Inx)
= %(lnaz)f%(

&y
dx

dx

<
I

<
Il

dz

—0-4
* 1

= ln(mz—f—l)—l—x(

= In(z®+1) +

=e’lnzx

ex
e“lnz + —
z

N[

8=

)

1
22vInx

= /zln2x

1

== = ln2x+\/5<%>

PN
In 22 1

NN

=3—4In(1 — )

-1
—x

4
1—2x

= zln(z? 4+ 1)

1)
2+ 1
212
2 +1

In(z*) =3Inz

8 |w

493
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e y

]
dx

[In(2z + 1)}3
3[In(2z + 1)) x 2$2+ ;
6 [In(2z + 1))°

2+ 1

In (l) =In(z™h)

T
—Inzx

In(e®\/T)
Ine® + In z3

Ine® + %lnx

= x+%lnm

dz

dz

1,1

1412 =
+2m 2z

r+3
r—1

In (25)

In(z + 3) — In(x — 1)
1 1
z+3 z—-1

In ((330 - 4)3)
3In(3z —4)
3
3z —4
9
3z —4

3 X

dx x?
_ 1—In(4x)
= .
y = In(Inx)
dy _ 3
dr  Inx
1
~ zlnz
1
v= (2x +3)
= —In(2z +3)
@7_ 2
der ~  2x+3
y = In(zv/2 — x)
:1nx+ln(2fx)%
:lna:—&-%ln(Q—a:)
dy 1 1( -1 )
dr 93+2 2—x
ot
Tz 22-2)
z2
y—ln<3x
= Inz? —In(3 — 2)
=2Inz —In(3 —x)
y _ 2 1
dr = 3-=x
21
Tz 3-=x

f(z) =In (m(mz + 1))
Inz + In(z? 4 1)
1 2z

z 221

f'(=)
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2 3
i f(@)=Ih <1w4_-§m) j f(z) = In <(2_‘T—3m)2>
:ln(a:2+23:)—ln(:c—5) =3lnz—2In(2 — 3z)
L 242 1 3 _3
@) = S - — L@ =2 -2(5)
36
z T2 8
K ﬂ@—m<ﬁ%%0 l ﬂ@—m<ﬁi%?lﬁ>
= %ln(z +1)—Inz — In(z + 2) =In(z+1)+1In(2z - 1) — ln(3x2)
, 1 1 1 1 . , . 1 2 6x
(@) 5(30—&—1)757954—2 A GO d v S
1 2 2

x+1+2x71 x

a y=2" dy = e?"2 x In2 b y=2a" dy = "% xIna
In2\x dz Ina\x dz
= (e™?) = 2%In2 = (e™?) =a"lna
— ezan — ezlna.
flz)=In(2z —1) -3
a when y =0, In(2z —1) = 3
20 —1 = ¢*
20 =¥+ 1
3 3
z =S ;_1 = 10.54 i.e., the x intercept is e+l
b f(0) =In(—1) cannot be found as In(—1) is not defined. .. there is no y-intercept.
2 2
! = — : ! 1 = — = 2
¢ F) = g ) = g

slope of tangent = 2

o

In(2z — 1) has meaning provided 2 —1 >
ie., 2x >
T >

o= = O

f(x) has meaning provided z > 3
f(@) = 20— 1)
f'(z) = =22z —1)"22 =

—4
2z — 1)2

provided f(z) has meaning ie., provided z >3, f’(z) <0

f(z) is always concave down for = > 2

L
2

t 0},
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6

a f(z)=zlz

f(z) is defined provided Inz is defined ie., z >0
1
b f(z) = zlnz Let u=xz, v=Ilnz, v =1, v= o
fi(z) = )nz+= (l) {product rule}
x
=lnz+1
which is 0 when Inz = —1
ie, z =c¢e"!
ie, x = l, and f (l> = Zlne t=—-=
e e
Sign diagram of f'(z) is: _ LA,
. .. 1 . Inz . 1
there is a local minimum at (—, — —). ie., the smallest value of — is —.
e e z e
. Inz , 1 ,
7 Consider f(z) = — Let u=lnz, v=2 u = - v =1
1
(—) z —Inz(1)
fl(z) = xT {quotient rule}
_1—-Inz
=—
Now f'(x) =0 when 1—Inz =0
Inx =1 ! 1
r =e', and f(e):E:—
‘ e e
Sign diagram of f'(x) is: = e —
g g : 0 / . \
. . . 1 . 1 Inx 1
-, there is a max. turning point at (e, Z)’ ie, f(z) < - for all z, i.e., — < - for all =

and the sign diagram of f'(z) is:

f(x) has a minimum turning point at (1, 1 —In1), i..,

(1, 1)

f(1)=e"' ie., the point of contact is (1, l)
e

8 f(z) =2z —Inz
, _ _l_ r—1
fla) =1- 2=
f(z) > 1 forallz >0
z—Inz > 1
ie, Inz <x—1 forallz >0
EXERCISE 23D
1 fl@) =€
Now f'(z) = —e™®
F1) = et =

tangent has equation

%1 and is the slope of the tangent at (1, é).

1
y— =
e
r—1

=—(@-1)
= -—z+1

1 2
=2 or y=——zx+ —

€

(&
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2 y=In(2—=z), sowhen z = —1, y=1In3 ie., the pointof contactis (—1, In3).
dy -1
Now el S
when = = —1 dy = . = —1 and is the slope of the tangent at (—1, In 3).
* dx 241 3 ’
tangent has equation y—In3 _ 4 ie, 3(y—In3) = —(z+1)
x+1 3 ’
3y—3In3 = —x—1
ie, z+3y =3n3-1

3 y=2a%"% sowhen =1 y=e, ie, thepointofcontactis (1, e).

Now dy = z%e® + 2ze®
dx
dy .
when z =1, T e+ 2e = 3e and is the slope of the tangent at (1, e).
i
. y—e .
the tangent has equation T = 3e ie, y—e = 3e(x—1)
y—e = Jex — 3e
y — 3ex = —2e
ie, 3ex—y = 2e
Cuts the z-axis when y =0 o 3exr = 2e ie, T = % ie., at A(%, 0)

Cuts the y-axis when z =0 ie., —y=2e ie., at B(0, —2e)

 y=Inyzr . when y=-1, —1= %lnm
= Inz? SooInze = -2
= %lna} r = 6_2
1 . . . 1
T = = i.e., the point of contact is (e_Z’ — 1)
dy ! 1 1 dy 1 e
Now —= =1-=— . a (5 —-1), == ==
WV 2x 2z a (62 ) dr  2e~2 2
e? 2
the tangent has slope = 5 and the normal has slope = ——
e
. 1 2 . 1
the normal has equation yrl _ 2 ie, Ey+1)=2(z— =
1 52 62
ro g

2
ey e = —2r+ —
e

2 2 2
2m+e2y:—62+—2 or y=——z+——1
e e e
5 y = ¢e*
When z = a, y=-e€% ie., the pointof contactis (a, e®).
d d .
Now d_y = ¢e” and so at (a, %), d_y = e and is the slope of the tangent at (a, e%).
e e
y—e*
the tangent has equation =e* e, y—e® =e*(z—a) ... *
x—a
if the tangent is through the origin, (0, 0) must satisfy s 0—e* =e*(0—a)
. —e? = —ae®
e*(a—1)0 =

So the equation of the tangent is y—e =er—e ie, y =exr



498  Mathematics SL, Chapter 23 — DERIVATIVES OF EXPONENTIAL & LOGARITHMIC FUNCTIONS

6 a f(z)=Inx is defined forall = > 0.

1
b fl(z) = - whichis >0 forall = >0, .. f(z) is increasing on z > 0.
f(z) = 272 = ;—21 whichis <0 forall >0, .. f(z) isconcave down on z > 0.
C At =1, 1 =Inx
15) v X
(e,l) S, =e =e,
1 x i.e., the point of contact is (e, 1)
dy 1
d —=-—
\ e I x
dy 1
t (e, 1), -2 ==
at (e, 1), - =<
1 .
the slope of the tangent is gy and the slope of the normal is —e
. ooy —1
the equation of the normal is penpibe il N A 1= —e(x—e)

y—1= —ex+e?
ex+y=1+¢?

7 y=3¢e" and y=2+¢€" meet when 3¢ =2+¢€"

s 3=2e"+¢e* {xbye"}
e 42" —3 =10

(e +3)(e*—1) =0
e® = —3orl {as e” >0}
x =0 {as e® >0}
and when z =0, y=3e’=3
When y =2+ €°, Y _ - at (0, 3), Y _ 04
dx dz
i.e., the slope of the tangent is 1
and 1 =tan6# where 6 is the angle between the tangent and the z-axis, .. 6 =45°
When y =3e” 7, g—gyg = —3e " . at (0,3), % = -3
and tan¢ = 3 where ¢ is the angle between the tangent and the z-axis
¢ = tan™! (3)
= T1.57°
angle between the tangents = (180 — (71.57 4 45))° fo 3
= 63.43° '
0 AN S
) f
8 a W=200e"
i When t=0, ii When t¢=1, iii When t=11,
W =200 g W = 20064 W = 200e?
) 200e% 7
= 200et = 4234 ¢
= 200e"%°

=256.8 g
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b When W =1000, 200e? = 1000
e% =5
% = Inb
t = 2Inb
t = 3.219
ie, t = 3 hours 13 min
< W = 200e? i when t=0,
aw t aw
W:%wooez W:100xe°
— 100e% = 100 g/h
d b W (grams)
200
t (hours)
Y
a W =20e" andwhen ¢=50hours, W=10g
20e %% = 10
675019 — %
—50k = ln% =—1n2
k= &In2=0.0139
b i When t=0, ii When t=24,
W = 20e~** W = 20e24*
= 20e° — 20e— 243
W =20¢g = 1434 ¢
€ When W=1g, 20e” B Xt = 1
et = 0.05
In2
— =2 %t =1n0.05
50 "
, _ —50In0.05
In2
d dd_V;/ i When ¢ =100 hours,
dw —201In2
_ —kt 1 - —21ln2
=20e77 (k) di ( 50 )e
_ (,goln_2) o« o 2Rt = —0.0693 g/
50
e W_ —k(20e~*t)

dt

ii when t=2,
WV 100 x
dt
= 100e
— 271.8 gh

fii When t =1 week
= 7 X 24 hours
= 168 hours

n 2

W = 20e~168%5
=1948¢g

= 216.1 hours
ii When ¢ = 1000 hours,

dw (—201112)6,21“2
dt 50

—2.64 x 1077 g/
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10 T =5+95e % °C
a 7T =20°C when t=15
20 = 5+ 95e 5%
15 = 95¢ 1ok
In(32) = 15k
,_n(®)
—15
ie, k= 0.1231
d—T = —95¢ Rt x k

= —11.6902¢ 01231

i When t=0,

dr
- = _11.
T 69

temperature is decr-
easing at 11.69°C/min

b When t=0, % = 0+ 95e F(—k)
T = 0
5+ 95e — (95¢M)k
T =5+95
= 100° C ur = —k(T' -5)
- T —
7 o 5
When ¢ =10, ili  When t=20,
% = —11.6902¢ 1231 ar = —11.6902¢ 2462

= —3.415 = —0.998

temperature is decr-
easing at 0.998°C/min

temperature is decr-
easing at 3.415°C/min

11 H(@)=20In(3t+2)+30 cm, t>0
a Planted when ¢t =0
H(0) =20In(2)+ 30
= 43.86 cm
b When H=1m=100cm c ﬂ:ixi’)
dt — (3t+2)
201In(3t 4 2) +30 = 100 60
201In(3t +2) = 70 =312 cm/year
In(3t +2) = 3.5
3t+2 = 3° i When t=3,
3.5
3t =e" -2 ai _ 80 . 5454
235 _ dt 11
t = years it is growing at 5.45 cm/year
t = 10.37 years il When t=10,
dH 60
— = —==1.
dt 32 875
it is growing at 1.88 cm/year
12 A=s(1—e "), t>0
a When t=0, b When t=3, A=5 and s=10
A=s(1-¢ 5 =10(1—e %)
= s(1—1) 05=1-e?k
=0 e =05
o3k — 9
3k =In2
= %1n2

k = 0.231
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¢ When t=5 and s=10 d Now % = sk (e‘kt)
% = ske "kt =k (Seikt)
5 okt
=10 (4n2) (e*%mz) = —k (=se™™)
= —k(A—>5s)
= 0.7278 units/hour dA
. — x A—3s
dt
e.’l:
13 f@)=%

0
. . . . . e .
@ No z-intercept since e” #0, ie., f(x)#0, andno y-intercept since n is undefined.

b as z— +oo f(z) - o0, andas x — —co f(z) — 0 (below)

e’z —e”(1)  e"(x—1)

¢ By the quotient rule, f'(x) = 3 with sign diagram:
x

= —
el - \ 1 /+
and when z =1, f(x):T:e - " -

local minimum when = =1

i.e., local minimum at (1, e).
Note: Vertical asymptote exists at = = 0,

ie, as x — 0 (from above), y — +oo, as x — 0 (from below), y — —o0

e —1
d e Now fi(z) = 2&—1)
x
N S
1 (=) = ———L =1
(1,¢) F(=1) = -
- i 2
.. slope of the tangent is = ——
vertical asymptote €
x=0 et 1
and when z=-1, y = — = —=
1 -1 e
Y- (7_> 2 vte 2
equation of tangent is m——(—(i) == ie., oy i ==

T

14 f(z)=—

eil‘
a Cuts z and y-axis at (0, 0)
b as z — +oo, f(z) —0 (above), as z — —oo, f(z)— —c0
(1)e* — ze”®
(e7)?

_e"(1—ux)
e®)?

¢ flx) =

{quotient rule}

(

+ p—
= -z which has sign diagram: / 1 \

er

1 . . 1
and when z =1, f(z)=—==-, . there is a local maximum at (1, —)
e e
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d S local max
(Le™
= X
axis intercepts
(0,0
2
e When z=2, f(2)= =
1-2 1 2
and the slope of the tangent = ool .. slope of the normal = e
2
equation of the normal is " _622 =e? ie, y— 62—2 = e (x—2)
2
ie., e2a:—y = 262——2
cuts the z-axis when y = 0 €
2 . 2
e’r = 262—6—2 ie., atx = 2_e_4
15 a flt) =1—e*
Ca a
f'(t) = ae™ = ot
for all positive a, f'(t) >0
there are no stationary points.
€ when a=1 fit)=1—¢?
flt)y=e
1) = —e

for all values of ¢, f/'(t) >0 and f”(t)<0 {e ' >0}

the curve is always concave down and f(¢) is always increasing.

16 a z(t) = 100 (2—6*%) =200 — 200”10 cm, >0
v(t) = 2'(t) = 710067%(71—10) =10e” 10 cm/sec
a(t) = '(t) = —%67% cooat) = —e~ 10 cm/sec?
b when t=0, ¢ when t=35,
z(0) = 100(2 — 1) = 100 cm 2(5) = 100(2 — e~ %) = 139.3 cm
v(0) = 10e” = 10 cm/sec v(5) = 10e~% = 6.065 cm/sec
a(0) = —¢® = —1 em/sec® a(5) = —e~3 = —0.6065 cm/sec?
d when =z(t) =150 cm e Now forall ¢>0,
100(2 — e~ 10) = 150 u(t) = 10e”15 >0 {as e T >0}
L 2-e =15 and a(t) = —e" 10 <0
e T =05 .. speed is decreasing for all ¢, and velocity
_% — n0.5 is decreasing for all ¢ as  a(t) < 0.
s, t=-10In0.5
ie., t = 6.93 seconds
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17 a s(t)=100t+200e % cm, ¢t>0 b When t=0,
v(t) = 100 — 40e” 5 cm/sec 5(0) = 200 cm
a(t) = 8¢5 cm/sec? v(0) = 60 cm/sec
a(0) = 8 cm/sec?
t
€ as t— +oo, €5 —0 d y _1
’ ’ t) (Cms =
v(t) — 100 c/sec  (below) Vo ( ) y=100
e  When v(t) = 80 cm/sec, 601/
100 — 40e~ ¥ = 80
—40e"F = —20 ~ 1 (sec)
et =05 V
L In0.5
5= .
t = —5In0.5
t = 3.47 seconds
18 a At) =tlnt+1, 0<t<5 b A®D) (5,5In5 + 1)
P 1 minimum
A'(t) = Int +t x n +0 {product rule} (e-1, 0.6321)
=Int+1 '/
which is 0 when Int = —1
ie, t=¢e! T t (years)
and the sign diagram of A’(t) is: - \ et / +
. . 1.
A(t) is a minimum when ¢ = o= 0.3679 years
i.e., at 4.41 months old.
19 a f@) = —ze ¥ f() = = e F (ca) = =t
x) = e , )= ——=e —x) = ——e
™2 77\/5 7r\/§
S 1
which is 0 only when # =0, and when z =0, f(0)=—=
/2
L — . . 1
and f'(z) has sign diagram: ha there is a local maximum at [ 0, ——
0 ™2
and the function is increasing for x < 0, and decreasing for = > 0
— 1 1.2
b f(z)= ——e 37" = —_ <fa:e*5z )
filz)=— 7 s
1" 1 _1,2 _ 1,2
Flz) = —— ((—1)e o | (Cq)e (—m)) {product rule}
™2
1 1,2, 4
= e 2% (2= -1
L @)
1 12 + — +
= e 2% (z+1)(x —1) which has sign diagram: «—~L—1 —»
72 ( ) ( ) gn diag - 1
When z=1, f(x)= Le’% - and also when = = -1, f(z)= L
’ 77\/5 TV 2e ’ TV 2e
1 1
there are points of inflection at 1, —— and -1, ——
P ( 7T\/26) ( 7r\/2e>
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€ as z—o00 e 2% 50 (above), d loca e b/ (x)
f(z) — 0 (above), (O’nﬁ) N
1 s non-horizontal non-horizontal
as x — —oo, e 2% — (0 (above), inflection inflection
f(z) — 0 (above) (’]n NS (l = 129)
- ’ x:
30 —x\2 ) , 4 30—z 1
20 C(z) = 4lnm+< — ) L 2>10 o Clx) = E+2<1—0) (=)
_ é 30—z
Tz 50
200 — (30 — x)
N 50z
200 — 30z + 2°
o 50x
P _ (z—10)(z — 20)
which has sign diagram: - + \ ¢ /‘+ > - 50z
10 20
the minimum cost occurs when = = 20, 1i.e., 20 kettles/day are produced
21 Let coordinates of D be (z, 0), where = > 0. .. the coordinates of C are (z, e’zz)
area ABCD = 2ze ™ * fl—A = 2¢~" 4 2ze~* (~2x) {product rule}
z 2
=2 " (1 — 23:2)
= 2 (14 +2z)(1 — v/2z)
+ —

and ﬁ has sign diagram:

/7N

o—/

dx
area is a maximum when x = %, and so C is <%, e_%).
22 P(z) = R(z) — C(z)
P(z) = [1000 In (1 + %.0) + 600} — [2(1.5) + 300]
= 10001n (1 + 0.0025z) — 1.5z + 300
, _ 0.0025 ) _ _ 2.5 B
() = 1000 (1 1 0.00252 = T7o00020
L. 2.5 3
which is 0 when m = 5
3+40.0075z = 5
0.0075z = 2
2
= ———— = 266.7 d P(266) = 410.83
¥ = 0.0075 and  P(266) =

P(267) = 410.83

|+ .
Sign diagram of P'(z): | / 267 \ -
0

to maximise profit, 266 or 267 torches/day should be produced.
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23 a y=oaz? (a>0) touches y=Inz when az?®=Inz
If they touch at = = b

then ab? = Inb ... (D)
Now if y = ax? andif y = Inzx
— = th —_ = —
then T 2ax en iz -
= -— = c.oat =b, — ==
at x =020, In 2ab at Tr b
and the slope of the tangent at = = b to the curve y = ax? is also the slope of the tangent
to y=Inx at =0, .. % =2ab ... 2)

b Now ab® =1 {from(2)}
ab®> = Inb {from (1)}
Inb = %

b=e? e, b=+ andwhen z=b=,/e, y=Inz=Ine? =1

Nl=

point of contact is (v/€, 1)

1 1 1
@= gz flom @)} TR 2
1 1 .
d The tangent has slope 2ab = 2 (2—> Ve = —= and passes through (y/e, 3
e e
y—3 1 1
tangent i = — . y-3=—=(z-
angent is  ~— e 7 y—3 7 (:c \/E)
1
Yy — % = %m -1
Yy = gje_% — %
24 Pty = —20000 " <05

1+ 1000e—0-5t"
= 50000(1 + 1000e%-5%)~!

T
—~
~+
=
I

—50000(1 + 1000e~ %) =2 (—500e ")
= 2.5 x 107e”"%*(1 + 1000e~***) 2

L . dP . .
Now the wasp population is growing the fastest when T is @ maximum.

Using technology, the graph of P’(t) can be drawn and the maximum obtained.
Maximum occurs when xz = 13.8155, ie., x = 13.81 weeks
25 f(t) = ate’ = (at) ebt’
F(t) = ae’ + ate® (2bt) {product rule}
= aebtz(l + 2bt%)

f'(t)is 0 when 1+2bt* =0 but ¢ = 2 at this point,
148 =0
b=—1
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f@) = atef%

and f(2) =1, 2ae"F =1
ae”3 = % and so a:%
REVIEW SET 23A
1 a Yy e +2 b Yy = 6—2 “
3 T v
= e where u=1z"+2 ) /
Now dy _uwv—w
dy _ dy du i
dz ~ dud
v u J;2 dy e® x? —e” 2z
" x 3 P
= 3z%e®
320542 _ze®(z—2)
= 3x‘e - 4
T
e (x—-2)
=——
) ) 1 . . 1
2 y=e and when z =1, y =e =e =-, point of contact is (1, —
e
Now dy = 2ze” "
dx
dy -1
t =1, = =-2
at e e
2
the slope of the tangent = —— and the slope of the normal = —
e
1
. Y73 e 1
equation of the normal is == e, 2(y—=) =e(x-1)
z—1 2 e
2
2 —— =ex—e
e
2ey — 2 = e’z — €2
2 5 e e 1
-2 = —2 = -7 — — —
e“x ey e or vy 2 x 3 + B
3  Graphs meet when e +3 =9 —¢e”

e* +3e” = 9" —1 {xe"}
e** —6e” +1 =0

et — 6+v36—14 V236_4:3:|:\/§:3:|:2\/§

z = In(3+2v2) or In(3—2v?2)

and y = eGT2VD 136122 or y="B2VD 1 3-6-_2,2

ie, graphs meetat (In(3+ 2v/2), 6+ 2v2) y=9 I /‘ y=e'+3

and (In(3 — 2v/2), 6 — 2v/2) (n6- 2436 242) ﬁ

ie, (1.76,8.83) and (—1.76, 3.17) \L (In@+22), 6+ 22)

4
e x
e’ e°
4 a f(z)::C_1 when 2 =0, f(:v):_—lz—l
and so the y-intercept is at (0, —1) no z-intercept exist as ej 1 #0

b f(z) isdefined forall z#1



Mathematics SL, Chapter 23 — DERIVATIVES OF EXPONENTIAL & LOGARITHMIC FUNCTIONS 507

e’(z—1) —e”(1)
G- 1P |
e’ (z —2) - =+

= —(x 1) and has sign diagram: -

¢ Now f'(z) = {quotient rule}

f(z) is decreasing for x <1 and 1 <z <2, and increasing for z > 2.

[ (2 — 2) + ¢* (V](@ — 1)* — " (2 — 2)[2(z — 1)']

f'(z) = @1 {product and quotient rules}
ez -2+ D](z — 1)°] — 2e%(z —2)(z — 1)
- (z —1)*
ez — 1)z —1)? — 2%(z —2)(z — 1)
B CESE
e’(x—1) [(x —1)% — 2(z— 2)]
(z —1)*
e“(x—1) [m272x+172m+4]
(z —1)*
T2
= % where the quadratic has A < 0
The sign diagram of f”(z) is: :—1—+> . concave down for all z < 1

and concave up for all x > 1.
y & 7 e Using € we have a local minimum at
2
@€  fas f(2) = 5 =}
y=é
the tangent at & = 2 is horizontal

‘N\ X andis y =e?
¥ x=1

H(t)=60+40In(2t +1) cm, t>0

a when planted ¢t =0 . H(0) =60+ 401n(1) = 60 + 40(0) = 60 cm
b 1 When H(t)=150cm, ii  When H(t)=300cm,
60 + 40In(2t + 1) = 150 o 60 440In(2¢ + 1) = 300
40In(2t+ 1) = 90 S 40In(2t+1) = 240
In(2t+1) = 8 =225 o In(2t+1) =6
%+1 = 2 L2l =€
o — 225 _ 1 o 2t=¢€5-1
t= L(e2% —1) ot =3(ef —1)
t = 4.244 years oot = 201.2 years
¢ H'(t) =40 (QtL-l-l) = %8—_21 cm/year

i When t=2  H'(2) =% =16 cm/year

ii When t=20, H'(20) =% =1.95 cm/year
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6 s(t)= 80e™T0 — 40t metres, ¢ > 0

a u(t) = —8¢~10 — 40 m/sec and a(t) = 0.8¢"T0  m/sec?
b When t=0, s5(0) =80 m v(0) = —48m/sec a(0) = 0.8 m/sec?
¢ as t— oo, e 10 — 0, .. wv(t) — —40 m/sec (below)
d Ay(r) mst e  when wo(t) = —44 m/sec

- > —8e"T0 — 40 = —44

—8e 10 = —4
_t
77777777777777777777777777777777 v(1)=—40 e"1 =05
—48¢— -5 =105
¥ t = —10In0.5
t = 6.931 seconds
7 Let the coordinates of B be (z, 0)
the coordinates of A are (x, e™ ")
area OABC = ze™®
dA
- = (1)e™® +z(—e™") {product rule}
=e (1—x)
- +
= 1 e r and has sign diagram: I
o /
has a local maximum when z = 1
1
andwhen z =1, y=1e ' = -

. 1
the coordinates of A are (1, —)
e

8 P(z) = R(z) —C(x)

2001n (1 4 0.01z) — (z — 100)* 4 800
0.01
2 [ —
00 (1 +0.01z
2

2(z — 100)
1+0.0lz 1
2 —2(z — 100)(1 4+ 0.01x)
1+0.01z
2 —2(z 4 0.01z% — 100 — z)
1+0.01z
2 — 0.02z2 + 200
1+ 0.01z
202 — 0.02z>
1+0.01z

dP

- ) —2(z — 100)*

which is 0  when

[2001n (1 + &) + 1000] — [(z — 100)* + 200]

0.022% = 202
z2 = 10100
z = /10100 {asz >0}
z = 100.49

1
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and sign diagram of ar is: 4%&%»
dz 100.49

maximum profit when z = 100.49
Now P(100) = $938.63 and P(101) = $938.63
maximum profit of $938.63 when 100 or 101 shirts are made.

REVIEW SET 23B
1 a y = In(z® — 3z) b y:hl(“;g)
x
y = Inu  where u=2z%—3z = In(z + 3) — Ina?
dy dy du
Now T = du o =In(z+3)—2Inz
N L% _ 1 2
_5(333 3) odr z+3 =
dy _ 32> -3
de ~ 23— 3z
2 y = In(z® + 3)
y =Inu where u=2x?+3
dy dy du 1
Now -2 =22 28 _2x29
ow dx du dx u>< *
@—2—96 and when = =0 @—0 i.e., the slope of the tangent is 0
de — 22+3 7 de T P ¢ '

Butat =0, y=In(0+3)=1n3
tangent is y =1n3 which does not cut the z-axis.

3 a e** = 3e” b e* —Te*+12 =0
e*® —3e" =0 s (e =3)(e"—4) =0
e(e®—3) =0 oo ef=3or4
e =0or3 . z=In3orln4
e® =3 {as e" >0}
z =1In3
L f(z)=e"-=z
a fllz)=¢€" -1 b as z— 400, e® — oo faster
which is 0 when e’ =1 thanz . f(z) — +oo,
ie, T = as r— —oo, € —0

Sign diagram of f'(z) is: X 0 A oo f(z) = —z (from above)
- +

andat =0, f(0)=e"—-0=1 d
A
there is a local minimum at (0, 1) 61" y=f(x
¢ fz)=¢€" 4

f"(z) >0 forall z

f(z) is concave up for all = X
~1 2

+  J y=—x
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e Since a local minimum exists at (0, 1), f(z) > 1 for all z.
eF—xz>1
e > x+1 forall x
2 3
5 a f(z)=In(e"+3) b f(z) =1In <%)
y=Inu where u=¢e"+3 5
dy  dy du = In(z+2)° —Inz
Jr  du dz = 3n(z+2)—Inz
1, N S
=, xe c f(a:)_x+2 -
e 3z —(z+2)
o T z(z+2)
, e ) , 2z -2
x —x 1
6 a 3e” -5 = —2¢ b 2Inz —31ln (—) =10
x
) 3 2z —5e* = —2 b T
) © c Dby e’ 2lnz —3In(z™') = 10
. 3 —=5e"+2=0
36 _ 9)(e® _ 1 0 2Inz +3lnx = 10
(e_)<e_3_2 ) 5Inz = 10
A Inz = 2
2
z=1Inzor 0 L op=e?
7 s(t)=25t—10Intecm ¢>1
a v(t) = 25— 2 cm/min
a(t) = 10t~2
1
= 10 cm/min?
{2
b when t=e, s(e) = 25e —10lne = 25e — 10 cm = 57.96 cm
v(e) = 25 — 1ch cm/min = 21.32 cm/min
10 CE -2
a(e) = — cm/min” = 1.35 cm/min
e
0 .
€ as t— +oo, - — 0, .. v(t)— 25 cm/min (below)
d (1) e when v(t) = 12 cm/min,
25 10
/’f 25 — - = 12
15
1t_0 =13
« > L -t = T2 minutes
v 4 8 12
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2 z?
C(z) = 10lnz + (20— E) =10lnz + 400 — 4z + —

100
, 10 T
= —-—— 4 —_—
¢ (m) T + 50
500 — 200z + 22
o 50z

which is 0 when 22 — 200z + 500 = 0

200 + /38000 . 95
2 -

ie., when x = 3 or 197.47

But z>50, z = 19747  and C(197) = 52.92

C(198) = 52.92

Now C”(z) = =102~ 2 + &, . C"(197.47) = —0.1(197.47)2 4 0.02 = 0.02 which is > 0

50°

minimum cost when z = 197.46 -« \ / +

i.e., need to produce 197 or 198 clocks/day 197.47




Chapter 24

DERIVATIVES OF TRIGONOMETRIC FUNCTIONS

EXERCISE 24A

Yy
dy
dx

sin(2z)
cos(?x)%(Zx)
2 cos(2z)
cos(3z) —sinz

—sin(3z) x 3 — cosz

—3sin(3z) — cosx

cos(3 — 2z)
—sin(3 — 2z) x -2

2sin(3 — 2x)

z

sin(2) — 3cosz

%cos (%) + 3sinz

4sinx — cos(2x)
4cosz + sin(2z) x 2

4cosz + 2sin(2z)

z2 + cosx

2x —sinx

e®cosw

e“(—sinzx) + e” cosx
e cosx —e”sinx

In(sinx)
cosx

sinx

sin(3z)
3 cos(3z)

dy
dx

dy
dx

sinx + cos T

cosz — sinx

sin(z 4+ 1)

cos(z + 1)%(.@ +1)

= lcos(z+1)
= cos(z +1)

tan(5x)

_
cos?(5z)
_5
cos?(5x)

X 5

3tan(mzx)
ot
cos?(mx)
3m
cos?(mx)

X

tanx — 3sinz

—3cosx

cos? x
e “sinx

—e Tsinx + e “cosx

e tanx
1

2e%* tanz + *® x 5
cos? x

2z
2e%* tanz +

cos? x
cos(5)

1

= —5sin(3)
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dx

—= = 1(cosx)

= 3tan(2z)

1
= ——— X2
3% cos?(2z) x
_6
cos?(2z)

sinx

T

z(cosz) —sinz x 1
2

xT

xrcosx —sinx

x2

= sin(z?)

= 2z cos(z?)

= 4/COST

= (cosz)

N=

~% X (—sinx)

sinz
2 /cosx

= COS3 T

= (cosz)?

—= = 3cos’x x (—sinz)

. 2
= —3sinxzcos” x

= cos(cos z)

= —sin(cosz) X (—sinx)

= sinz X sin(cos x)

1
sinx
= (sinz)~

1

—Z = —1(sinz)”? X cosx

COS T

sin?

dzx

Yy = TCOSZ
dy

T 1 x cosz + z(—sinz)

= cosx —zsinz

y = xtanzx

d 1
&9 _ 1 xtanx +x X

dx cos?

— = tanzx +
dx cos?

1

— — ——sin(va)

eNE

= sin’z

= (sinx)?

= 2sinxcosx

= cos z sin (22)

= cos®(4z)

= (cos (42))*

= 3(cos(4z))? x (—4sin (4z))
= —12sin(4x) cos®(4x)

1
cos(2x)

= (cos (2z))~!

2sin(2z)
cos?(2z)

—1(cos (2)) ™2 x (—2sin (2z))

(—sinz) sin (2z) + cos (2 cos (2x))

—sinz sin (2z) + 2 cos x cos (2x)



514 Mathematics SL, Chapter 24 — DERIVATIVES OF TRIGONOMETRIC FUNCTIONS

2 8

k = — I = —— =381t )|
4 sin?(2x) y tan3 (%) [ an (2)]
— 2(sin (22)) 2 y . 1
dy d—y = 24 [tan (%)} *x % X ——
—= = —4(sin(2z))"® x 2cos(2x) r cos? (%)
8 cos(2x) =
= —— T o
sin®(2x) cos (5) tan (5)
2 3 4
4 a If y=sinz, then j—z:cosx, %zfsinx, %:fcosx and %zsinx
b  Successive derivatives will cycle through the pattern, —» Shx ~
d™y ) —Cosx cosx
S0 T may only take the values found in a. ¥ —dnx <
5 a If y = sin(2z + 3), then dy _ 2cos(2z +3) and @ = —4sin(2z + 3)
v= ’ dr dz?
d*y . .
Tz T 4y = —4sin(2z + 3) + 4sin(2z 4+ 3) =0
b If y = 2sinz+3cosx
then 3’ = 2cosz — 3sinz
and y” = —2sinxz — 3cosz
Yy’ +y = —2sinz — 3cosx + 2sinz + 3cosz =0
cosx
c = —
1+ sinz
dy _ (—sinz)(l +sinz) — cosz(cos z)
dr (1+sinz)?
_ —sinz — sin®z — cos®
(1+sinz)?
= (I:__S—liu;)xz {as sin’z +cos®z =1}
_ (1 +sinz)
(1+sinx)?
S
1+sinz
Since _—1 never equals 0, there are no horizontal tangents.
1+ sinz
6 a y = sinz b y = tanzx
dy dy 1
dw dr  cos’z
At z = 0, the tangent has slope s at x =0, the tangent has slope
cos0=1 1
. y—0 —-=1
the equationis —— =1 cos?0
e, y=ua so the equation is -0 1

ie, y==x
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7

1
4 dy =cosr andat x =%, y= @ d y= Sin (22) = (sin (2z)) !
v
dz e % = —1(sin (2z)) ™2 x 2cos (2z)
At z=%, y= @ and the tangent _ 2 cos (2x)
has slope —sin% = —1 (sin (22))2
the normal has slope 2, At z = 7, y=1 and the tangent
3 2cos §
so its equation is Y 2 =2 has slope  ———=5 =
r—Z (sm 5)
ie. y— @ =2 the slope of the normal is undefined,
so the normal is =z = Z.
ie. 2x—y:§—§ 4
dd .
d = 9.3+ 6.8 cos(0.507t) m S —6.8sin(0.507t) x 0.507
= —3.4476sin(0.507t)
a When t=28, % =2731>0 b When t =328, the tide is rising at the
the tide is rising. rate of 2.731 m per hour.
a V(t) = 340sin(1007t) b V(t) isamaximum when sin(1007t) = 1.
. ij_‘t/ = 340 cos(1007t) x 1007 This occurs when 1007t = 7, and at this time,
= 34000 cos(100mt) % — 34000 cos(100mt)
When ¢ = 0.01, = 340007 cos(%)
ﬂ — 340007 X cos = 0 units/second
= —34 0007 units/second
@  The distance from A(—=z, 0) to P(cost, sint) is fixed at 2 m.
(cost + z)* 4 sin® t = 22
(cost + z)* =4 — sin®¢ P
2
x+cost = ++/4—sin’t 1
t
since >0, x=+/4—sin’>t— cost A B3 o)
Now Ccll—f = 1(4 —sin? t)_% (—2sintcost) +sint
—sintcost .
= ———— +ssint
V4 —sin’t
i When t=0, il When t=1%,
sint=0 and cost=1 sint=1 and cost=0
dx dx -
E:O—I—O:O EZO—FsmE:l

iii When t=2,

. _ A3 _ 1
sint = 5> and cost=—3
3 2 -7
dt /4_Z
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10 a If y=sinz then ﬁ:cosx
dx

Stationary points occur when Z—z =0, ie, when z=7% 37
3
Sign diagram for dy is: | + - \ 2 /+ |
dx | / \ |
0 2 2
Local maximum at (3, 1). Ay
Local minimum at (2%, —1). local max.
(2,1)
1 .
y=sinx
w\/Zw ;c
, % -1)
local min.
dy .
b If y=cos(2z) then 2, = “2sin (2z)
j—i =0 when —2sin(2z) =0
sin(2z) = 0
2x = km for any integer k
, ot
2
z =0, g,ﬂ',%rOI'Qﬂ' for 0<xz<2m
. . dy . FEP D]
Sign diagram for T 1s: 2 - 2 X
0 2
Local maxima at (0, 1), (m, 1), (2=, 1). Ay

(0,7 (7, 1) (2, 1)
1 Max. max. max.

AN
-1\./ \Sj/\yCOS(Zx

Local minima at (%, —1), (3£, —1).

) (3.-1)
Y mln min.
.2 dy . .
¢ If y=sin“z then T 2sinx cosx = sin (2z)
dy .
i 0 when sin(2z) =0
x
ie, when z =0, 3,7, 377’ or 2 for 0 <z < 27
{using b}
. . dy . + - + -
Sign diagram for —= is: | X A [
“ VNS =N
s s
0 2 T Vo

Local mimima at (0, 0), (w, 0), (27, 0).

Local maxima at (%, 1), (2, 1).

(0,0) (7, 0) 2w, 0 x
min. min. min.
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1

11 a f(x)= p— for 0<z<2n b f(z) = (cosz)™!
/ _ —20_
f(z) is undefined whenever f@) = .1(cosm) (=sinz)
cosz = 0 = s1n2x
. . cos?
Le., r = 3, 5
f'(x) =0 when sinz =0
ie, © =0, m, 27w
. . dy .
Sign diagram for —= is:
dx
+ -
x
K
0 2w
Local minima at (0, 1), (2w, 1)
Local maximum at (7w, —1)
1 1
C = d k =
f(:IJ) COsS T 7 7 COSx
1 s s 57
o) = —— x=—3 x=3 xX=>
[z +2m) cos(@ 1 27) 2 1 2 2
_ 1 () @ 1)
cos & - >
I I G X
= f(x)
ie.,, f(z) hasa period of 2. x = 3*;
v
12 If y = sin(2z)+2cosz
then % = 2cos (2z) 4+ (—2sinz)
x
= 2[1 — 2sin®z] — 2sinx
= 2—4sin’z — 2sinz
At the stationary points, % =0. o —4sin®z —2sinz+2 =0
2sin’z +sinz —1 =0
(2sinz — 1)(sinz+1) =0
sinx:% or sinz = —1
r=% 5% orx =21
Sign diagram for dy is: l Ll W /+ | x
du Fa\ sx for |
0 6 6 2 27
; m 3V3
Local maximum at (g, =5>). Y ocal max.
Local minimum at (2, —%). , (5. %) 2, 2)
Stationary inflection at (3£, 0).
h ™ \ 2w X
-2 (%.0)
5r -3/3 stationary inflection
(5. 72")
v local min.
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13 z(t) = 1—2cost cm
v(t) = 2'(t) = 2sint and a(t) = v'(t) = 2cost
a When t=0 b Whent=12
z(0) = 1 —2cos(0) z(§) = 17% =1-—+v2cm
= —1lcm 5
(%) = L cm/s = V2 emi/s
v(0) = 2sin(0) * ‘f )
— 0 cmls a(f) = 7 cm/s = /2 cm/s
a(0) = 2cos(0) The particle is (v/2 — 1) cm left of
= 2 cm/s? the origin, moving right at V2 cm/s
. . . with increasing speed.
€ The particle stops momentarily before it ) o ]
reverses direction. Therefore we need to The parthe’s speed is increasing when
look for the points where the velocity v(t) =2 51.nt and a(t) = 2cost have
equals zero, i.e., when the same sign.
v(t) = 2sint = 0 Considering a(t) =0
sint = 0 ie, 2cost =0
t=0,m 21 (0<t<2m) cost = 0 ,
t = @ 3
Sign diagrams for v(t) and a(t) are: 22
ie, 0<t<% and 7<t< 3
+ ™ - 27 V([)
+ - - 5z + a(t)
2 2
The particle reverses direction at ¢t =0, w, 27 (0 < t < 27)
At t = O, 33(0) = —1lcm At t = T, SL‘(?T) =3cm Att= 27‘(', ;(;(27'(') = —1cm
EXERCISE 24B
1 Using the cosine rule in ABCO,
B¢ NC BC? = 10?2+ 102 — 2 x 10 x 10cos @
A . BC = /200 — 200 cos 0
r 6‘1 and XY = BC
¢} 2 _ py? 2
100cm 100 ¢m Now BY? = BX2 + XY {Pythagoras}
400 = BX* + (200 — 200 cos §)
X v BX® = 200 + 200 cos ¢
""""""""" BX = /200 + 200 cos 0

The shaded area is equal to the area of the sector plus % of the area of BCYX

A = 1(10)*0 + 2[BX x B(]
= 500 + 2/200 + 200 cos 6+/200 — 200 cos §
= 5060 4 2 x 200v/1 + cos0v/1 — cos @
= 500 4 150v/1 — cos? ¢
= 500 + 150sin 0
= 50(0 + 3sinf) as required
% = 504 150 cos @ = 50(1 + 3 cosb),
+ —
which is zero when cosf = —% The sign diagram of % is: i : I
do 0° /109.50 \ 180°

since 0 < 6 < 180, max A is when 6 = 109.5°.
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a A X D The triangles have height 10 cos § and width 10sin 6.
-, area A
= area of As + area of rectangle
0 09 = 2x 2 x10cosf x 10sinf + 10 x 10cosf
= 100sin 6 cos € + 100 cos O

1d cm

= 100cos6(1 + sin6)
dA . .
b i —100(2sinf — 1)(sinf + 1)
= 100(—sin A(1 4 sin ) + cos 6 x cos )
= 100(—sin @ — sin® @ + cos® 0)
= 100(—sin @ — sin? @ + 1 — sin” )
= —100(2sin? @ +sinf — 1)
= —100(2sinf — 1)(sinf + 1)
dA . .
E:O when 2sinf—1=20 or sinf+1=20
ie., sinf = % or sinf = —1
¢ Using b, % =0 when 0=2Z, %’T or 3.
. . dA . + ~ . .
Sign diagram for a5 s W so the maximum area is when § = & = 30°
o Y 3
% = cosf, .. PQ=2PX =4cosf

the time taken to row from P to Q is

4 cos b

hours
Now ¢ = 20 {angle at the centre}
But, arc length QRye = 24,
QRarc = 49:
. . 40
and the time taken to walk from Q to R is =
. 4 46
total time from P to R, T' = 5 cos 6 + =
dT .
¥ —% sinf + %
%_0 when zsinfd = f%
sinf = %
0 = 0.6435 radians
ie, 60 = 36.87°
. . dT . + - . . . . o
sign diagram of — is: i.e.,, the maximum time is when 6 = 36.87
do . ¥ 3687 "
[0} 90
and the maximum time is % cos 0.6435 + % x 0.6435
= 1.581 hours

= 1 hour 34 min 53 sec
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_ 2 a2 v
4 a tanf = AX and sinf = B /
S AX = 2 _ 2050 ang BX = _2 Lm B
tan 6 sin 6 sin 6
2m
L. L AX +2 2 /
! = —— = —_—
From the similar A’s, X = T AX 1+ x y 5 )
A 2m
2BX
L = BX+ —
+ AX

2
DY =
I — 2 (Sin9)

sin 6 (QCOSG)

sin 6

2 2 sin 6
L= sin 6 + 2(sin0> (2c039)

2 2 .
L = — + , as required.
sinf  cosf

b Now L = 2(cosf)™* +2(sinh)~*

L
Z—e = —2(cos ) *(—sinf) + —2(sinf)"*(cosh)
_ 2sinf  2cosf
" cos2f  sin’0
B 2sin® 6 — 2cos® 0
" sin®fcos?0
¢ Now %:0 when 2sin®6 —2cos®6 = 0
2sin® 0 = 2cos® 6
tan®@ = 1
tanf = 1
0 = 45° since 0 < 6 <90°
o dL . X o A . . .
Sign diagram of ¥ is: ", the shortest ladder is required when 6 = 45
0° 90°
and Linin = ==+ == =23+ 23 =4/2 m
V2 V2
5 cosa = 3 and sina = 4
a b
b 4m coa = 3 and b = .4
cosa sin a
a @ O Now L =a+b
a 3 4
. L —
3m a cos o + sin a
L = 3(cosa)™! 4 4(sina)™*
dL o, . . —2
o= —3(cos ) “(—sina) + 4(—(sina) %) cos a
o

3sina  4cosa
cos? o sin? a

3sin® o — 4 cos® o

cos2 asin? o
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3

[e%

tana = {/g and so o = 47.74°

COs @

Qa2

3

= 9.866 m

sin a

and 51 = 62

a+ (3
T m

(4

—z)m

r =5tana

4—zx

L
d— =0 when 3sina—4cosPa =0
da . .. 3
ie., 3sin”a = 4cos
tan® o = %
47.74°
Sign diagram of Z—L is: — "
« 0 90°
AB is minimised when « = 47.74° and L =
A 5m 2 Now a1 =
B Ty -
.. XB =
X 051 4m
-—B . tana =
B _
o F2 and tanf =
B 3m Z
Now tanf = tan(a+ )
_ tana+tanf
~ 1—tanatanf
T 4—zx
: _ 5 3
ie., tanf = —1 3 (4_ cc)
5 3
. 3x + 20 — bx
.., tanf = ———
be. tan 15 —z(4— )
tang — —20—2¢
o2 —dz+15

Differentiating both sides with respect to x

3

{multiplying top and bottom by 15}

{Chain and Quotient rules}

0 when 22 — 202 +25 =0

1 do —2(2% — 4z + 15) — (20 — 2z)(2z — 4)
cos2f dxr (22 — 42 + 15)2
1 df _ [-22% 48z — 30 — 40z 4 80 + 42® — 8a]
cos2 dxr (22 — 4z + 15)?
1 df _ [22° — 40z 4 50]
cos20 dr ~ (x2 — 4z + 15)2
do 5, [2% — 20z + 25]
Z_9 gz T T A9
dz cos (22 — 4z + 15)2
. . o do
Now by inspection, € < 90°, so — =
z = 13397 or

Sign diagram for g is:
dx

r = 1.340 m from A

+

0 1.340 2

0 is a maximum when x = 1.340 m from A

{alternate angles}

x = 18.660 (where 18.660 is not physically possible)
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7 a

a b

AP = cos 6 and BP = cos ¢
a b
AP = —
cos and  BP = cos ¢
Now L = AP + BP
a b

cosf  coso

L = a(cos®)™' + b(cos ) ™*

L L o w
75 = —alcos0) (= sin6) — b(cos ¢)*(—sin ) =
__asinf  bsing d¢ .
"~ cos?0 + cos2 6 df’ as required.
Now XP tan @ and YP _ tan ¢
. b
XP = atanf and YP = btan¢

XY =atanf + btan ¢
But XY is a fixed distance, so atanf + btan¢ is a constant,
ie., atanf+btangp = c

COSQ 7 ﬁ % =0 {differentiating with respect to 6}
b _do_ __a
cos2¢ df ~ cos20
dp acos? ¢ .
0= beod’ as required.

dL asinf bsin ¢ <—acosz¢>

a0 cos? 0 cos2¢ \ bcos?d

) {using b and ¢}

asinf asing

cos20  cos20

a(sin @ — sin @)
cos? 0

dL

0

i.e.,, when sin¢g = sin6

=0 when sinf—sing =20

Since % =0 when sing =sinb,

L = AP + PB s either a maximum or minimum when ¢ =0
0<¢p 0>¢

T N0 S

[ ' |

AP + PB is a minimum when 6 —¢ = 0
ie, when 0 = ¢

Sign diagram of % is:

it will be cheapest for the pump house to be located at the point such that 6 = ¢.
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REVIEW SET 24
1 a y = 10z — sin(10z) b y = sin(3z) cos(2z)
% = 10 — 10 cos(10x) g—z = 3cos(3z) cos(2x) + sin(3x) x —2sin(2z)
= 3cos(3z) cos(2z) — 2sin(3z) sin(2z)
d [ _op . d 1
< o (e smx) d o (ln (cos:c))
= _9 —2z _: —2z
26 sm:c+? cos T _ i(—ln(cosx))
=e “*(cosz — 2sinx) dz
S X (—sinx)
e y = sin(5z) In(2x) cos®
d 9 _ sinz
d_?; = 5cos(bz) In(2x) + sin(5x) x on cos T
sin(5x) = tanz
= 5cos(bz) In(2z) + >
2 y = rtanz
dy = lxtanx—l—xx;
dz cos?
Now cosf = === and tanf =1
d
ae=% y=F ad L-143
the equation of the tangent is v z =1+3
=7
=% =1+ 563
—o-Fte- %
2
y=0+3)z—%
2y = 2+ m)x — %2
2+mz—2y = 1—2 as required
3 a f(z) = 3sinz — 4 cos(2x)
f'(z) = 3cosz +8sin(2x) and f”(x) = —3sinx + 16 cos(2x)
b f(z) = 27 cos(4z)
fl(z) = %af% cos(4x) + x%(—4 sin(4z))
= %x_% cos(4zx) — dz? sin(4x)
and f"(z) = —%m_% cos(4zx) + %m_%(—4sin4m)) — |22 7 sin(4z) + 427 x 4 cos(4z)
= 7%x7% cos(4z) — 4z sin(4x) — 1622 cos(4x)
b 2(t) =3+sin(2t) cm, t >0 sec

a 2'(t) = 0+ 2cos(2t)
x'(t) = —4sin(2t)

z(0) = 3 cm
z'(0) = 2 cm/sec

2" (0) = 0 cm/sec®
initially the particle is 3 cm right of O, moving right at a speed of 2 cm/sec.



524 Mathematics SL, Chapter 24 — DERIVATIVES OF TRIGONOMETRIC FUNCTIONS

b 2/(t)=0 when  2cos(2t) =0 0, 1)
cos(2t) = 0
2t = % + km
t=Zorir {as 0<¢t< 7}
velocity sign diagram
[+ | - | + ] reverses direction at ¢ = %, :% 0,-1)
N 3|
0 4 4
c z(0) = 3, x(% :3—|—Sin(%):4
x(%’f):3+sin(3§):3—1:2 z(m) = 3 +sin(27) =3
total distance travelled = 1+2+1 =4 cm. _ | ) .5. o
D 0 234

5 a f(z)=+lcosz, 0<z<2rm

f(x) is meaningful when cosz > 0

>

ie, when 0<z < 7 and %’T <x <27
b f(z) = (cosz)? c
'(z) = L(cosz) % (—sinz 7
_ —sinz
~ 2y/cosz - ‘ — X
i [ . 3 2
f'(x) =0 when —sinx =0 2 2
ie., x = 0, 27 etc. . ‘ .
| L+ |
. . ! Tare i H . '
Sign diagram for f'(z) is: 0 % . 37:1 o
f(x) is increasing for 3L <z < 27 f(zx) is decreasing for 0 <z < 5
1
6 a y = xln(sinz) b y = (etan:") 2 = entans
dy . cos T d 1
— =11 —_— . Y _ _ttanz 1
dx n(Smw)—’_xsinm e ez’ XE(coszx)
= In(sinz) + Loos? Ltana
sinz _ e
2cos?x
cos(3z) dy -3 sin(3x)m% - cos(3:c)%x_%
C Yy = T d_ = T
xr2 iy x
. cos(3x)
-3 3z) —
- V' sin(3z) N
N x
7 a Using the cosine rule,

in A PQR, PR? =a?+ b? — 2abcosd
in A PSR, PR? =¢? +d? — 2cdcos ¢

Now a, b, c and d are constants, so differentiating with respect to ¢,

2absin 0 d—i = 2cdsin ¢
dd  2cdsing  cdsing

% " 2absinf  absinf

as required

a’® 4+ b% —2abcos 0 = ¢® + d* — 2¢d cos ¢
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b

(4

Area of quadrilateral, A = area of A PQR + area of A PSR
= %absin@ + %cdsin¢
% = %abcos@ % + %cdcosd)
cdsin ¢ .
= fabcos6 (absin@) + 1cdcos¢ {using a}
_ % d [cos.ﬁsmd) +cos¢>}
sin 0
= m(sin ¢ cos @ + cos ¢sin 0)
cd .
"~ 2sind sin(¢ +6)
dA . .
pri 0 when sin(¢p+6) =0 ie, when ¢—+6 = 2r
the area of PQRS is a maximum when the opposite angles are supplementary,
i.e., when PQRS is a cyclic quadrilateral.
@ The length of cable required
A — (PA + PB + PC) km
1 km-< i IfPisatM,then PA=PB=1km
M ON_P c and PC = 3 km
» = 2] 3km 5 km of cable is required
m il IfPisatC, then PA
5 = PB = V12 + 32 = /10 km
and PC =0 km
2+v/10 km of cable is required
. 1 1 1
Now sinf = - BP and tanf = P
1 1 cos 6
AP = BP = MP = =
sin 0 and tanf  siné
AP £ BP + CP = —2— 1+ (CM — MP)
sin 0
L = _2 +3— 9059 as required
sin 0 sin 0
Since L = 2(sinf)™' +3 — (tan6) ™!,
dL P . 1
B = —2cosO(sinf) ™% + (tan ) ~? x p—
_ —2cos? 1 cos®f
T sin?0 cos? 0 sin® @
_ 1=2cosf as required
~ sin%6 q
Ecll—g =0 if cosf = %, ie, 6 =% and sign diagram of Z—; is:

Then sinf = @

SO

the minimum length of cable is required when 6 = %

Lmin =

and tané = /3,

% 43— % = (3++/3) km as required
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9 a sinf = NA = 1
x x
L ac_12 = sin%6
0
AN oA 1= Bt
x
ul = in?
N X 8 cosfsin” 0
dl . . 2 .
b w7l V/8(—sin 0) sin? 6 + /8 cos O(2 sin  cos §)

= /8sin 2 cos® f — sin? 4]
= /8sin0[2(1 — sin” §) — sin? 6
= /8sinf[2 — 3sin>0)

dI
@:O when sinf = %,O<9<% + —
d 0 7N

and the sign diagram of 7 is:

Wl

=
S

the maximum illumination at A is obtained when sinf =

mzlz\/g 1

sin 6

Va? —NA? = /§ —1= -5 ie, the bulb is —5 m above the floor.

>
Il

€ cosf = E
T

I =

h
\/gcosﬂi\/gxz 7\/§h
= =—

2 2
Now z? =h%>+1
3
z® = (h2+1)2
_3
I =+Bh(h+1) 2
dl dh - -1 dh
= = — (R +1) 2 —28h (K2 +1 2(2h—)
= Ve () 2V8h (h* +1) it
_ dh 2 -3 2 (1,2 -5
= VB (1) 7% —an® (h2 1) ]
. dh _1
Particular case: L = —0.1ms™ ", and when A =1m
% = V3(=0.1) (2—% —3x 2—%) =0.05

the illumination is increasing at 0.05 units/second.

10 a s(t) = 30+ cos(nt) cm, ¢ >0 b  The cork is falling when v(¢) <0
v(t) = —msin(nt) e, 0<t<1, 2<t<3,etc
So, v(0) =0 cms ™t ie, 2n<t<2n+1 n=0,1,2,3, ...
v(3) = —moems™
v(1) = 0 cms™*
v(13) = mems™*
v(2) = 0 cms™!

sign diagram of wv(t): 0 1 2 3
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AREAS WITHIN CURVED BOUNDARIES

EXERCISE 25A.1
1 a Divide the region into strips of ty E
width £ unit. L y=x>f
0.8 D
00,0) A%, 5) B, 3) 0.6 e/
C(Z. ) DG 3 ELD 04 Ny
“7 02040608 1%

Now A< A1+ As+ As+ As+ As
044),  (F+3)
2 5 2

A< 55 (52)

A < 0.34

ie, A<

o=
+
L

and A = 0.34 is an estimate of the area

b  Divide the region into strips of Ay
width £ unit. 2
AL B D) CE 2 15
D3, 8) EG3.3) F2 3 1
05
3 1 2
Now A > A; + Az + As+ Ay + As
. (+3),, G+3), (3+3),
ie, A > 5 z 3 gt + 5 z
1 (1L, 65 , 75 | 85 | 19
A> G (F+B+8+H+R)
A > 0.6956
and A = 0.70 is an estimate of the area
2 a Using 10 vertical strips in question 1 @
0 1) 1 1 4\ 1 81 , 100) 1
(o), (b, | B+
100 " 100/ 10 100 " 100/ 10 100 " 100) 10
A< 5 + 5 + ..+ D)
11 5 13 25 41 61 85 _ 113 | 145 | 181
< 35 (106 + T8 * 105+ 705 + 166 T 106 + 105 + To3 T 165 + 103)
1 (670
< 3 (%)
< 0.335

and A = 0.335 is an estimate of the area

b Using 10 vertical strips in question 1 b

B+, F+8) 5
A > 5 + 5 o
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10 1 1 1 1 1 1
A>2_O((1_O+ﬁ)+ ﬁ'ﬁ‘ﬁ)-‘r ...... +(1—9+2—0))
1 21 23 25 27 29 1 33 35 37 39
>t (Aot tist s tom T a0 T 5 + 395 + 305 + 355)
> 0.693771

and A = 0.6938 is an estimate of the area

EXERCISE 25A.2
1 a B(2, 4) The lower bound is The upper bound is
' the area ACDE the area ABDE
C(2, 3.386) _ 2+3.386 244
AL.2) =T R
= 2.693 =3
E D
b  Without the tangent and using 5 subdivisions on [1, 2]
n=>5 Point | Coordinates
1 1, 2)
2 (1.2, 212)
3 (1.4, 244
4 (1.6, 219
5 (1.8, 2'%)
6 (2, 4)

Ap = 32 +3027) 4+ 32" + 321 + 3279
= 12+2" 2+ 2" 210 4 219)
= 2.690

AU — %(21.2+21.4+21.6+21.8+22)
= 3.090

€ Using the provided software: " AL Ay

10 2.786 55 | 2.986 55
50 2.86544 | 2.90544
100 | 2.87540 | 2.89540
500 | 2.88339 | 2.88739
5000 | 2.88519 | 2.88559

The upper and lower sums converge to 2.885 (approx.)

2 a y=1+¢" [0,1] choosing 5 subdivisions on this [0, 1].
Ap =02 (1+€") +0.2(1+€"?) + ...+ 0.2(1 + )

Point Coordinat,
Olm O(Z(r) "21;1 “ = 0.2 (5 4 (€ + €02 4 04 4 06 4 60.8))
—3 = 2.552
2 (0.2 142
3 (0'4 1+ 60'4) Ay = 0.2(1 + 60'2) + 0.2(1 —+ 60'4) 4+ el + 0.2(] + el)
4| (06, L+ = 0.2(5+ ("2 4+ 2+ 4 "5 4 et))
5 ] (0.8, 14 %) = 2.896
6 (1, 1+ehH
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b
n Ar Ay
100 2.70970 2.726 89
1000 2.71742 2.71914
10000 2.718 20 2.718 37
100000 2.718 27 2.71829

€ It appears that as t — oo both upper and lower sums converge to e,

EXERCISE 25B.1

Ay 4
y=x
1
- X
1
A
2 a
Ay
y=+x
2
- X
¥ 4
3 a \
4 y:w/l+x3
3
1
- X
2
v
4 a

n

where e = 2.71828
n AL Ay
10 0.15333 | 0.25333
100 0.19503 | 0.20503
1000 | 0.19950 | 0.20050
10000 | 0.19995 | 0.20005

Guess: Area = fol ztdr = 0.2

n Ar Au
100 5.29170 | 5.37170
10000 | 5.33293 | 5.33373

Guess: Area = f04 Vrxdr =53
5

=

n Ar Ay
100 3.22138 | 3.26138
10000 | 3.24111 | 3.24151

A good estimate would be the average

3.24111 + 3.24151
2

[Z VI T 23de = 3.2413

ie.,

n Ap Ay
100 3.13158 | 3.15158
1000 | 3.14059 | 3.14259
10000 | 3.14149 | 3.14169
1 4 3.14169 + 3.14149
Area = fo T der = >
= 3.14159
= 3.1416

(We suspect this is )
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5 Forthecurve y=vx2+2, y>0 for 0<z<5.

Using the software provided n AL Ay
100 10.15979 | 10.246 80
1000 | 10.19887 | 10.20757
10000 | 10.20278 | 10.20365
A good estimate is f05 2+ 2de = 10.202 78; 10.203 65 =10.203 22
6 a ty (3,13) b
P y=dx+1
5 :
p Al X
3 1 3
f3(1+4w)dw f2 (2—2x)dzx
1 -1
= area of the shaded trapezium = area of shaded triangle
:<5—;13>X2 =2(3x3)
—18 =45
y
¢ y=lxl d
1
I T
Y

i jl |z| dz = shaded area shown

Due to symmetry we need to only
consider the RHS.

fol |x|dx = area of a shaded A
=1(1x1)
= 0.5

[1lzldz = 2x05=1

y
0.2 a2

20 | @0 "

ff , V4 — z2dx
= area of semi-circle radius 2
% (7r X 22)

=27

y = VITF
f02 |z — 1| dz = 2f12 |z — 1| dz
{by symmetry}
=2x [$(1x1)]
=1
VA
t y:1+,m;;j,/—<&3>
(-2,1) 0,1)
20 j00
fi)z (1 + V4 - xQ) dx

= area of rectangle
+ area of quarter of circle with radius 2

=2x 1+ 3(mx2%)
=247
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EXERCISE 25B.2

1 a [} VEde = 4.667 b [} a"de = 0125 =1
[ (~vE)de = —4.667 J) (~2")dz = —0.125 = ~L
2 a fol ’dr = % b ff z’dr = % < f02 2’dr = § d fol 32%dr = 1
3 a f02 (3 — 4x)dx = —4 b f;’ (z° — 4z) dz = 61 < f03 (z° —dz) dz = 2%
b b
L a / —f(x)dx:—/ f(z)dx / f(z dac—l—/ f(z dm—/ f(z

and /akf(x)dx: k/a f(z) da

5 a fol ’dr = % b fol Vaodr =2

Jo @+ VE) de =1
this indicates that fol (112 +Vz)dr = fol 22 dx + fol vz dr

n

b b b
and in general / f(z)dx +/ g(z)dz = / (f(z) + g(x)) dz

EXERCISE 25B.3

1 a [ f@)de=2+3+15 b [ f@)de = —(3+3+3+2)
= 6.5 = _9
¢ [ f@)de =15-15 d [ f(z)dz =65-9
—0 = 25
2 a [ f(z)dz = in(2)? b [} f@)de = —(2x2)
— 27 =4
¢ [0 f)de = in(1)? d [0 fe)de =2m+(-4)+ 2
=z :57”_4
38 [Hi@de ] @) b [ g@)det [} g(w)de+ [ g(e)da
= J; f@)da = I} 9()d
L a fl da:+f3 dx—fl
[3 fa)de = [0 f dm—fl =(-3)-(2)=-5
b fo dz—!—fz dm—|—f4 dmffo dz
fz flx)dz = fo dx_f4 ) dx _fo

(7) = (=2) - (5)
T+2-5
4
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REVIEW SET 25
1 a Ly p \/E
1 1
2 1.5 | 1.2247
y=vx 2 | 14142
1 2.5 | 1.5811
. 3 | 17321
- T YR 35 | 1.8708
' 1 2

b A, =05(1+1.2247 4 1.4142 + 1.5811 + 1.7321 + 1.8708)
= 0.5(8.8229)
=4.411

2 a A is the upper half of a circle centre (2, 0) and radius 2.

(x =2 +(y—0)p = 2° so, y=viz—a2 ( \
(-2 +y* =4
g =4- (@2 or y=—vi—# \_/J
y2:4—x2+4z—4
y? = 4w —2? . required equation is ya = 4z — a2
y = Iz =27

b Now B is the lower half of a circle centre (5, 0) and radius 1.
(x -5+ (y—0)> = 1°
(z-5)"+y* =1
y? = 1—(z—5)°
?=1-2°+10x —25
. +/10z — 22 — 24
yp = —V10z — 2> — 24

<
S
[

C f04 yadr = %71’7"2 where r =2 ff ypdxr = —%7’1’7"2 where r=1
= 37(2)? = —57(1)?
=27 =-Z
6 4 6
d o fl@)dz = fo yAd;L'+f4 ypdx
= 2+ (-1)
_ 3
2
3 a From the graph, by

area AOBX < area under the curve < area OXYZ z

im(l) < fow sin z dz < m(1)

. s .
ie, 7 < fo sinzx dx <7

o
SIE}
B
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b If we partition the diagram into triangles as shown: y
Areal = 1 (%) (@) — =2 1 4
Area 2 = T¥2
Area 3 = I x @ = WT\@ 1 3 2 .
Area4:%(§)<1_§>:%(l_§> 0 z z %n 7

This total area is just less than the area under the arch

and total area :"1—\25+”1—\25+“T\/5+§(1_§)

_ 72472 +44n/2 4 —27V/2
16
_ 4dn4dny2
16
_ mtmV2
4
= Z(1 4 v/2) units®

L a f04 f(z)dz = area of triangle + area of 1 circle
= 1(2x2)+ in(2)?

=247
b | 46 f(x)dz = — area of triangle below z-axis
=—-1(2x2)
= -2
6 4 6
4 fo f(z)dz = fo f(z)dz + f4 f(z)dzx
= (2+4+m)+(-2)
=T
5 a y b
2 Vi
/_\ 2 A B
= 4 " x _ ~)C _
\ 4 x
\ Now area AAOC < shaded area < area ABCD

12x4) < [l LVI6—a7dr < 2x 4
1
2

4< [PLVI6—2%de < 8
8 < [ VI6—aZdr <16 {(x2)}

6 Using technology
a f02 23de =4 b f13 z2dx = 20
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INTEGRATION
EXERCISE 26A
1 Y velocity (m/s) Total distance travelled
) = area A + area B + area C + area D
2 \ :%(5x6)+(¥)5+5x8+%(5xs)
2 /A B C D\ ) =15+ 35+40+ 20
5 10 15 20 - MO —110m
2 @ i The graph above the t-axis indicates
30 velocity (kmvh that the velocity is positive and the
60 car is travelling forwards.
40 . L
20 / \ ) Il The graph below the ¢-axis indicates
- > that the velocity is negative and the
—20‘ 01 02 03 04 05 06 0.7 car is travelling backwards.
b Final displacement = area above the t-axis — area below the t-axis
= (% +01+%)60— (% +01+%)20
=12—-4
= 8 km from the starting point in the positive direction
3 fvelocity (kn/h)
40
30
20
10 C D E
Y 2 4 6 8 10 12 14 16 18 20
t (mins)
Total distance travelled
= area A + area B + area C + area D + area E {the factor 6—10 ac-
40 + 30 counts for the fact
_ 1|1 L
" [2(3 x 40) + (40 x 4) + ( : ) 14 (10 x 30) + 1(2 x 30)} e
= 2160 + 160 + 35 + 300 + 30] in minutes while
the speeds are in
=9.75 km km/h}
L - bW Total consumption of electricity
1
‘1"; = area under graph
1.2 :(2X0.55)+(O.55;—O.65)1+<0.65;0.2>1
1 [\
0.8 ’\.\\ +1><0,2-|-<0'2+0'8>1+<0'8+1'2)1
06 4\ / ) 2 2
0.4 / : +(1.2+1.4>1+(1.4+1)1+(1+0.9)1
0.2 .~ 2 2 2
- = E i > 0.9 +0.85 0.85 + 0.65
Yy 2 4 6 8 10 12 +( 3 )1+( 3 )1

time (hours)

= 8.9 kWh
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a Upper rectangular sums:

b Lower rectangular sums:

¢ Midpoints:

6
7,
Inx -
) / 1 5 7
v
8 a Using technology

= 6.38906
= 6.389 units?

Area

EXERCISE 26C
d

; o
1 a i dw(m) 2x

d
dx (11'2) -7

the antiderivative of x is

Divide the region into 10 strips of width, Az = %

The endpoints of the sub-intervals are: 1, 1.2, 1.4, .....

. . 1. .
, 3.0. Since the function y = — is decreasing on the

interval, the upper rectangle sums use the y-coordinates at
the left-hand end of each sub-interval, while the lower
rectangle sums use the y-coordinates at the right-hand
ends.

Ay =1(0.2) + £5(0.2) + ... + 55(0.2)

=1.17 units?

Ar = £5(0.2) + £5(0.2) + £:(0.2) + ..... + 55(0.2)

02[ + 5+ + 3]
= 1.03 units?

The midpoints are at « = 1.1, 1.3, 1.5, 1.7, ....., 2.9
Av = 1$5(0.2) + 75(0.2) + ... + 555(0.2)

=02[H+Ht+ + o + 35
= 1.10 units?

10 strips, width, Az = % =0.2
The endpoints of the interval are 0, 0.2, 0.4, 0.6, ..... , 2.0
0.1, 0.3, 0.5, 0.7, ..... , 1.9

Ay =0.2¢%1 +0.2¢%3 4 ... + 0.2
_ 0'2[60.1 403 405 . + 61.9]
= 0.2 x 31.892
= 6.38 units?

the midpoints are

20 strips, width, Az = 4 =0.2
Endpoints of the interval are 1.00, 1.2, 1.4, ..... , 5.00

the midpoints are 1.1, 1.3, 1.5, ..... , 4.9

Ay =02[In1.14+1In1.3+ ... + In4.9]

= 0.2 x 20.24
= 4.05 units>

b  Using technology
Area =4.04719
= 4.047 units®

d

= 3 2
1l —(z°) = 3z
7 (@)
d /1y 3 2
- (32°) =«
%:132 the antiderivative of z2 is %x3
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d . d
ifi %(nﬁ) = 62° iv %(x_l) =z 2
d 16 5 d 1 P
%(gx):x %(—x ) ==
the antiderivative of z° is %xﬁ the antiderivative of z72is —z !
1
or ——
T
d . d
v %(m_s) = 3z vi o (a:%) = %$%
d 1,.-3 —4 d 4 1
41y, 4 (14) -
the antiderivative of &~ is —ga~° the antiderivative of 23 is %m%
d, 1 1 -1 d 1 1
viii %(12) = 5T 2 %(%2) — 32
the antiderivative of of 272 is 222 = 2\/x
xn+1
b the antiderivative of " is
n—+1
. d . d
2 a i %(ezm) = 2¢%" ii E(e‘%) = 5™
d 1 2z 2x d 1 _5x 5x
@(56)26 @(36)26
the antiderivative of %? is %e% the antiderivative of °® is %e“
d . d
iii %(e%f‘) = Lez® iv E(eo'(’“) = 0.01e%°'"
d d
- (26%1) _ e3° 5(10060'011) _ 00z
the antiderivative of e3® is 2e3 the antiderivative of ¢%-°'* is 100¢%0*
d L L H d z 1z
v %(e ) = me vi a(eS) = 3e3
d 1 7wz T d Z z
%(;e ):e 5(363):63
the antiderivative of ™ is %e” the antiderivative of e3 is 3e3
T [
b the antiderivative of e** is T e
3 a i(333 +2?) = 3% 4 2z i(63”“*'1) = 3¢ttt
dx dx
d (3 2 2 d (1 3241 3o41
%(2:5 —0—23@)*627 + 4z %(ge‘r ):e"”
antiderivative of 622 + 4z . antiderivative of €***" is 23T
is 22° + 222
d d d
¢ —(aVE)= %(m%) = 3g7 d (2o +1)") = 422 +1)° x 2
=3z =82z +1)3
d d
- (22vz) = vz - (3@2z+1)*) = 2z +1)°

antiderivative of \/z

Nz

antiderivative of (2z +1)% is £(2z +1)*
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dy

- = = 422
L a . 6 b . x
d _ d, 3, 9
dI(Gx—l—c)—G dm(:r)—Sx
=6x+c
Y di(%ms +c) = 4x?
Yy = %m?’ +c
dy d d
4 i 5z — 22 Now E(mQ) =2z T (ga:Q) = 5z
d d
and %( 3) = 327 7 (—32°) = —2°
Now % (ngf%mg’Jrc) =br—2°, . y=322*-1t+¢
dy 1 -2 dy —3z
d dr ~— z2 ¢ dr
d —1 -2 —3x —3x
N — = — N — —
oW — (z77) x ow (e™%) 3e
d 1 -2 i _1_ -3z _ 3x
%(*E+C>*x (3¢ A=
Loy =-Lie y=—3¢ " +c
f dy _ 43 4 322 Now i(:/r4 +2°%) = 42 + 327
dz dx
%($4 + a2 +¢) = 42® + 322
L y—attatte
EXERCISE 26D
1 a [*f(z)dz=F(a)~ F(a) =0 b [‘cdz =F(b) - F(a)
graphically: f: f(z) dz = area of = ¢b — ca {antideriv. of ¢ is cx}
the strip between z =a and z = a, =c(b—a)
ie, width=0 .. area=20
¢ ["f@)de = F(a)— F(b) d I diF(a;) — f(z) then
x
= —[F(b) — F(a)] © o) — of@)
—cF(z) = cf(z
= [} f@) dz dx
[ ef(@) do = [F(5) - Fla)]

e [I(f(2)+g() dz =[F(b) + G®b)] - [F(a) + G(a)]
= [F(b) — F(a)] + [G(b) — G(a)]

= f: f(z) dz + fab g(z) dz

2 a f(r) =2 has antiderivative b f(z) = 2® has antiderivative
4 4
T x
F(z) = T F(z) = T
So, area = fol 2% dx So, area = ff 2% dx
= F(1) - F(0) = F(2)-F(Q1)
=1_9 — 16 _ 1
4 Y 4

— 1 a2 .
= 1 units = 332 units®
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¢ f(z) = 2*+3z+2 has antiderivative

z° 322

Syt

F(z)
— [3(y2?

So, area—f1 (z° + 3z +2) dx
= F(3)-F(1)
=(Z+Z+6)-(3+2+2)

= 24% units?

e f(z) = € has antiderivative
F(z) = €”
So, area = f01'5 e” dx
= F(1.5) — F(0)
— B0
— el

= 3.482 units?

d f(z) = vz =ax? has antiderivative
3
F(z) = % =2z\x
2
So the area = f02 vV dz
= F(2) - F(0)
=2x2v2-0
= 47‘/5 units®
f f(z) = % = 2% has antiderivative
1
Fla)= 2 =2y7
2
!
So, area = — dz = F(4) — F(1)
, VE
=2V4-2V1
= 2 units?

g f(x) = 2 + 22 4 Tz + 4 has antiderivative
4 3 2
T 2x Tx
Pe)=F+35+3 ta
1.25
So the area = / 22+ 222+ Te 4+ 4 dx
1
= F(1.25) — F(1)
= [12.381 18 — 8.416 67]
= 3.965 units®
EXERCISE 26E.1
1 y =a’ f7x6 dr = 2" + ¢
@:7$6 7fx6dw*m7+cl
d.
v fa:6 dx = %aﬂ +c
2 y = o 4+ 22
3z + 2z dz = 2° + 27 +
dy R f T rdr =x°+2°+c
dx
3 Yy = 62z+1 f2e2ac+1 dCC — 621+1 +Cl
@ — 9p2utl 2fezx+1 dr = ¥t 4 ¢
dx f€2x+1 dr = Let 4 ¢
h y = (2z+1)* [8Rz+1)%de = 2z+1)* 4+
W yion 1) x 2 8 (2 1) dr = (20 1)* 4
dx 3 1 4
= 8(2z +1)* J@z+1)*de = 22z +1)* +c
5 y:mﬁ:x% [3Vrde = z/x+
%:%x%:%ﬁ %f\/fdx:a: T+ c1

[Vzde = 2az +c
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1

6 = —
y ﬁ

dyi 1
a2

—x_% _1 L dlIf_L—FC
N 2\ zyz Nz !
_3 1 1 1 1
2 = —= —_— 71 - -
*\zve 2/30 mdm \/EJrCl
1 2
 dr = =
/m z \/EJrC

7 Suppose F'(x) is the antiderivative of f(z) and G(z) is the antiderivative of g(z).
d
L (@) +G@) = )+ 9(a)

J(f(z) + g(x)) dz = F(z) + G(z) +c

dy
dzx

dz

dr

(F(z) +c1) + (G(z) + c2)
= [ f(z) dz+ [g(x) dx

(2z —1)° J1222 —1)° dz = 22— 1)° + 1
6(22 — 1)° x 2 122z —-1)°de = 2z - 1)° + 1
12(2z —1)° J@z 1) dz = §5(22 - 1)° + ¢
—2
Vv1—4 ———dr = +V1—-4z+c
( a)vl /\/1—4:5 '
1—4x)2
1
s 2 ——=der =+V1—-4dx+c
1(1—4z)"3(—4) /\/—1 —r
1
—2(1 7495)—% /—m dr = —3V1—4dz+c¢
1 1 3 1
—— = (3z4+1)"2 — dr = ——=+c
Vi3zr +1 ( ) / 2(33:—&—1)% V3z+1 !
~1Bz+1)"%x3 3/ L 1
-3 = 1
—3(Bx+1)"2 *) Bz+1)? vz +1
3 / L dr = 2 +c
_ z
2(3m+1)% Bz +1)2 3v3xr +1
el—3z f_361—3z dr = el—3z+cl
1-3z
e (—3) _3/61731 dr = '3 4 ¢,
361731
/61731 d$ _ éelfi“)z +e
4
In(4z + 1) o =In(dz+1)+c1
1
RS 4 L de — (a4 1) +c
dr+1° !
4
il /4‘%11 = ilm(z+1)+c (dz+1>0)
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10 a i((2“”—902):635_3”2(1—235), fe“”_mz(l—Q:L’) do = " 4 ¢
d 2z — 3
b In(5 — = =2
(n(5 3z +2°)) R
2z — 3 . 5
/ P dr =In|5—-3z+2° | +a
4x — 6 > 2
E 39:+x2 =2In(5-3z+2z*)+c¢ {5 =3z +2°>0forall z
asa>0and A =—11 < 0}
d , 5 9 —4x + 10 9 5
c dm(m S5z +1) /(m2—5x+1)3 de = (z°=bz+1)"" 41
—2(2® =5z + 1) (2z - 5) —2(2z — 5)
— Y dr = (2 =5z +1) 2+
4z +10 /(m2—5m+1)3 ( ) !
T (2 —bx+1)3 9% — 5
o =20 g = (22— 1)-2
/(12—595—0—1)3 z=(z"-bz+1) "+
20 —5 1/,.2 —2
d i(ave“”) = 1xe" + xe” J(€® + ze®) dz = ze” + 1
dx
fe’”dx—i—fmewdm:mez—l—cl
ew—l—fmewdm::wz—i—cl
fmewdm:wez—ez—i—c
e Lo = L2y fGnee 27 = (02)7) [2m2de = 2+
dx dz
:e(1n2)xxln2 1n2f2 dl':21+01
= 2°In2 Jode =5 +e
d 1
f d—(mlnx):lxlnx+mx— J(nz+1)de = zlnz+a
x x
=Inz+1 flnxdm+w:xln:n+cl
flnxdx:xln:nferc
EXERCISE 26E.2
1
1 a f(m4—12—1'+2)dm b /<\/_—T> dgc:f:c%—m_idl’
T
=1z°—i2® — 27 + 22+ ¢ 2y 3
=3~ T t¢
2 2
—gw%—Qx%—}—c
c (Qez—l) dz d (ac\/_—l> dx
x? x
:f(2e’”—m_2) dz :f(m% —xil) dx
-1
:2fezdx—ai—1+c 3
1 == —Infz[+¢
=24+ = +¢ 2
x 5 5
=222 —Injz| +c
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f(?:c +1)? dz

2 —
f / drz-3
x
= f(4x2—|—4x—|—1) dx
42®  da?

:/(x+l—§) dx
=2 4+ = tate ‘

3 2 2

:§x3+2x2+x+c

:%+x—3ln|x\+c

JEEE

I
~
&I

[V
|
SR
—
Qu
)

—4Inlz|+c

= 2777 — 4ln|z| + ¢

[z +1)*da 2—%—41n|x|+c
= [(«® +32° + 3z +1) dz
:%w‘l—&—xg—&—%mz—&—x—&—c
dy 9 dy 2
Y _1-2 e A p—
dz ( ?) b dz Ve VT
y=[(1-22)%da =% 2772

:f(1—4:c+4x2) dx 1 1
= :ﬁ—Qafi) dx
Wt 4 Y f(
B 2 3 z3 21'%_’_
= = - c
:x—2x2+§x3+c % %
dy  2*+2—5 = %a% —da¥ 4o

y = f (1 +2z7 1t — 5$72) dx
-1

= :L’—|—2ln|a:|—5x +c

= x+2ln|x|+g+c

fl(x) = «® — 5z +3 f'(@) = 2va(1 - 3z)
flz) = [(2® =5z +3) de = 22% — 622
4 5 2
:%—%+3x+c f(x):f(Zx%—6x5> dx
3 5
2x2 6x2
fl@) = 3e" =2 =Tt
x 2 2
3 5
f@) = [ (- 3) as = 3ot - Fet e

= 3e” —4lnlz| +c
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4 a f'(z)=2r—1 and f(0)=3 b f(x)=3z>+2z and f(2)=5
flx) = [(2z—1) dz f(@) = [(32® +2z) dx
_2m2 _3383 227
- e —3 ottt
= —z+tc =+t
But f(0) = 3 But f(2) = 5
0-0+c=3 S 844+c=5
ie, ¢c=3 ie, ¢c= -7
flx) =2>—2+3 o fl@) =2t a7
€ fl@)=c"+—— and f1)=1 d flz)—o——= and f1)=2
NG z
fl(z) = €” +a7% fl(z) = T — 2277
flx) = f(eerx*%) dz flx) = f(meQF%) dx
=" +2x% +c 22 ot
= — — I +c
But f(1) =1 2 1
el +2+c=1 =12 -4z +c
ie, ¢c=—-1—e But f(1) =2
flx) =e"+2y/T—1—¢ %—4—&—0:2
ie, c=4
fl@) = 32 — 4z + 5
5 a f'(z) =2z +1 (=3 f2)y=7
222

Now f'(z) = T—i—x—l—c:xQ—f—av—&—c

But f(1) =3 and f(2) =7
l+14+ec=3 Lo f42424k=7
ooe=1 k:7—4—%
fll@) =2 +z+1 k=1
3 2
f(m):%"'%"‘“"Hf oo fle) =328+ 3t + g
b fl@) =155+ —=  f)=12  f(0)=5
Jz

1

Now f"(z) = 1527 + 322

3 1
fl(z) = 1532 +3f2 +e=1023 +62% + ¢
2 2

But f(1)=12 .. 10+6+c=12 andso c= —4

fl(z) = 1027 + 622 — 4

5 3
1023 3
flz) = 051:24_6$T2_4x+k:4x%+41'%—41'+k

2 2

But f(0)=5 . k=25 s flx) = 425 + 425 — 4z +5
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< f’(z) =2x  (1,0) and (0,5) lie on the curve
, 2z 2 z3
Now f(m):T+c:x +c¢ and f(x):?—i—cm—i—k
But f(0)=5 0+0+k=5 andso k=5
and f(1)=0 .. 3+c+5=0 andso c= —53
f(o) = 3a%— Ko+ 5
EXERCISE 26F
1 a [(2z+5)°de b ! dz < de
(3 —2x)? (2z — 1)*
1 (2z+5)! ) .
=X T =[(3—2z)%dx =[42z—1)""dx
-1 4 3—2z)"! 2z —1)7°
sz +5)"+c :}2><( _f) +c —4(%)><7(x73) +c
1 =-2@2zr-1)*+c
= 3
23 —22) ¢
d f(4z—3)7d:r e [V3z—4dx f Ldw
. . Vv1-—5z
41‘_3 — — 2
=1 8) c J@z = 4)% dz = [10(1 - 52)"% da
1 s 1><(3x_4)§+c 1—55)%
1 — 2
=54 -3)° +ec 3 3 :10(}5)x%+c
— 2(3, _ 4)5 2
=506z -4 +c = —4(1-5z)% +c
4 .
S f?)(l—l‘)‘l dx h /\/ﬁ dx 1 f\3/2$—1d.’ﬂ
=3[(1-2)"d - —1)3
I x()l I)S = [43—4z)"} do J (e D? do
_ (L1 —z 22 —1)3
=3(=0) 5 ¢ L (3—4a)? RN ok LA
5 5 =4(5) X —F—— +c 3
=—:t(1-2)+c 3 s 4
=-2y3—-4x+c = 5@ -3 e
2 a %:\/235—7 But y =11 when z =28
L
= (2z-7)2 19 +ec=11
3
(2z —7)2 120 +c=11
y =3 x 3 +c 5(27)
2 9+c=11 andso c=2
3
=12z -T7)2 +c y:%(2m77)%+2
4
b has tangent-slope function
f(z) g p NieT:
ie, fl(z)= 14 :4(1—:5)’% But y=11 when z = -3
—z
i —8y/1—(=3)+c =11
1 (1-—=)®
flx) = 4(=) x —F—+c¢ —8VA+c =11
2
—16+c =11 and c=5
= 8/l-az+e fz) =5-8/T—x

When o= -8, y=5-8/1-(-8)=5-8(3)=-19,

point is (—8, —19).



544 Mathematics SL, Chapter 26 — INTEGRATION

3 a [32z-1) de b [(z®—2)da ¢ [1-3z)?°d
— 2 _ 4 3., .2
=3[(2x-1) dz _f(x — 2z +:z:)dx (L) (1-32z) Yo
_3 (l) (2z-1) . _® 22 2P —3 4
2 T3 =5 T x Tyte =—Ll(1-32) +c
=302z —1°+c =1 — 12"+ 12+ ¢
d [(1-2°)°de e [4/f5F-zdx f [®+1)°d
:f(1—23:2—|—m4)dx —4f 7x2dx = [(=° + 3zt —|—33:2+1)da:
—x— 228+ L5 1 ¢ 3 7 3
3 5 1, (5—2)2 T 3z 3z
4(__1) % +c —7+5+3+m+c
_ 1.7 .35, .3
=43 G-n)ite T TETAEATEC
=—§(5—x)%+c
L a f(261+5e2’”) dz b f(m2—2e 3””) dz c f(ﬁ+4€2x e ’”) dx
= 2e% +5(%)e?® + ¢ z> _3a 3
2 =5 —2AH)e " +e = 4 — (et
=2e% + 2e¥ 4 ¢ 2
2 =13 4 273 ¢ 3
-3 3 :%m5+262z+eﬂ”+c
1 5 4
d d e (*z )
/Zw—l v /1 5z f /e wr1) ®
=1iln|2z—1|+c¢ 5/ 1 =ZLe " —4)m2z+ 1|+ ¢
1—3m =—e " =2In2z+1|+¢
=5(L%)In|l -3z +c
=-3In|1-3z|+c
g J(e* +e ) da h Je™® +2)* da
:f(62z+2+672z) dz :f(efzz+4efm+4) dz
1e¥ 20+ (L)e @ +c :%e’zz+4(%)e’z+4w+c
=L por—Le? 4 c = 1™ 4o fdxtc
. 5 z?
i /(x_lfa:) da::?—5(_il)ln|1—:c\+c
:%m2+5ln|1—m|+c
dy dy 3
5 a —Z = (1 —e%)? 2 =1-2z+—
dx ( ) b dx * x+2
=1—2e" + &% 902
y:foeer%ezerc y=x77+3ln\m+2|+c
=z—2+3njz+2[+c
dy _ -2z 4 _ 1 -2z 1
¢ —=e P y = =5 “+4(3)In2z — 1| +¢

le ™ +2In[2z — 1| +¢
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6

7

Differentiating Tracy’s answer gives

4 (% In [4x| + c)

dx

Note that this result occurs because
(log 4) which is just part of the constant c.

4z

The derivative of Nadine’s answer is

|~

1
=1 +
:c(4 nlz| +¢)

(3)+0

4z

Bl QL

both answers give the correct derivative and both are correct.

I'(e) = 2e7%

fl@) = 2(H)e ™ +ec

= -+t

F@) = 20 -
fa) =2 -2

:m2+2ln\1—x|+c

fl(z) = Vo +gze7™

and f(ac):x
= 253
3.1
r+2 x—2
3z —2)—1(z+2)
T (2 4+2)(z—2)
3xr—6—x—2
2 —4
2x — 8
2 -4
1 1

2t —1 2x+1
12z +1) —1(2z — 1)

2z —1)(2z + 1)
2c+1—-2zx+1
2z —1)(2z + 1)

2

42 —1

logdx = log4 + log x

But f(0)=3
—e%4+¢c=3
c=4

flx) = =™ +4

f(-1)=3 But f(—1)=3

142Inj2|4+c¢ =3

c=2—-2In2

their answers differ by a constant

fz) =2 +2In|l — 2| +2 —2In2

But f(1)=0

2x — 8
/—x2—4 dx
3 1
/($+2_:c—2) dz

3lnjz+2|—Injz —2|+¢

2
/4m271 de

1 1
/(2x—1_2m+1> de

iln2z—1]—tln[2z+1|+¢
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EXERCISE 26G

1 a Let u=2>+1 . — =322
dx
f3ac2 (® +1)* do
—fu4 dudm
:fu du
=%u5—|—c

=12 +1)°+c

€ Let u=2>+z . @23302—1—1
dx
f\/m3 +z(32% 4+ 1) dz
—f\/_—dac
—fu%du
3
2
=73 t¢
2
:§U%+c
=2 +2)% +c
3 du
e Let u=z"+2x+1 .. =327 4+ 2
dx
f(ac3 + 2z + 1)* (322 +2) dx
g
zfu du
b
= — +4c

5
=1(@®+204+1)°+c

=2/u+c

2vVr2 +3+¢

d Let u=2+2*

[ 4z?(2 + z*)?
= G e
fu du

u4+c
4

12+2M) +e

f Let u=323-1

du
== — 43
dx v
dx
du 2
— =9
dx v

2
X
/ G 1
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2

g Let u=1-2° d—u——2$
dx
T
—d
/(17;52)5 x
—f(l—m Xa:)d:t
= fuff’ (—% d_u) dzx
:féfu75du
) —4
—*5_—4+c
T8(1 —z2)4
i Let u=22+2z d—u:2:c+1
dx
a Let u=1-2x d_u:_2
dx
f—2el_2“”dx
du
= u d
fe e T
:fe"du
=e“+c
:el—2m+c
€ Let u=z>+1 @:3932
dx
fx21+1
du
:fe (3d )dm
Z%Ie“du
=3e'+c
_%ez3+1+c
e Let u=x—2? d—u:1—2m
dx

du

— =2 4
e T +

h Let u=22+4z-3

__T+2 dz
(22 +4a — 3)2
= [(a® 4+ 4z — 3)*(z +2)) d=

—f _2(——>dz
:%fu_2du

—1
u

—T e

Nl=

-1
©2(z2 +4x - 3) te
fx4(x + D2z +1) da
= [(«® +2)*(2x +1) dz {as a’b*

fu4 dud:c—fu du

= (ab)"}

=gu +c

=1@®+a)’+c

b Let u=2?
f2me”2dx
du
= (v &y
fe - 4
:fe“du
=e"+c
2
=e” +e¢

d Let u=\z . du_ 1

Ve
\/de
du
:fe" (2%) dx
:2fe" du
=2e"+¢
=2V" +¢

=e"+c
xz—1
=e =z +c
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3 a Letu=2z2+1 @:236 b Let wu=2-2? d—u7—2$
dx dx
2x x
/x2+1dm /27272 dx
1 1
= — (2 =
/x2+1(x)dac /(2_m2><x)dcc
_ 1 du 1 , du
7/udxdx /u<2d:n)d
1 1
:/—du :—%/—du
u U
=Inlu| +¢ =—1Infu|+ec
=In|z® + 1| +¢ =—il[2-2?+c
=In(z>+1)+c as 2°+1>0
¢ Let u=22-3z d—u:2x—3 d Let u=2z>—2z @:3:52—1
dx dx
2z —3 622 — 2
/m2—3:c dz /:c3—a; dz
= ;(23:73) dx = L (62% — 2) dx
2 — 3z 3 — 3z
1 du 1 du
- [ =%y = [ =(2=
/udmx /U(de>dw
:/ldu =2/ldu
u u
=Inu| +¢ =2Injul+e¢
zln}ngBmiJrc :21n|$3—m}+c
e Let u=>5zx—22 : @:5—2m f Let u=2a>—3z @:3;52—3
dxr d
4z — 10 1—2?
d : -
/5:1:—1’2 x '/z3—31'dx
1
= 4x —10) d = —x?
/5$_m2(w 0) dz /x373x(1 z*) dx
B 1 du B 1 ; du
_/u(de)dx _/u<3dx>d$
:—2/ld:c :—%/ldu
u u
=—2In|ul+¢c =—zInful+c
_ 2
- 2ln|5x x|+c :—%ln|m3—3x}+c
L a f(x):fw2(37x3)2 de = [ u? <,l d_u) de  {letting uw=3—z3 d—u:f3x2}
3 dx dz
:—équdu
1 u’
:—§X?+C

=-13-2%%+c
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1

=3Injul+ec

2
:%1n|x272|+c

du
dz
flx) = fxelfzz dz
“ du

=Je (‘% Iz

:—%fe“du

d Let u=1-22

f Let u=lnzx ... —=

I
|
+
o

h Let u=hz .. —=

4
f(z) :/mlnx de
1 dU
:/“ (1
:4/ldu
u

=4Injul+e¢
=4In|lnz|+ ¢

= 2z

)dw

)dm

€ Let u=1-—2° d—u:—Zm
dx
o f(x) :fx\/l—x2 dx
du
=i (1)
=f;fu% du
3
u?2
2
:—§u2 +c
=—-11-2”)7+c
e Let u=2z°—=z d—u:3m271
dz
1 —32°
= d
o) = [
1 du
= =(-=])d
/u( d:n)
:f/ldu
U
=—Injul+¢
:fln|x3fx|+c
3 2 du 2
g Let u=z"+22"-1 . —=3z"+4x
dz
4z + 322
1) 7/3:3+2:c2—1d$

1 du
= | - —d
/udmx
:/ldu

U

=Inlul+¢

:ln|m3+2x271 +c

Let u=Inz .. d_u:l
dx T
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EXERCISE 26H
1 v(t)=1—2tcms™', t>0
v(t) =s(t)=1-2t which has sign diagram: I T t —
a direction reversal occurs at ¢t = 5 0 2
042
Now s(t) = [(1—2t) dt—t——+ =t—t*+c
soos(0) =¢
and s(3) =31+c¢ .. motion diagram is: - >
1
and s(1) = ¢ ¢ cty
total distance travelled = (c+ 1 —c¢) + (c+ 1 —¢)
=1icm
2 wit)=t*—t—2cms™!, t=0
v(t) = §'(t) =t —t—2 N
=({t—-2)(t+1) which has sign diagram: I f
2
a direction reversal occurs at ¢ = 2. 0
5 3 2
Now s(t) = [(t* —t—2)dt= 55 2+t
s(0) = ¢ —
s(2) =c— & .. motion diagram is: - ‘ ‘ ‘
3 -9 c-3 c
5(3) =c—3
total distance travelled = (¢ — [c — 22]) + (c— 5 — [c — 4])
103 10
=3 3t3
31
6
1
= 56 cm
3 2/(t) =16t — 4t unitss™!, ¢t >0
= 4t(4 — t?) | n -
=4t(2+¢)(2—t)  which has sign diagram: (') 5
a direction reversal occurs at t = 2.
Now xz(t) = [(16t — 4t%) dt = 8t* —t* + ¢
a 0<t<3 .. motion diagram is:
2(0) = .
x(2)_32—16+c—c+16 v ‘ >
z(3) =T72—-8l4+c=c—9 c—9 c c+16
total distance travelled = (¢ + 16 — ¢) + (¢ + 16 — [¢ — 9])
= 41 units
b 1<t<3 “ —)
z(1)=T4+c=c+7 .. motion diagram is: -
c—9 c+7 ct+16

total distance travelled = (¢ + 16 — [c+ 7]) + (¢ + 16 — [c — 9])
= 34 units
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551

A

—10e %%t ms™! t>=0

10

v(t) =50

a v(0)=50 - =5 =50~ 10 =40 ms~

€ The velocity reaches 45 ms™*

1
d v(t)=50— 8—2, as
e a(t) ='(t)
= —10e7°%*(-0.5)
505t o2
= 05.5t ms~

a(t) >0 forall ¢

1
! b v(3)=50- e% = 4777 ms™*
45 = 50 — 10e~ %
10e % =5
67% = %
t
ez = 2
% =1In2
t = 2In2 = 1.386 sec

10

ez

{e® >0 for all z}

i.e., the acceleration is always positive

& — T0 andso wv(t) — 50ms™* (below)

f e msY

40
v(¢) = 50—10e 2

j (sec)

8 s(t) = [(50—10e”%%) dt =50t — 10 (=) e *% +c =50t + 20" +¢

5(0) =04+20+c=20+c and s(3) =150+ 20e'° + ¢

and from the graph in f it can be seen that the particle does not change direction,

distance travelled = (150 + 20e~ % + c)—(20+¢)

= 130+20e" 2 or

= [ (55

a(t) = L 3ms™? -,

10
But v(0) = 45 c=45
Now v(t) = ;—; —3t+45
=60t + 900
20
(t — 30)?

3

= 7 which has sign diagram:

20

=1345m

2

t

| + +
| }
0 30

the train only stops and does not change direction at ¢ = 30 seconds

. 2
Now s(t) = /% dt
(t — 30)®
= 2—10 —3 +c

=(t—30)°+c

5(0) = —220 4 ¢ = ¢ — 450

and s(60) = 22090 4 ¢ = ¢ 4 450,

60

the motion diagram is:

instantaneously at rest
at t=30 sec
< [ S "
c—450 c c+450

the total distance travelled = ¢ + 450 — (¢ — 450) = 900 m
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(] a(t) = de~ 70 ms?
ot 1 .t
u(t) = f4e 20 dt=4— e 20 +c=—-80e 20 +c¢
20
Now »(0) =20ms™* .. ¢=100
t
v(t) = 100 — 80e™ 20
a as t— oo, e —0 (above) .. w(t) — 100 (below)
i.e., the body approaches a limiting velocity L
of 100 ms™!
b Now forall t >0, v(t)>0 100

no change in direction occurs.
s(t) = [ (100 - 806*%) dt

= 100t — 80

¢ 20
e 20 +c¢ t

_L
20

— 100t + 1600e~ %0 + ¢

$(0) = 0+ 1600 + ¢ = 1600 + ¢
5(10) = 1000 + 1600e™ % + ¢
distance travelled = (1000 + 1600e~ % + ¢) — (1600 + c) = 370.4 m

=3704 m
EXERCISE 261
1 a fol z3 dz b fOQ(ac2—x) dz c fol e® dx
_[=) [ _2) = [
“ 7, N o
=1_9 =(¢-2)-(0-0) =e—1
1 2 = 1.718
4 9 3
3 z—3 1
d / <m—> dx e dz f / = dz
1 e . VE 1z
3
= f14 <x—3m_%) dx = ff (x% 73:127%) dx = [InJz]ly
. . =In3—-Inl
_{x23m%] _[é_iﬁa:%} =In3-0
2 3 11 3 3 Ja =In3
E . ) [ng% 76‘%%}9 = 1.099
= ?*6\/5 3 4
1

Il
—~ —
Wl
—
[}
=3
N
I
(=2}
—
w
R
I
—
Wl
—
oo
=z
I
(=2}
—~
[\
=
[t}
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-1 6
! ! - 1(29:—3)%
e % 2 |2 1
:[_ 5 —26_9”4—1] 2 2
1 - [vE;
—4 —2
:(—e——2e2+2)—(—e——2e1+1> =9 -1
=2
= 1.524
fl el dx
_ 1y 1—2]1
- [(Tl)e ]o
(L) (<
S\ -1 -1
=—1+e
= 1.718
In ’ r dx ’ z dfl?—f2 —2<ld_u>d
L (@2 +2)2 ’ L (@2 +2)2 e 2 dx
welet u = a%+2 :%ffu”du
du
@ _1 “_1}6
2
and when z=1, u=3 !
when =2, u==6 :%[_%_(_%)]
= 3(3)
_ L
2
d
In fol x26m3+1 dzx fol m2ez3+1 dr = fol e’ (% ﬁ) de
welet u=a>+1 2w
= %fl e" du
d_u = 32° 17, u2
dx = 3[e"]
and when =0, u=1 = 2(e*—e)  (=1557)

when z=1, uv=2

In f03 zvVx? + 16 dx f03 zvVz? 4+ 16 do = f03 u? (3 Z—Z) dz
we let u = 22+ 16 125 1
d’LL = §f16 uz du
— = 2z 25
dx . ﬁ
and when z =0, u=16 T2 3
2 116

when z=3, u=25 125
uz
-],

(125 — 64) = 203

Il
o=
X
win

W
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d In flz ze~ 2" dg
we let u = —2z2
du
22—y
dx v

and when =z =1,
when z =2,

3
T
e In /22—372 dx
welet u=2—22
du
el —2z
and when = =2,
when x = 3,
Inz
f In / —d
.z
welet v =Inx
du 1
dz =
and when z =1,
when z =2,
1 — 322

/1 1— 32?2
o lf:c3+:v
62> — 4z + 4

4
hIn/
2
/4
2

622 — 4z + 4
T3 — 22 + 27

3 — 22 + 2%

ff:ce 2% gy = ff e ( ifl—;) dz
-8 4
= —i L du
= —7le"]25
u=—-2 _ %(678 672)
u=-8 = 0.0337
3 3
xr 1, ,du
/:; 2 — x2 _/2 u( de)dm
-7
= —%/ ldu
= ~3lnfu] ]
u=—-2 )
w— 7 = —5(In7-1n2)
=—1ln(l) (= -0.6264)
*Inz 2 du
—dr = — d
/1 T v fl dx v
In2
—fo u du
B |:u_2:|1n2
T2
u=0 0
u=1In2 _ (In2) ~0
2
= 0.2402

de welet u=1—2>+z
T

du

— = 32" +1
dx S

and when =0, u=1
when z=1, u=1

e
:“|§

QI'—‘

[
i

{since limits of integration are the same}

de welet u = 2°— 2%+ 2z
Z—u:3x2—2x+2 and when z =2, u=38
T

when =4, uw=256

du
dz = /2 —(2 E) dz

— 9 561d

=2 [ln|uH8
= 2(In56 — In8)
—2In7 (= 3.802)
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i In fol(a:2+2x)"(m+l) dr welet u = z*+2z
@ =2r+2 and when =0, u=0
dz
when z=1 uw=3
fol(cc2 +2z)"(x+1) dz = fol u"(% 2—2) dz = %fos u" du

Now if n # —1, the integral

3n+1
n+1

1

2

1
2

(=)

3
1
but if n = —1, the integral = %/ = du:%[ln\uﬂg which is undefined
o U as In 0 is not defined
3 3.2 3(x—1)—2(x+4)
z4+4 -1 (z4+4)(z—1)
_3r—3—-2x—38
T 2243z —4
. r—11
T 224 3x—4
—1 —1
x—11 3 2
——dx = — d
/;2 724+ 3x—4 /;2 (x—|—4 m—l) v
= [3ln|z +4| - 2In|z — 1|]_3
= (3In3—-2In2) — (3In2 —21n3)
=3n3—-2In2—-3In2+2In3
=5In3—-5In2
= 51n(%)
EXERCISE 26J)
1 a i Area Zfol.r2 dx
y=a [x}
3 1o
—1_
3
] 1 X :%units2
b Area = fl 2% dx
+1?
1
— 16 1
=7 1
= 3% units?
c Area :fo e” dx
=)o
=e—1

= 1.718 units®
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d y

y=-x"+x+6

—2 3

/N

i.e., x-intercepts are 3 and —2

Cuts the z-axis at y =10

6+ — 2
B—2)2+2)

Area = fj’Q(G +z—2%) dr

22 28]°
{6964—7—? -2

Area

Area

=(18+2-9) —(-12+2+ %)

20% units?

f09(9 — w)% dz

()5

Nlw

9

S ICEOH
—2[0 —27]

0

18 units?

1.386 units>

|

3 or —2

g As the curve lies below the z-axis, the integral will be negative, but we want to find the area,

which is positive.

Area

Area

7‘[:31% dx

—[Inz)) =

= —(In1—-1n3)

0+1In3
1.099 units?
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i y Area :f_ll(ez—i—e’z) dx
x —x 1
y=e'+e ™ =" =],
=(e—e )= (e —e)
) -1 1 x =27
Y

= 4.701 units?

@ The curve cuts the z-axis when y =0 sl 4z—-2=0
(z+2)(z—1) =0
r=—2or1l

i.e, x-intercepts are —2 and 1

Ly Area = [1 [0~ (2® + 2 —2)] do

= 4% units?
b The curve cuts the z-axis at (0, 0).
¥ N Area = fOZ[O —(e7" =1)] dz
y=e -
2 —x
=J,1—e")dz
" = lere]
=-1 — (242 0+e°
=t +5) -0+
1 . .o
=1+ = (= 1.135 units*)
¢ The curve cuts the z-axis when y =0 o327 —8r+4 =0
Bz—2)(z—2)=0
y y:3x2—8x+4 r = 2 or %
i.e, z-intercepts are 2 and %
\ Area = fj[of (32% — 8z +4)] dx
- - 3
2 S X
3 2 zfg(—3x2+8m—4) dx
¥ 3
= [—xs +4a? — 437]22
3
(84168 - (5425
=12 units®
d The curve cuts the z-axis when y =0 st —d4r =0
z(x? —4) =0

z(z+2)(x—2) =0
i.e., x-intercepts are 0 and +2
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I
e
=)
|
~
=
8
P
jo N
8

y y:x3—4x Area
/ = 12(—903 +4z) dx
2 1 Jj2

z 4 2
a 4 L

= 2% units
a flz) = 2% — 9z by _g
:$($2—9) y=x—ox
= z(z + 3)(z — 3) 3 3/
y = f(z) cuts the z-axis at 0, +3 b ~
Area = ff3(1'3 —9z) dz + f03[0 — (2 — 97)] dz
|:334 91:2]0 [ z? 99:2}3 '
=== +|-=+=
T2 12,
= (0 [2 )+ (- + 2] -0)
= 4()% units?
_ 3,42
b flo) = —a(z—2)(z —4) Yoy

= —2% +62% — 8z /\
y = f(z) cuts the z-axis at 0, 2 and 4 - J\/z i >

Area = f02[0 — (—2® + 62% — 8z)] dx + f24[(—m3 + 62% — 8x) — 0] dz

= fOQ(x3 — 622 + 8z) dx + f24(7x3 + 622 — 8z) dx
o

= | = — 223 + 42
[ 4 0 2

= ([4—16 4+ 16] — 0) + ([—64 + 128 — 64] — [-4 + 16 — 16])

2 4

2174
+ {—I +22° — 41'2}

= 8 units?
y
< f(z) = z* —52% +4

(z? — 1)(2® — 4) A,
= (z+1)(z - 1)(z+2)(z - 2) |
y = f(x) cuts the z-axis at +1, +2

I
)
>
I
—
<«
—_
&
L)
)
=y

A = f:;[o — (z* — 52® +4)] dz Ay = fil(:ﬁl —5x? 4+ 4) dx
= _21(—:c4+5:1:2—4)d:1: _[x_5_5_f’+4]1
5 53 -1 5 3 .
{ﬂ?+77_4}2 =G5+ -(-3+3-9)
=G-3+H-(B-F+8 = 7% units®
= 22 ypits?

_ . _ 22, 76 , 22 _ 120 _ 2
Now by symmetry, As = A; S A =%+ -+ 5= 55 =8 units
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A

Checking algebraically:

/ (1,-2)

iil  Area = ff’[(m —3) — (2 — 32)] dz
= [[(-3+4z —2?) da

273 ?
= *3$+21§27—
|: 3

1

=(-9+18-9)— (-3+2—13)

= 13 units®
y=+/T meets y=x> where VI = z?
z =z’
Loat—2=0
z(z®—1) =0
zx—1D(2*+z+1) =0
. xz=0o0r1

The factor (2% + 2 + 1) has no real root since A = —3 which is < 0.

a y=ao>—2r meets y=23 where Ly
2 —
, z°—2x =3 \ y=3
2 -2z -3 =0
(z=3)(z+1) =0
r=3 and z=-1 - -
s —1 3 x
_ 2
A _f_1[3—(x —2z)] dz | y=x?—2x
_ 3 2
—f_1(3+2w—m)dm
373
= |:3a:+x2—x—]
31,
=(9+9-9) —(-3+1+13)
=102 units®
1 y ii y=2—-3 meets y=2x?—3z
y=x"-3 .
where = =3 ie., (3,0)
@3, 0) i —x_3 and where =z =1 ie., (1, —-2)

the graphs meet where z —3 = 2% — 3z
2® =3z —x+3 =0
2’ —4zx+3=0

(@ —1)(x -

3) =0
z=1o0r3 V
y=x°

y=Ax

X
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T

d y=e"—1 meets where

ef—1=2-2e"

y=2—2e"

e —e® =2 -2 {xe%}
e —3e"+2=0
(e"—=1)(e"—2) =0

e’ 1or?2

z =20 or In2
In2 - z
A= [7"12-2e7) = (e" = 1)] dzx
In 2 z —z
=), B—e"—2e"7)dx
s _z]In2
= [3:13—6 + 2e ]0
=Bmln2-2+1)—(0—-1+2)
=3In2-2
= 0.0794 units®
e y=2¢" meets y=e>* where
2e% = eQa:
e* —2e" = 0
e“(e®—2) =0
e’ =2 {as " > 0 for all z}
x =1n2
A = 01']2(2695—621) dx

_ x 1 2¢]In2
- [26 -3¢ ]0

Il
—~
e~
I
N
—
|
—~
[\
|
I=
~—

5 unit
5 y=2z meets y®> =4z where
(22)% = 4x
o 42 = dx
42° — 4z = 0
dx(x—1) =0
o x=0o0r1

The upper part of 3> = 4z

s y = Vidx
ie, y =2z

Area = fol (2v/7 — 27) dz
= fol(Qa:% —2x) dx

A
g y=e' -1
y=2
- : X
In2 y=-1

y=2-2¢"

A

y2 =4x
(1,2

y=2x
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a Now z°+y> =9

ty
y? =9—2x? 3 x2+y2=9
i i
In the upper half of the circle all y-values are > 0 — 3 =X
y=-+v9— 22 is the required equation. \ _/
b Now the shaded area above is A where A = f03 V9= 22 dz —3‘
This is a quarter of the area of a circle radius 3 units ... A = (7 x 3?)
~tn
= 7.069 units

€ The answer checks using technology.

a fl f(z) dz only gives us the correct area provided
that f(z) is positive on the interval 1< x < 7.
But f(z) is not positive for 3 < z < 5,
) fl f(z) dz will give us
(Area enclosed in 1 <z < 3)
— (Area enclosed in 3 < x < b)
+ (Area enclosed in 5 < x < 7)

which is NOT the shaded area.

b shaded area = ) dx + 0 — | dz + ! f(z) dz
1 3l 5

:fl f(@) f3 dm+f5 ) dz

k
Area = ! dz = 0.2 units®
1 1+ 2z

[41n]1+24]]} = 0.2

[In|1+2z]F =04
In|l1+42k|—1In3 =04
In(1+2k) —In3 = 0.4 {as k > 0,then 1+ 2k > 0 also}

In (1 —Z)Qk) =04

1 4;) 2k _ o4
1+ 2k = 3¢%4
0.4
g = 3¢ S— = L7877

Area = fob\/E dx
fobx%dx =1

2p0vb—0 =1
bs 5

@b

(=
~ =

1.5)5 =1.3104



562  Mathematics SL, Chapter 26 — INTEGRATION

10 y=22 meets y=k where z°=k . z==Vk

f\/E

Now area = fo\/z(k: —2?%) dx 0

3 0
k\/EfkT\/Efozu
M:QA

3
k2 =36

k= (3.6)% = 2.3489
11 By symmetry, the area bounded by =0 and z =a is 3(3a) units.
foa(wz +2)dz = a

z3 ]“
— +2z| = %a
|:3 0
3
% +2a—-0 = %a
2% +12a = 9a  {x by 6}
20 +3a =0
a(2a®* +3) =0
a=0 {a®>>0 foralla, . 2a°>+3>0 forall a}
EXERCISE 26K

1  The marginal cost is C'(z) and C’(z) = 3.15+ 0.004z $/gadget
C(z) = [(3.15 + 0.004z) dz
= 3.15z + 0.002z> + ¢
But C(0) = 450 .. c¢=450
C(z) = 3.15x + 0.0022> + 450 dollars
C(800) = 3.15(800) + 0.002(800)? + 450
= $4250
total cost is $4250

4
2  The marginal cost is C’(z) and C’'(z) = 10 — —— $/item
. (@) and C'(a) = 10—~

C(z) = f(10—4(az+1)*%) dx
= 101‘—8(56-"-1)%4—0
= 10z - 8yzxz+1+c¢c

But C(0) =200 .. 0-8+c =200
e =208

C(z) = 10z — 8y/z + 1+ 208 dollars
C(100) = 10(100) — 84/101 + 208
$1127.60
total cost is $1127.60
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3 The marginal cost is Z—C and % = 25z — 42°® 4-0.00242 million dollars/aeroplane
x
Clz) = [ (25$ — 4208 0‘0024552) dz
25z°
- 23” — 7228 +0.00082% + ¢
= 12.52% — L2"® 4 0.0008z> + ¢
But C(0) =275 .. ¢=275

C(z) = 12.52° — Lz"® 4 0.0008z° + 275 million dollars

12.5(400) — 22(20"®) + 0.0008(8000) + 275
= $4793.2 million i.e., total costis $4793.2 million

Q
=
®)
S
N
I

8 B34 g 2<z<10
dx x ,
S(z) = 10z + 31n|z| + % te o S(3) = 4230+ ¢
and S(6) = 137.38 +¢
total change in sales from 3 to 6 = S(6) — S(3)
= 95.08 units

5 a The marginal profitis P'(z) and P’(x) = 15— 0.03z $/plate

P(z) = [(15—0.03z) dx
15z — 0.015z% + ¢

But P(0) = —650 .. c=—650

P(z) = 15z — 0.0152° — 650 dollars

b The maximum profit occurs when P’(z) =0  ie., when 15—0.03z =0

0.03z = 15
15
Y7003
e, x = 500
and P"(x) = —0.03 <0 .. profitis at a maximum when z = 500

maximum profit = P(500)
15(500) — 0.015(500)% — 650
= $3100

¢ In order for a profit to be made P(x) must be greater than 0
ie, 15z —0.015z% —650 >0
Using technology to graph P(z) and find = intercepts we get z1 = 45.39 and z2 = 954.6
46 < ¢ < 954 {We cannot produce part plates.}

6 FE(t) =350(80 + 0.15¢)°® — 120(80 + 0.15t) calories/day
Total energy needs over the first week = [ 07 E(t) dt

= [V[350(80 + 0.15¢)*% — 120(80 + 0.15t)] dt

1.8 7
_ ﬁx 350(80?;}.1516) 9600t — 912

= 14400 calories
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aT —20 _0.63 —0.63
7 - = e = 20 T = [—20z dz
902037
= o037 ¢
. 0.37
But when z =3, T =100, % c = 100
. e = 100+ 228" . 151 1639
N 037 7
902037
ie, T = —— +181.1639
e 037 T
and when = =6, T = —104.8925 + 181.1639
= 76.27
the outer surface temperature is 76.27°C
d*y cy
8 a @ = —1—10(1 — .’,E)z and —= d_
f_% (1-2) 2 dx
1—2)3
= _E(Ll) X % +ec
=+(1-z)P+c
dy .
But when z =0, T = 0 {horizontal tangent}
=(1—-0+c=0 andso c=—5
dy 1 3 1
- =l —2) — 5
y= [l50-2)°- 5] de
11y (1= 35)4 1
= 35 (=7) 1 — 557 +d
1-z)? =z
= — - d
120 30 +
Also, when =0, y=20
. _ 1
120 -0+d=0 .. d=135
1 1-z)* =z
and oy = 155~ 130~ 30
b Maximum deflection occurs at the right hand end where « = 1
andat = =1, y_Fo O——f—0.025m
i.e., maximum deflection is about 2.5 cm.
dzy 1 z? 1 1,2
dy 1 2 1.3
dz :f(ﬁxfmo %) da = 100“7 — gool T ¢
Thesag, y = [ (752° — 5552° +¢) da
e, y = ﬁx?’ - 240093 +cr+d
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Now when =0, y=0 ... 0—-04+40+4+d =0
d=0
3
Y= 5552 — 240035 ez
Alsowhen z =4, y=0 .. (43) — Too (44) +4c =0
. _ 1 4 1 (43
de = 75 (4) — 715 (4°)
1 3 1 (g2
¢ = 75 (1) = 75 (47)
2
Cc — — %5
1.3 1.4 2
y = (ﬁx ~ 24007 —ﬁx)m
b The maximum sag occurs when % =0 ie., Wloccz — ﬁx?’ — % =0
6% — 2% —16 = 0
Using technology the three solutions are: x = —1.464, 2 or 5.4641
But the maximum lies between 0 and 4, ... maximum sag occurs when z = 2.
When z=2, y = 355 (2°) — 5755 (2') — % (2)
= —0.03333 m
= —3.333cm .. the maximum sag is = 3.33 cm

¢ When 1 m fromP, ie, z=3m,

3 4
Y = 35 (3)_2400(3 )_75(3)
= —0.02375 m
= —2.375cm .. thesagis 2.375 cm

. d
d WhenlmfromP, ie, o=3m 2= g5 (3) - g5 (3°) - & = 0.0183

i.e., the angle 6, that the plank makes with the horizontal is such that tan6 = 0.0183
ie, 6=tan"'(0.0183) = 1.05°

10 The cost per unit volume V is  1z* +4 $/m®

dC 1 2 3 2 av
dV—(Qx +4) $/m° andas V =nriz, o =
dc dc dv .
Now AV da {Chain rule}
Z—C = (%xZ +4) x 7r?
x
ac 271 2 L
i (Eac + 4) and the cost C, of digging a well = [ — d:r

;:1:2 +4)] dz

3
2 <% +4m> +c

3
cost of digging a well A metres deep = 7r (h + 4h)

/—\

Now if the initial cost = Co, ~ 7r*(3 +0)+c = Co

Cc = Co
3
C(h) = mr? (#) +Co
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1
11 & The yield Y per unit area A is proportional to .
y p prop Jrrd
ie ﬂ x !
7 dA vz+4
ﬂ =k ! = K where k is a constant
dA Ve +4 Vr+4
. dA
b  Now the shaded area A = length x width T 4—2p
x
At Now v _ _dv dA {Chain rule}
de  dA dx
dy
—_— 4—2
. x (4 —2p)
. dy k(4 — 2p)
e, — = ——=
dx z+4
dy . . . . .
€ —— s the instantaneous rate of change of the yield with respect to the distance = from the
T canal.
total yield =Y = / — dx
p J—
_ k(4 — 2p) de
0o Vzr+4
d Y = k(4—2p) f (z+4)” 3 dy {using ¢}
_ — 9p) [ T —|— 4) 3 ]
_ _ P
= 2k(4—2p) [Vz +4]
= 4k(2 - p) [VPT I~ V1]
Y = 4k(2-p) (VP +4-2)
e For yield to be a maximum we need to maximise Y. Using technology to graph Y and find the
maximum, we find that the maximum occurs when p = 0.9735 km
i.e., orchard is 0.9735 km x 2.053 km
REVIEW SET 26A
4 1 3 1
—dr =4 |z 2 d b de =3 d
/\/5:6 f:fzx /1—2mx f1—2xx
LI —3(Z)In |1 — 22| +c
2
=—3In|1-2z|+¢c
=8VzT+c 2 In| |
< f:rel_ = [e* (7%2_1;) du {letting w=1—2% . % = -2z}
= fé fe“ du
=—1e"+c

1
= éex—i—c
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1 2
_ 4z
2 a ' V/T=3z dz b In — _ dzx
f751 /0 (z3 +2)3
:f,5(1*3$)2 dx welet u =342
3491
| (1-3x)2 d_u =322 and when z=0, u=2
=|HZ X —F dx
3 _5 when z=1, u=3

—1 1 2 1
— _2|(1—3z %] . 4z 1 <£ @) d
2la-sof] o e [ (3

=-% [45 - 16%] =4 fiudu
— 3564 4[u_2]3
=3
— 124 21,
—4 [_Lr
507 2u2 ],
_ 4
3 y— VI - i =4 [(-%)- -]
5
dy _1 =2
=34 7 x2
_ x
(a2 —4)
__ o o [ = v
V22— 4 z? —4
h o(t) =2t—3t2 N 3
=1t(2 - 3t) which has sign diagram: I 3 > ¢
Now s(t) = [ (2t —3t%) dt 0 ’
s(t) = t* — t* 4 ¢ metres
and so s(0) = ¢ with motion diagram:
SE) =t-fte=cth — X
s(1)=1—-14c=c c ct5
total distance travelled = (c+ 3= —¢) 4+ (c+ 2 — ¢) = 2= m = 29.6 cm

5 y=x?+4c+1 meets y=3cx+3 where z2+4r+1=32+3
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al = _100 t > 0.2 seconds
dt

12
d[ -2 —1
I(t) = | —-dt=[—100¢72 dt = 100t ~" +c

Now I(2) = 150 amps

%4—62150 and so ¢ =100
I(t) = (@ + 100) amps
1
a I<20):2L(;)+100 b as t — 4+
= 105 amps I(t) — 100 amps (above)

7 7 y=+v4—1x% isa
P semi-circle above the x-axis

A with centre 0 and radius 2
X
) Poeo
Now f 02 V4 — x? dr = shaded area = i of the area of a circle of radius 2 units
162
=3m(27)
= 7 units?

8 ff , f(z) dz  gives us the correct area only if f(z) is positive on the interval —1 <z < 3.

But f(x) is not positive for 1<z <3 so fj’ , f(z) dz  does not provide the correct answer.

The shaded area below the z-axis is given by ff’ [0— f(z)] de = — f13 f(z) dzx

_1(1+2%) —z(22)
(14 a2)?
1+ 22— 222
(1+22)2

{quotient rule}

1— 22

(1+22)2

(1+2z)(1—=z) . o -X -1+ -

= - hich h d . -+ t + L
1+ 22)2 which has sign diagram / ' \

there is a local minimum at (—1, —%) and a local maximum at (1, %)

b as z—oc0 f(z) —0 (above) and €
as x— —oo f(z) — 0 (below)

}f(x)

— X
Iy = +x? | (1 %) local max.

local min.(—l,—%)‘
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0 z 0 _x 0 1 du
= - ——dx = — (===
d Area /_2[0 1+m2} dx /_21+:c2 x /_2u( 5o
0 1
—r 1
/_21+x2 : 2/5 u “
1
Let w=1+z? @=2x = —5 [Infuf];
dx X
and when z =0, u=1 =—5(0—1n5)
when z=-2, u=5 :%

-1 5

10 Shaded area = /

—4

l9(e) — f(2)) da + /

-1

[f(z) — g(z)] dx

In5 units® (= 0.8047 units?)

11 The coordinates of B are (2, 4 + k) foz(az2 +k)ydr =4+k
area rectangle OABC = 2 x (4 + k) 23 2
=8+2k {3““3]0—4““
since the two shaded regions are equal in area, R
each area is 4 + k units?. 3t2k =4+ ]Z
k=
REVIEW SET 26B
1 1)’
1 2¢ " — =43) d b - — d
a  [(2 ~+ ) dx /<\/_ \/5> x
=(%)2e " —Infz[+3z+c 1
=—-2¢""—Injz|+3z+c :/(x—Z—i—;) de
2
= % —2z+1Injz|+¢
2 a ff(mQ —1)? dx b In ff z(z® —1)% da
:f12($4_2x2+1) dz Welet u=x?—-1 3—2:293
z° x> :
_[____’_4 and when z=1, u=0
5 3 1 when =2, wu=
_ 32 _ 16 _fi_z2
AR A SRt = 1) de = [$ (3 S da)
5 3 3
_1 2
= 2% = 2/0 u” du
313
3 f(z) = (322 + z)® 1 |:“_]
F(z) = 3(32% + 2)%(6z + 1) 3 1o
—1(2r _
[3(32% + z)*(6z + 1) dv = (32° +z)° + 1 T2 ( 3 O)
— 4L
3f(3$2+z)2(6$+1) de = 32+ 2)> + &1 =43
f(3x2 +z)?(6z+1) de = 1(32° + )’ + ¢
b a ot)=t*—6t+8mst, t>0 N .
=({t—4)(t—2) which has sign diagram: } t f > !
2 4
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b Now s(t) = [ (t* —6t+8) dt

3
=5 3t> +8t+c
and so s(0) = ¢
5(2) = % the motion diagram is: ( >
s(4) = ¢ +5% ! - -
s(5) = c+62 c c+13—6 c+23—0

The particle moves in the positive direction initially, then at ¢ = 2, 6% m from its starting
point, it changes direction. It changes direction again at ¢ = 4, 5% m from its starting point,
andat t=5 itis 6% m from its starting point.

¢ After 5 seconds, the particle is 6% m to the right of its starting point.
d total distance travelled = (c+ 2 —¢) + [(c+ 2) — (c+ )]+ [(c+ 2) — (c+ )]

:9% m

5 y=4e"—1 -cuts the z-axis Yp

when 4e®—1 =0 / o, area = fol (de” —1) dz
L= 1 y=4¢'-1 o
* 1 / = [4e” — ﬁU]O_1n4
z =1Inz
L. < X =[4—0]—[1+In4]
= —In ~In
FE=] =3—In4 (= 1.614 units?)
A\

6 y=J@) JO=-1 f1)=13 b F) - 13

f'(z) = 18z + 10 55 =13
S fl(x) = 922 + 10z + ¢ * +a_7’13
and f(x) = 323 + 52> +cx +d @t _6
a =
But f(0) = sood=-1 s )
 f(x) = 3¢ +50% +ar — 1 f(z) = 32°> + 52" +62—1
7 The areabetween =0 and z=a The area between x = a =1In3 and =z =10>
is 2 units?. is 2 units?.
b _
foae":dx:2 cL f1n36 dr = 2
[e]5 = 2 [T = 2
e —el =2 L )
et =3 et —3=2
a=1n3 eb =5
b=1nb
4r—3 2(2z+1)-5 -5
= =2 . A=2 B=-5
20+ 1 2¢ +1 +2x+1

2 2
4x73dx: (275( ! )) dx
0 2x+1 o 2¢+1

= [2m—5(%)1n|2m+1|]§
=[4—2In5]—[0— 2Inl]
= ——1n5
= —0.0236
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9 The shaded area = f02 ax(z — 2) dx = 4 units?

fOQ(a$2—2am) drx = 4 %—% =4
az® 2 4a
- 2 — . —_—— :4
[ 3 aa::|0 4 cL 3
a= -3

{83—a—4a} —0=4

Suppose A has coordinates (k, — 3k(k — 2))
—3k(k—2)—0

slope OA = 0 —3(k —2) o, equation of OA is y = —3(k — 2)z
Now if OA divides the shaded area into equal areas,
k 3K3
fo [-3z(z —2) — (—3(k —2)z)] do = 2 N i - = 2
k 2 o
Jy (=32® 4+ 62 + 3k — 6z)dz = 2 ‘ k_3:2
fok(—3x2 + 3kx) de = 2 2
3he? k k=14
{—xs—l- ;} =2 k=4
0
the z-coordinate of A is \?/Z
3z —5
1 = —
0 @)=
@ f(x) cuts the y-axis when =z =0 ie, y= —%
f(x) cuts the z-axis when f(z)=0 .. 3z-5=0 andso z=2

the x-intercept is % and the y-intercept is —%

b There is one vertical asymptote, = = 2

% is a quotient with u = 3z —5 and v = (z —2)°
v =3 and o =2(z—2)"
3(x —2)* — 2(3z — 5)(z — 2) ,
fl(x) = -2y {quotient rule}
~ (z—2)[3(x —2) — 2(3z — 5)]
(z—2)*
32— 6—6z+10
BECEEE -
= (i:—?;)vs which has sign diagram: - \ l f 2 \\» > X
3
it has a local minimum at (3, —9)
y (z—-22 2-2 (z—2)2
32-5  Al—2)+B
(x—2)2 (z-2)2
wintercept (12, 0) 3t —5 Az + (B —2A4)
- : —2)2 —2)2
—— G-2F T @9
y-intercept (0,~13) A 321) Equating coefficients, A =3
¥ local min. and B—-24A = -5

B=2A-5=6-5=1
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2
3

5 1
f A = —[Blnjz—2[]® 7[7 ]
rea —[BIn|z —2)3, 2],
5 1 1 1
Vi x=2 _ _/ f(z) do = —3ln§+3ln3+(j§—)*m
i -1
. =3In3+3n3-3+3
_ _/g 275 4 = 6In3 — & = 3.925 units®
-1 —1 ($—2)
] : X 5
\\}\x=% - _ : 3 +; dz
‘ B L \z=2 (z-2)
‘ 5 5
3 3 3 L
:—/ dx—/ (x—2)"* dz
T2 .
11 The line y=mx +c passes through (—1, 0). 0=-m+c andso c=m
thelineis y = cx +c¢
The curve and the line meet when cx +c¢ = —a® + 2z +3
2+ (c—2)z+(c—3) =0
(z+1)(z+[c=3]) =0 {as we know z = —1 is a solution}
.z =-1or3—-c
If we let @ =3 — ¢, then the enclosed area = ffl[(—:r2+2m+3)—(3—a)(:r+1)} dx
I 2
= f71[7$ +(a— 1z +a] dz
I R GRS D
IR 2
-1
a®  (a—1)a® 9 1 (a=1)
_(_EJFT” “\EtTe e
——%as—i—%as—%cﬁ—l—az—%—%a—&—%—&—a

1.3 1.2 1 1
50 T 30" t3a+3

But this area is 4.5 units?, 2+ 1 +3a+i =13
a®+3a> +3a+1=27
a®+3a>+3a—26 =0
(a—2)(a®*+5a+13) = 0  where the quadratic has A < 0,
*. no real solutions
a =2 andso c=1 (=m)
From technology, the only real solution to this equation is ¢ = 1.
So ¢=1, m=1, and the line has equation y =z + 1.
REVIEW SET 26C
1 dy _ (z% —1)? b ¥ _ 400—20e % y = [(400 — 20e" %) dz
dx dzx
= [(a®-1)* d — 400z — 22
2

f(m —22% +1) dz

1,5
5T —Sz +x+c

400z + 40e~% + ¢
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o 4 Y10z
2 a dx b In — dx
/_2 20 —1 /0 V32 +1
0 we let w=3z%+1, d—u:Gx
:4/ dx dx
21 When z=0,u=1 When z=1, u=4.

=4 [(%) In |2z — 1\](1
=2[In |2z —1])°,
=2[ln|-1] —In|-5]]

2

1
/ 10z
—— dz
0 V3z2+1

1
1 du
u” 2 (5—) dx
/0 3 dx
1

=2[0 — In 5] . Wi
=—2In5 =3 {T]
= 3219 2
B (I VT)
_ o
3
3x
3 = (322 +1)2 /—dm:\/SxQ—i—l—i—c
Y 1 2 -3
—= =1(32"+1) * 6z T
dz 2( 3/—daz:\/3m2+1+c
_ 3z V3x? +1 !
B2+ 1 z
—dr = V322 F14c
/ V3z2 +1 3
] a(t) = 6t — 30 cms™?2
v(t) = [(6t—30) dt = 3t* — 30t +c
But v(0) = 27 c=27
v(t) = 3t — 30t + 27 cms ™!
ooty = [ (3t =30t +27) dt = t> — 15t° + 27t +d
But s(0)=0 .. d=0
s(t) = t3 — 15t + 27t
Now w(t) = 3t* — 30t + 27
= 3(t* — 10t + 9)
- ion di |t - 3 *
=3t—-1)(t—-9) which has sign diagram: 1 5 > ¢
The particle comes to rest for the second time at P
t = 9 seconds. ‘ }_,_1
and s(0) = 0 cm —243 c 13 -
s(1) = 13 cm
s(9) = —243 cm D =13+ 134 243 = 269 cm
5 a 4 y>’=x—1 meets y=ax—3 where
z—1=(x—3)>2
z—1=2-6z+9
- 2> —Tz+10 = 0
(z=5)(z—2)=0
rd . x=2 o z=5
¥

at

(5,2) and (2, —1)
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b Area = Al —|—A2

2

=2[2-0] +[(238) - & +15) — (3 —2+6)]

2

= 41 units
6 y==Fk meets y=a> where z?==k z=+Vk
By symmetry, foﬂ(k—mz) de = 3 x53 =3 x £
VE
m?’]
kx — — =2
3
{ 310
kV'k
k\/__izg
3
7 fl(x) = 2z + L —&—aw_%
NI
f(:c):%x%+2am%+c=4m§/5+2a\/5+c
Now f(0) =2 . c¢=2 f(x):%+2a\/§+2
Also  f(1) =4 2420+2=4 . 2a=3%

Now f'(z) = 2/z + % = 6;\;51

and for >0, 6z+1 and 3z are >0

the function has no stationary point as  f'(z) # 0 for any value of z.

a

1
3

—2x A B
8 4—m2_:c—|—2+2—m for all =
-2z  AR-z)+B(x+2)
422 (z+2)(2—12)
—2x _2A—Am+Bm+ZB
4—z2 4 —x2
0—2x (2A+2B)+z(-A+B)
4— g2 4 — x2
Equating coefficients, —A+B=-2 and 2A+2B=0, ie, B
—A+—-A=-2
. —2A=-2 . A=1 and B=-1
4 4
2z 1 1 1
/3_4—m2d$7/3 <$+2+a:—2> dw A{as —:cicc—Q}

=[n|z+2[+Injz—2|];
=(In6+In2) — (In5+1n1)
=Inl12—1Inb5

—In(22)

S

>0 since f(z) is only defined for z >0

=-A
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9 y y=e* y=¢e® and y=Inz are inverse functions,
0, ¢) i.e., they are symmetrical about y =«
area A = area A’
Al
In but area A’ + area B = area of rectangle
=Inx
4 s, areaA t+areaB=ex1l=e
/ B A . and as area A = fflnx dx
= 1 (e,. 0) . and area B = fol e’ dr
¥ then flelnav dx—}—fole” der = e
100
10 o(t) = =100(t +2)"% ms™!
o(t) = gy = 1000t +2)77 ms
100 _ 100 _
a At t=0, U(O):2—2:25msl At t=3, v(3):5—2:4msl

b as t— 4oo, v(t) = 0ms!

(4 A
Ol

(above)

[- B

As v(t) is always positive, the boat is
always travelling forwards.

o(f) = 100 s(t) = [o(t) dt
() +27

= [100(t+2)7* dt
= —100(t+2)" ' +¢

- > 1(sex)
' I (N
T ot+2
!
e a(t) =) o s(0) =¢c—50m
3 -2
= —200(¢ +2)"" ms when the boat has travelled 30 m,
_ 200 s(t) = c— 20
3
(t+2) 100
c—20 = —— +¢
f do 200 100 e
dt 3 === -2
(t+2) ST 0
S L L ot+2=5
T Sr2p . -
( ) .t = 3 seconds

Il
|
Sus
RS
—
o~
+13
[ ] Re)
—
)
N~~~
MY

11 di(lnxf — 2(Ing)" (%)

/2lnmdm = (Inz)’ + e

|E
8
U
Il
wol=
=3
&
S
+
o



Chapter 27

TRIGONOMETRIC INTEGRATION

EXERCISE 27A
1 a [(3sinz—2)dz b [(4z —2cosz) dx [ f(2\/5—|—c0;12m) dx
= —3cosx —2x + ¢ =222 — 2sinz + ¢ . 1
= [(2z% +4 COSQCC) dz
= %x% +4tanx + ¢

d [(

=tanxz — 2coszx + ¢ 22
= I —tanz + ¢

- +2sinz) dz e /(f_ ! >da: f [(sinz—2cosz+e”) dx
T

2  cos?w . x
= —cosz — 2sinx +e* +¢

2 a J(Vz + 3 cosz) d b J (6 —sin6) do
_fm%+%cosw)dw :ﬁ—i—cosQ—i—c
:éx%—&—%sinx—l—c 2

2 . .

c JvE+ COS2t) dt d f(t2e — 4sint) dt
:f(t%+2sec2t) dt =2e" +dcost+c
:%t%+2tant+c

e <3cost——) dt f [B-2+—2)an

0  cos?6
=3sint—In|t|+¢ =30 —2In|f| + tanf + ¢
d, .. @ . @ @ e

3 a %(e sinz) = e”sinz +e”cosz . [e(sinz+cosz) dz = [(e”sinz + e” cosz) dx

= esinz +¢

b e (672 sinx) = —e “sinz+e “cosz

cosx —sinz cosx —sinx Cp .
= — /—da::e sinz + ¢
e’ er
d .
4 %(mcosx) = cosz + z(—sinx)
= cosz —xsinz f(cosm—acsin:c) dx = xcosz+c1

fcosac dm—fmsinac dr = xcosz + c1

sin:c—fmsin:z: dr = xcosx + c1

fmsin:z: dr = —xzcosz +sinz+c
1 _ d, 1 _ .
d = (cosz)™t . — ) = —(cosz)*(—sinx)
cosx dz " cosx .

sinx
cos?x
sinx

_ cosx
cosx
tanx tan 1

= f — dx = c
cos T sinz cos T
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h a f'(z) = 2° —4cosx b f'(z) = 2cosx — 3sinz
flx) = [(z* —4cosz) dx f(x) = [(2cosz — 3sinz) dz
z3 ) = 2sinx + 3cosz + ¢
= ?—4smz+c . |
But f(3) = 5
But f(0) =3 o4 5 L
sinZ +3cosf +¢c = ==
0—4sin(0)+c=3 4 4 V2
Soe=3 Ap) +3(H) +e= 7
z® c= -4
flz) = = —4sinz +3 V2
5 c = —2\/5
4 = _
< f(x) = Ve OS2 T f(z) = 2sinz + 3cosz — 2v/2
1 2
= 2 — d
fla) = [t - —2) da
= %x% —2tanz +c
But f(m) =0
% 3 _2tanm4c=0
2 3
Cc = —§7r2
2 3 2 3
f(z) = 322 —2tanx — 57?2
EXERCISE 27B
. 1
1 a [sin(3z)de b f2c;)s (4w) dx /m dzx
= —1cos(3z) + ¢ =2 x gsin(4z) + ¢ .
= $sin(4z) 4 ¢ = 3 tan(2z) + ¢
d f3cos( ) dz e [(3sin(2z) —e ) dz f / e — % dx
2=
=—3cos(2z)+e " +c sec (2)
—6sm( )Jrc 1o x
2 :Eew—2x2tan(§)+c
= 1e** —4tan (£> +c
2
8 [2sin(2z+ %) dax h [ —3cos(3 —z)dzx i . (:l )
cos? (£ —
:—%cos(2m+%)+c :—3(—Sin(%—w))+c ?
1
=—cos(2r + %)+ ¢ =3sin(§ —z)+c =4x(-g)tan(z —2z) +c
= —2tan(§ —2z) +c¢
i [cos(2z) + sin(2z) dx k [ 2sin(3z) + 5cos(4z) dx
= 1sin(2z) — 1 cos(2z) + ¢ = —2cos(3z) + S sin(4z) + ¢
I [3cos(8z) —3sinzdr
= 2(3)sin(8z) + 3cosz + ¢

1
8
sin

= sin(8z) 4+ 3cosz + ¢
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2 a [ cos®z dx b [ sin®z d
= [(3 + 3 cos(2z)) dx = [(3 — 3 cos (2z)) dz
=1z+ 1sin(2z) +c¢ =1z —1sin(2z)+c
c J (1 + cos®(2z)) dx d J (3 —sin® (3z)) da

— f(l + 3 141 cos(4m)) dz =
= f( 3 cos(4z)) dx
z+ tsin(4z) +c

o e

(3— (3 — 2 cos (62))) dx
(5 + 3 cos (62)) dz
b =2z + 5 sin (62) + ¢

s? (4z) dx f (1 + cosx)? dx

[\
—
—

1co
1(% + Lcos(82)) dz = f(l +2cos + cos® z) dx
= [(%+ L cos (82)) da = [(142cosz + § + 3 cos (2x)) dz
1
3
2

1
= lp4+ Lsin(8z)+c z +2sinz + $sin (2z) + ¢
1

3 cos’0 = 3+ 3cos(20) . cos'O = (5 + 5cos(20))
= 1+ 1cos® (20) + 3 cos (20)
= 1+ 2(3 + 3 cos(46)) + 3 cos (20)
=1+ 14 Lcos(40) + 3 cos(20)
_1
= 8

cos
cos (40) + % cos (20) + £ as required
Lg
33

Jcos*x dz = [(3cos(4z) + 3 cos (2z) + £) do =

3 in (4z) + % sin (2z) + 3z + ¢

. . . sinx
& a Consider f sin z cosz dz b Consider f
y/cosx
. du
Let w=sinz, — =coszx du .
dx Let u=cosx, — = —sinx

4 dx

f sin® x cosx dx .

sinx

_ fu4 du o y/cosxT

:fu du :fu_% (—%)dm
i 1

5

_w = [—u"% du
5 ¢ )
:%sin5m+c :—%—i—c or —2y/cosx+c
2
. sinx . -
¢ Consider ftanm da::/g dxr d Consider f\/sm:ccosx dx
T
du . Let u =sinx, @ = coszx
Let u = cosx, o= —sinx dz
sinx dr /\/sin:rcosx dx
cos T
1 du
= 2 — d
HEOY Jur G oo
u dx .
1 = fzﬁ du
= f—— du 5
u = %u? +c
=—Injul+¢

(sinx)% +c

Wl

= —Injcosz|+ ¢
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. Cosx
Consider / m dx

. U
Let u=2+4sinx, — =cosx

d
dx
cos T
——d
/(Q—l—sin:zr)2 v
du
= -2 2= d.
fu T T
= fqu du
=—ut+ec
. -1
T 2+sinz

. sin x
Consider — dx
1—cosx

Let u=1—cosz,

sinx
—— dzx
1 —cosx

1 du
=/ o m

1

=Inlju|+c¢

du .
— =sinz
dx

=1In|l —cosz|+¢

Consider / cos (3z) dx

sin (3z)
Let u = sin (3z) du 3 cos (3z)
= o =
du
=122
cos (3z) = 3 .

Consider / Sy dx

cos3 T

= —sinx

du
dzx
/ smgx d
cos3 x
du
_ -3 (_=%
= f u ( dm) dx

= f—ufs du

T3

Let uw =cosz,

1, -2

U +c

L(cosz)? +¢
1

2cos?x

Consider | —<5022) .
sin (2z) — 3

d_u

dx

cos (2x)

Let w =sin(2z) — 3,

1 du
2 dx

cos (2x)
/ sin (2z) — 3 de
1 /,du
/ L (b)
l/l du
u

Llnjul+ec

[N

2
11Insin(2z) — 3|+ ¢

li cos(3z) d

sin(3z)

1 /;,du
—z—)d
u(3dm) *

/ldu
U

tlnful +c

2 In|sin(3z)| + ¢

2 cos (2z)
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5 a fCOSSIE dr = fcoszsccosw dx
= [(1- sin? z) cos z dx
Let w=sinz, — =cosx
dx
b fsin5m dx
= fsin4wsinx dx
= f(l —cos’z)?sinx dx
= f(l —2cos? & + cos® ) sinz dx
d .
Let w=cosx, — = —sinx
dx
C fsin4xcos3x dxr
= fsin4x0032xcos:n dx
= fsin4 x(1 — sin® ) cos x dx
= [(sin*z — sin® z) cos z dx
. du
Let w=sinz, — =cosx
dr
du .
6 a Let u=coszr, — = —sinzx
dx
flz) = fsina:e“’” dz
= fecosz sinz dz
du
= [e'|——) dx
f ( dm)
= —fe" du
= —¢e“+c¢
= %05 4 ¢
€ Let w =sinz —cosz,
du .
— = cosx +sinx
dx

sinz — cosx

f(x) _ /smercosw de

=Inlul+¢c

= In|sinz — cosz| + ¢

3 2y du
J cos xdx:f(l—u)%dac
:f(l—uQ)du
3
:u—?—&—c
. n®z
= sinz —

=S sinm—%sinsw—&—c

[sin®z dz = [(1-2u®+u?) (—%> dx
dx

J(=1+2u® —u*) du

= —u—i—%us—%u{’—&—c

fcos:c+§cos3a:f%coss’x+c

fsin4xcos3m dr = f(u4 —ub) Z—de
= f(u4 — u6) du

uS—%u7+c
5

all= o=

z—isin"z+c

S1n -

b Let u=sin(22), % = 2cos(27)

flz) = fsin3(2m) cos(2z) dx

du
— 3 (122
—fu (2 d:c) dx

d Let u=tanz
du 1
dx = cos?z
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EXERCISE 27C
= z 1
1 a foﬁ cosz dr b f%Z sinz dz [ fg p—p dx
= [sinz]g =[- cosx]% = [tan x}%

3 T
=sin§ —sin0 = —cos % +cos% =tan 3 —tan %
=5-0 =0+3 —V3-1
_ 1 -1
=1 5

d fO% sin(3z) dz e fo% cos’ z dx f I sin’ x dx
- [_% cos (3;5)]0E = foz(é + 1 cos(2z)) dz = ff(% — 1 cos (2z)) dz
__1 T _ T
= —zlcos 3 — cos 0] = {E + 1 sin(2x)} ! = [E — 3 sin (2z)
— _1[o—1] 2 0 2
_13 =[Z+sin3] -0 =[%— 3sin7] -0
-3 _ T 1 T

=5tz =1
2 a Let w = cosx, — = —sinz b Let u = sinx, o =cosx
T
When = =0, u=cos0=1 When =z =0, w=sin0=0
When = = %, u:cos%:% When z = g, u:sin%:%
5 sin x s
B dx sin? z cosz dx
A y/cosx /0
i 1 du 3
=Ju 2(_%)d :/ u2d_ud:v
0 dx
1
= [iu 2du .
2 (3.2
11 fozu du
= {Qui] i
3 Bk
T T3
=2V1-2/2% 0
_1/1,\3 1
=242 =3(3)"—0 or 5
du .
4 Let w = cosz — = —sinx
dx
When z =0, w=cosO0=1
_ _ T 1
When z = 7, u=cosg =

T
/ tanz dx
0

Il
—
oo
S
2
g

V2
=1 !
tn ully
=Inl—-In-L
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. du . du
d Let w = sinx, — =cosx e Let w=1-—sinz, o = —cosx
T

When z =0, u=1-sin0=1

. — 1 _gin® =1
When z =3, u=1-sing =3

When z =

z
6
When z = 3, u=sing =

/ cos T
dx —— dx
z tanx o l—sinz
1
cosx d :/2 l (—d—u) dx
z sin x L u dx

w3
o

[NE)

1
_ [ Ldug, = / = du
o 1 u d:c 3 u
In |ul]}
[t = linfull}
Lu =Inl—1Ini 5
= [In|ul]i =0+1In2
2 In2
=Inl—1In %
=0+1In2 {ln<l>:—lna}
a
=1In2
EXERCISE 27D
1 a y b  We first note that sin”z >0 always,
) so the function never drops below the
1 y=sinx z-axis.
» _ . _ ™ .. 2
p o Affosmacda:
-1 = [7(3 — $ cos(2z)) da
v
T g . i
= [— -z sm(2m)}
I 2 4
A —fo sinz dz 0
= [~ cosz|} = [% - %sin(%’)} [0 — $sin0]
= [—cos T + cos 0] = Z units®
=—(-1)+1
= 2 units?
2 The curves y =cosz and y =sinz
ry meet when = Z.
A = fo% (cosx —sinz) dx
0, 1) y=8inx =
[sinz + cos ]
= (sin § +cos §) — (sin0 + cos 0)
x
~ > _(a 1
z N _<ﬁ+ﬁ —(0+1)
_ 2
=21
=CO0Sx
w g = (v/2 — 1) units®
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3 a y=tanz b tanz = v
] ) cosx
A has y-coordinate 1 and lies on du )
Let wu=cosx, — = —sinz
the graph of y = tanx on the dx
interval [0, Z]. When z=0, u=cosO0=1
tanz = 1 When z = %, u:cos%:%
=7 ™
. . area = f‘* tanx dzx
ie, Aisat (§,1)
7 1 d
/ u dx
= / — du
a1 u
e
= [In|u
In ul]y
- _n L
=Inl—1In 7
= Inv2 or %ln2 units?
L a y=sin(2z) isthe curve Cy b  The curves meet when sin (2z) = sinx
y =sinx is the curve Ca 2sinzcosx —sinx = 0
sinz(2cosz—1) =0
ie, sinx=0 or cosxz = %
x coordinate of A = %
Aisat (3, @)
€ Area = f()% (sin (2z) — sinz) dx + f;(sinx —sin (22)) dx
3
= [—5 cos (2z) + cos w]f + [— cosT + % cos (230)}7;
3
= (—% cos %" + cos %) — (—% cos 0+ cosO) + (— cosT + % cos27r)
— (—cos% + %cos%”)
R I R RN G )
= 21 units
5 a y=cos(2z) is the curve Cy and  y=cos’z is the curve C;
When =0, y=cos0=1. Aisat (0, 1)

When z =%, y=cos(§)=0.

2/
cos™ (%) =0,
When z = %T",
2

Also,
Y= Cos(%") =0,
cos(2m) =cos®m =1 . y =

A :fo (cos? x — cos (22)) dx

0s(2z) and y = cos

Bisat (7, 0)
Cisat (3, 0)
Disat (2, 0)

2

x=1 whenz =7 Eisat (m, 1)

= 7rlJr§c05(2av)fcos(2a:) dz
= Oﬂ%f—cos( x) dz

= [% — isin(Zm)} =(5-0)—

0

(0—0) = Z units®
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1

6 y=sin""z is the reflection of the function

us

y =sinx

y

in the line

y=x.
since sin”'1= 5, the shaded areas in the figures below are equal.

y=snx

y y
% y= sin1x
reflection 1
B R ——
about y=x
- - -
i 1 i
1. 1 % .
fo sin” "z dx = area of rectangle — fo sinz dz

=Zx1- [fcosx]og

REVIEW SET 27A

1 a
C

2 If y
dy
dx

Ik sin” z cos z dz

= [uT ( )daz on letting u = sinx

:fu du
e
_8 C

:%sinsx—&—c

Consider f e % cosx dr

. du
Let w=sinz, — =cosx

dx
fesmzcosx dm—fe —dw
= fe du

=e"+e
eSlnfE+c

= xtanx then

1
= ltanx +x (—2)
0s? x

cosx  cos?x

b Consider [ tan (2x) dw:/

N

Let u = cos(2x),

sinx T
/ dx + / 5
cos T cos?x
c / 1 ( du) dr + / x
sinz z U dx cos
+

[ tan (2z) dz

{letting u = cosz,

- fi [

J=

2z

cos? x

cos?x

sin (2z)
cos (2z) de
% = fQSCiln (2z)
sin (2z) = —1 d_Z
B 1 ; du
n /u( 2daz)d
1
= —% a du

du

dx

rxtanx + c1
xtanx + c1
—sinz}

rxtanx + c1

ztanz + Inju| + ¢

ztanz + In|cosz| + ¢
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3 Using technology, the graphs meet when
4y y= %

X

z=0 and z= 3. enclosed area

fis

n\\/Zn
y=sinx

_ 1 .7
=% Tasing—
_ = V3
=st7
z T sinz
b f04 tanx dr = /
o COST
Let w=cosx, — = —sinx
dx
When z =0, wu=cosO0=1
_ _ T 1
When z =7, u=cosj =5
1
s ()
cos T
= —In(cosx)
dy 1 .
T = oz X (—sinz)
__sinz
© cosz
= tanx
1
ftanxda:zn( >—|—c
cos T
= —In(cosz) + ¢
{since ! > 0}
cos T

[E + lsinac} ’
2 2 0

cos? (g) de = fo% (% +%COS$) dzx

bl
:/ (sinw—z—w) dx
o T
22 El
= [—cosx——}
T 1o
= (0-5)-(-1-0)
= (1—Z) units®
Of%sinO
1/ d
sy 2
f04 tanx dx :/ - (——u) dx
1 u dx
1
=/ l du
1 u
)
-1 1
infully
_ 1
= lnl—lnﬁ
= Inv2
= %ln2
du
L — si _— =
6 et u = sinf 20 cos @
uw(¥) =sinZ =1
w(f) =sinf =1
T cosh
/1 sin0d9
6
1
1 du
= - —do
/l u d9
2
1
=/ ldu
1 u
2
= [In |ul]}
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y=x

REVIEW SET 27B

1 a /4sin2 (%) dx

» X

y=snx

/2 (2sin” (%)) da

Now cos(20) = 1 — 2sin?0
2sin® 0 = 1 — cos(26)

/‘élsin2 (%) dr

2/(1 —cosz)dx

2[z —sinz] + ¢
2x — 2sinz + ¢

Required area

= area of A — area under sine curve
1

U .
7r><7r—f0 sin z dx

»

— [—cosz]g

— [ cosm + cos 0]

— 2 units?

/(2—6053:)2 dz
:/(4—4c0sx+cos2m)dm

= /4—4c0sx+%+ 1 cos(2z)dx

|3 oA oA

-2

2o —4sinz + 1 (%) sin(2z) dx

= %:c —4sinx + i sin(2z) + ¢

2 If uw=cosz, Z—Z = —sinz /:;;142 3 %(sin(mz))
du = 2z cos(x?)
= /u74 <——) dx
dx [ xcos(a?) da
— _/u—4 du =3 /2 cos(z?) dx
Oy = % sin(:cz) +c
= U_ +c
3
_ 1
"~ 3cos3z
4 v Now tanz >0 for 0<z< 3
A = f§ tanz dx Let u = cosuz, du = —sinz
0 dx
T oo s s 1
v . :/3 sin d When z = %, u=cosg =3
s o cos¥ When = =0, u=-cos0=1
< 32 1
=t y - [7L (—@) dx
y=tanx ), o dx
y'V =

1
/ldu
1 u
2

o ]}

:lnl—ln%

= In 2 units?
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(1) v(f)=sint Since w(t) =sint ms™!, w(t) =0
4 when t = 7 seconds.
N 1 We may therefore see from the graph
q \ that the particle reverses its direction at

time ¢ =.

the distance travelled is D = ["sint dt + f:(— sint) dt
= [~ cost]] + [cost]E
= —cosm + cos(0 4 cos4 — cosm
=14+1+cosd4+1

=3+ cos4
=2.35m
d 1
a foﬁ sin? (%) dx b Let u=tanuz, d—Z = oia
_foﬁ (%—écosm) dx When =%, w=tanf =1
r . z When = %, u:tan%:\/g
= [— -3 smx]
2 0 z
s 1 ’ 1
=(z—12)—(0-0) /l cos? ztan x
—m _1 4
12 1
V3
1 d
=/ =2y
, u dz
V3
1
:/ — du
L ou
= ln fu]}}”®
=Inv3—Inl
= %1n3
Consider the graph of
y=sinz, 0<z<7 Now foﬂ sin® ¢ dx = shaded area
i But the shaded area < area of rectangle ABCO
1A B ie., fow sin*z dr < 7
fowsin%c dr < 4
y=sin®x
c
1 K X




Chapter 28

VOLUMES OF REVOLUTION

EXERCISE 28A.1
1 a b [
v y=2x Ay
y=vx
~-— - -
X x
¥ ¥
Volume Volume

—71'/03(2m)2dx —w/()4(\/5)2d3c

3 4
= 47r/ 22 dx = ﬂ'/ x dx =
0 0
373 274
T T
3 0 2 0

= 47(9 - 0) = 7(8—-0) =
= 367 units® = 8 units® _
d ‘ e f
\ ¥
Volume Volume Volume

4 N 4 5
71'/ (mi) dz = 71'/ ()2 dx 7r/ (25 — %) dx
1 2 0
4 4 23 5
=7r/ 22 dz 71'/ z*dz :W{25x—?:|
1 2 0

[ 2] - [z =) -

4 5
1 2 = (%) 125
_ (286 _ 1 _ o [l024 _ 32 .
_”(4 4) _7[5 5] = 2507 ypits®
= 250n units® = 2%2x units®
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2 a V:ﬂ'/ —|—4 d:n b V:ﬂ'/ (z? 4 3)?

ZTI’/ +4x+16)d :71'/ z* + 622 +9)d

2 dx ¢ z® 623 ?
= Lﬁ?“ﬁfo T e
= (184724 96) — 0 =r({Z+16+18} — {3 +2+9})
= 1867 units®

— ()
= 67 ypits
4 5
4 Vzﬂ'/ (e®)? dz

0

4
:w/ e dx

0
- o)
)
= Z(e®—1) units®

8
3 a Volume = TF/ y? dx b 637 cm?®
5

=198 cm®
8
(64 — 2%)dx

3 8
T {6493 . x—}
3 5

= 7 ({p12 - 52} — {320 - 125])

—

™

= 637 units®
P 5
4 a c VvV =7r/ (—m—i—r) dx
0 h
h 2
:7rr2/ (—E—i—l) dx
o h
- - h 2
x 9 T 2z
= - 1
r / <h2 o + >da:
Y IS
™ 13R2 T 2n .
o ({4-uen}
b slope = 0 3
0-h = 2mr°h units®
__r
T h
L. r
equation 18 y:—ﬁx—i—r
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5 a a sphere of radius r b V == / y? dx

—r

0
3
=oar (-1 0
T (r 3
=271 X %r?’
= %m“?‘ units®
EXERCISE 28A.2
1 a 'y b Ay
' ¥ =cos(2x)
1% I N %
[ E— 2
v w
3 i
Volume = 7r/ (cosx)* dx Volume = 7r/ cos? (2z) dx
0 0

3 S
= 7T/ cos® x dx = 71'/ (% +%cos(4ac)) dz
0

0
z e L (D) B
= W/ 1+ 1 cos(2z) dw B W[2m+2 4)Sm(4m)]0
0 i :n[%—l—%Sinﬂ'—O]
= [%x + % (%) sin(2x)] ; 3
0 = % units
- 77[%+%SIH7T—0]
7r2 ]
= - units
C d !
4y | cosx
2 —%\
‘ -\ I
\ " — N
A
T ) % 1
Volume = 7 sinx dx Volume = 7 / e
. o cos’z
= 7 [—cosz]] = w[tanx]og
= m[—cosm — —cos(] = w(tanl—taHO)
= m(2) i
= 27 units® - (\/gi 0

= 73 units®
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2 a y : ¥ =Ssinx+cosx 3 a prSs y =4sin(2x)
i » X -

A

7 7 > X
v T 2 v z
b  Volume b  Volume
Ed 5 S )
= 7r/ (sinz + cosz)” dx = 7r/ (4sin(2x))” dx
0 0
E T
= 7r/ (sin2 x + 2sinz cos = + cos? :I,‘) dx = 167r/ sin?(2z) dx
0 0
Y T
= 77/ (1 +sin(2z)) dx = 1671/ (% - %cos(élac)) dx
0 0

s
4

Il
3

167 [% -1} sin(4z)}

167 {Z — ¢ sinm — (0 — §sin0) }

0

I
3
—~

= 8
el
|
Q
o
7]
—
o3

~— O N
——
|
=
[an]
|
(I
—
—
—
——
SN—
I

1

2
— U | its3
—7r(4+2) units

= 272 units®
EXERCISE 28B L
1 a The graphs meet where b V= 27r/ ((4 —z?)% - 32) dx
4—z2 =3 01
2’ =1 =2r [ (16 -8z +2"—9) dx
r = +1 o
Ais (—1,3 !
. ( ) = 27 (x4—8x2+7) dx
and B is (1, 3) 0

x5 8z !
—or | =2 47
[5 3 950

=2r{t -5+7-0}

= %units3
? 2
2 a The graphs meet where b V= 7r/ (62— (e%) )dw
e% = e 0
z 1 2
ez =e :71-/ (ez—e”)dx
T _q 0
2 _ 2 x
=9 77r[e a:fe}
_ 2 2
ie, at A(2, e) = 7"[26 —¢ _(0_1)]
= 7r[62+1] units®
2 182
3 a The graphs meet where b V = 7r/ (xz <_> > dx
1 1 T
xr = ; 2
2 —2
= e —x dx
- JACEE
r = *£1 B 3 2! 2
z=1 {as x>0} _W?_Tll
A “n{(3+1)- G+1)
11w
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8
4 a The curves meet where b V:w/ ((\/ac—4)2—12)dac
Ve—4=1 °
r—4=1 :77/ (x—4—-1) dx
.o x =25 5
) 8
As (3, 1) :71'/ (z —5) dz
5

= n{(32—-40) — (£ —25)}

= ﬂ'(%) = 97” units®

5 a 22+@y-3?%=4 b [ 4 >
] —3++/4—
L (y-3)° =4-2a? ﬁ\ﬁy VA
Soy-3=+V/i-a? [ )
: =3+£+V4— a2 3“‘~.ﬂ__-_-"'¥y:3—\/4—x2
4_12 2 > X
C V:w/ 3—1—\/4—9:2)2—(3— 4—x2)2}dm ¥

[=}

oy
L

2W/2{(3+ﬂ)2(3 =)'} as

_ 2#/)2{(9+6m+4—x2)—(9—6m+4—x2)}dac

2
— 271-/ 12v/4 — z2 dx
0

2
= 247r/ V4 — x?dx
0
= 2472 units® (= 236.9 units®) {using technology}
REVIEW SET 28
1 a b

= = 12067 — 4027 units®
= 3127 units
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2

< d
y=8nx
" - -
x
3

V= 7r/ (9 — 2?) da

0
11 237°
(5 -3 cos(2$)) dx - [gx _ _}
3
0
(3) sin(zn)]; o {r-% -0}
= 187 units®
w2 )

= -5 units i
Y

@ y = cos(2z) meets the z-axis where so, V = 7r/ cos?(2x) dx
2r = § 1
x T

=71z = 7/ (3 + 3 cos(4x)) da

=7 [%x+%sm(4m)]%l

16
:ﬂ'{(%ﬁ*%sinﬂ')*(%ﬁ*%sln(
—o{5-5-1(%)]
:w{?’—g—ﬁ} units®

—fe ' —8e?+32) — (-1 -38)}

3
3 1 2
V == / ( - ) dz
by 1 = sinx
_ 4

2 7" &nx 3m
4

1 \/ = 7T/ (sinz)~? dx

= x @ =7 X2 {using technology}
4 4

Note:

v = 27 units®

This is not one of the functions we can integrate in this course, so technology is used.
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2
& They meet where 2° = 4 vV = 7T/ (42 - (552)2) dx
c.oxr o= 12 0
but x>0 . x=2 2
. :w/ (16 — 2*) da
ie., at(2,4) 0
572
=7 |16z — x_]
5o

units®
pusy
; * 2 2
5 They meet where sinz = cosz V =nxn (cos® z — sin” z) dx
: 0
sinz
— 1 x
cosx 1
= cos(2x) dx
tanz =1 o (22)
-
r =13

=7 (3(1)-0)
=3 units®
6 a vV =imr’h b slope = =2 =—1
=1irx4*>x8 y line has equation
1 1

3 2 8
T 4x
—71'|:—12—2 +16x]0

=m {18 - 128 +128 -0}

= 1287 units®



Chapter 29

STATISTICAL DISTRIBUTIONS

EXERCISE 29A
1

The quantity of fat in a lamb chop is a continuous random variable.

The mark out of 50 for the Geography test is a discrete random variable.
The weight of seventeen year-old students is a continuous random variable.
The volume of water is a cup of coffee is a continuous random variable.
The number of trout in a lake is a discrete random variable.

The number of hairs on a cat is a discrete random variable.

The length of hairs on a horse is a continuous random variable.

W - ® O A o

The height of a sky-scraper is a continuous random variable.

N
o

The random variable is the height of water in the rain gauge.
il 0<2<200mm
iii The variable is a continuous random variable.

The random variable is the stopping distance.
il 0<2<30m
iii The variable is a continuous random variable.

C i The random variable could be the time taken for the switch to fail or it could be the
number of times that the switch is turned on or off before it fails.

0 < = < 10000 hours if we are measuring time, or 1 < x < 2000 if we are counting
on/off.

ifii The variable is a continuous random variable in the first case and a discrete random
variable in the second.

3 a Since z is the number of weighing devices that are accurate, x= =0, 1, 2, 3 or 4.

YYNN
YNYN
YYYN YNNY NNNY
YYNY NNYY NNYN
YNYY NYNY NYNN
YYYY NYYY NYYN YNNN NNNN
(@=4) (©=3) (@=2) (@=1) (@=0)

i Iftwo are accurate then z =2
ii If at least two are accurate then 2, 3 or 4 are accurate i.e., = =2, 3or4

4 a If 3 coins are tossed then the number of heads = can be 0, 1, 2 or 3.

b Suppose H represents heads, T represents tails. ¢ Plz=0)= % Plz=1)= %
HHT TTH P(z=2)= % Pz =3)= %
HTH THT
HHH THH HTT TTT d b P(x)
(@=3) (@=2) (@=1) (2=0) :

@i
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EXERCISE 29B

1 a Since this is a probability distribution > P(7) = 1

a+0.3333 4- 0.1088 4 0.0084 + 0.0007 + 0.0000 = 1
a+0.4512 =1
. a = 0.5488

P(0) is the probability that Jason does not hit a home run in a game.
b P(2)=0.1088 (from table)

¢ P(1)+ P(2) + P(3) + P(4) + P(5) = 0.3333 4 0.1088 + 0.0084 + 0.0007 + 0.00
= 0.4512

This represents the probability that Jason hits at least one home run in a game.
d P(x)
04

0.2[
5 U B S

v 1 2 3 7

(1]

2 a The probabilities all liein 0< P(i) <1, .. OK
Sum of probabilities Y P(i) = 0.2+ 0.3+0.4+02=1.1
sum of probabilities # 1
this is not a valid probability distribution.

b Notice that P(5) = —0.2, .. not all of the probabilities lie in 0 < P(7) < 1
this is not a valid probability distribution.
3 @ The random variable represents the number of hits that Sally has in each game.

b 07+014+k+0.46+0.08+0.02=1 {since > p(i) =1}

k+0.77 =1
k = 0.23
c i P(z > 2) i P(1<z<3)
=Plx=2or z=3 or =4 or x=25) =P(1)+P(2)+ P(3)
= P(2) + P(3) + P(4) + P(5) =0.14 + 0.23 + 0.46
= 0.23 4 0.46 + 0.08 4 0.02 =0.83
=0.79
4L a Rolling a die twice, sample space: b P0O)=0 P1)=0 P2)==
2 _ 3 _ 4
6 [(6,1)](6,2)](6,3)|(6,4)|@6,5)| @6, 6) P@3) = 356 P() = 366 P() = 356
56, D[ 26, 3)]6, 46, 56,6 P6) =5 P(M=3 PO =3
oll 1 4 [ D)@ 2)[@& 3)[@ 4[4 5[, 6) P(9) =4 P(10)== P(11) =2
316G, D[EB,2)[3,3)]3,4)](3,5)]|(3, 6) P(12) = %
2lehlea]es|eseneo]
1@ @@ 3@ aH|a sla, e 4 probability
1 2 3 4 5 6 =
roll 2 4 1 [ |
36
N | |
36
] 1

1234567 89101112 sim
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5 a Plx)=kz+2), z=1,2,3
P(1) =3k, P(2)=4k, P(3)=5k
and since this is a probability distribution, Y P(i) = 3k + 4k + 5k
and 12k =1 {as Y P(i) =1}

k= L1
k 2
b P(x):m—Fl z=0,1,2,3
k k k
P = P(l) == P(2) == P —
O=k PO=% Pe)=f  pE-t
Now k+E+E+E:1 {as > P(i) =1}
2 3 4
12k + 6k + 4k + 3k _ |
12 -
25k
T !
k=12

(BT 2=0,1,23.4

PO=E() (@) =50 PO=kH)'(F) =2 P@=k({)(3) =

81 81
3 1 2k 4 0 k
PE)=k(3)" (3) =57 PW=k(z) (3) =g
16k 8k 4k 2k Kk .
b ﬁ+8_1+ﬁ+§+8_1_1 {aSZP(Z)—l}
31k
ET
k= 5 = 26130
P(z>2) =P(2)+ P(3)+ P(4)
_ Ak 2%k
- 81 81 81
Tk
- 81
7 x26130
8l
= 0.2258
7 a P(no faulty component) b P(at least one faulty component)
=P(z =0) =1 — P(none are faulty)
= P(0) =1-0.6648
= C3°(0.04)°(0.96)1°° = 0.3352
= C5°(0.96)"°
=0.96"
= 0.6648
EXERCISE 29C
1 P(rain) = 0.28 .. would expect rain on  0.28 x 365.25 days a year

ie, = 102 days.
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2 a P(HHH) b For 200 tosses, we expect 200 x % to be ‘3 heads’
=:xix1 i.e., 25 to be ‘3 heads’
1
-8
3 @& P(back) = 322 (ie, =0.385) b Expectationis 532 x 50 = 19 ‘backs’
h a i P(wins $10) ii P(wins $4) iii P(wins $1)
= P(rolls a 6) = P(rolls 4 or 5) = P(rolls 1, 2 or 3)
-1 % o -t @b
b i Expectation ii Expectation i Expectation
=2 x$4 =2 x81 =2 x810+2 x84+ 2 x8$1
=$1.33 = $0.50 = &(%21)
= $3.50

€ It costs $4 to play and the expected return is $3.50.
you expect to lose $0.50 per game.

d So, over 100 games you expect to lose 100 x $0.50 = $50.

wl

Expect to save = x 90 = 27 goals

10
6 Expect to see snow falling on % x b x 7 days = 15 days
7 P(double) =P(1,10r2,20r3,3o0r4, 4orb,5or6, 6)
= = {6 of the possible 36 outcomes}
-1
6

when rolling 180 times we expect 180 X % = 30 doubles.

8 1st 2nd P(two greens)
+—G = P(GG
3y 4 G<3ly L9
4G < G =7 X%
TV =Ty _2
s =7

for 300 repetitions we expect 300 x % = 86 times

9 a 165487 +48 =300 i P(votes A) ii P(votes B) i P(votes C)

= 165 - 87 - 48
< 300 < 300 < 300
b i Expect 7500 x 302 =4125to vote A §i Expect 7500 x zo = 2175 to vote B
iii Expect 7500 x so& = 1200 to vote C
10 a Expect to win IXS1+ 2 x824+2x83+2x844+1x35+ 2 x86
=3 x$21
= $3.50

b No, as on each occasion he would expect to lose $0.50 (on average).

1" result in a Expectation = 1 x $10+ 2 x $3+ 1 x (—$5) = $2.75
HH $10 b Expected win per game (payout) = $2.75
HT or TH | $3 organiser would charge $2.75 4 $1.00
T —$5 = $3.75 to play each game.
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12 i T win For playing once,
H $2 expect to win 1 x $2 4+ 1 x (—$1) = $0.50
T —$1 .. for 3 games, expect to win $1.50.
13 [ oouii [ win @  Expectation
1 $1 =5 X814+ ¢ X824 5 x83+§ x5+ ¢ x$10+ 5 x $25
2 $2 =+ x $46
. 22 = $7.67
5 $10 b For 1 game at $10 a game, expect to lose $10 — $72 = $22
6 $25 So, for 100 games, expect to lose $22 x 100 = $233.33

14 PR)=2, PB)=2, PW)=%

expectation is 3 X $1+ 2 x $24 & X $5 = £ x $12 =82

EXERCISE 29D

1 z | 0] 1] 2] 3 4] 5 ]>5
P(z;) | 0.54 | 0.26 | 0.15 | 0.03 | 0.01 | 0.01 | 0.00
a p =) zipi
=0x0544+1x0.26+...... +5x0.01
= 0.26 4 0.30 + 0.09 + 0.04 + 0.05
=0.74 i.e., over a long period the mean number of deaths per dozen crayfish is 0.74.
b o =/ (zi—p)?p
=/(0—0.74)2 x 0.54 + (1 — 0.74)2 x 0.26 + ...... + (5 — 0.74)2 x 0.01
= 0.9962
24z
2 P(z)= 0 for z=1,2,3 - 1 B 3
Plzi)=pi | =01 £ =03 32=06
p= > zipi
=1x014+2x03+3x0.6
=25

and o = /> (zi — p)?ps
= /(1-25)2x0.1+(2-25)2x03+(3-25)2x0
= 0.6708

3 a Px)=C3(04)%06)*>" for £=0,1,2,3

P(0) = C3(0.4)°(0.6)* P(1) = C$(0.4)'(0.6)* P(2) = C5(0.4)%(0.6)*
= (0.6)* = 3(0.4)(0.6)? = 3(0.16)(0.6)
= 0.216 = 0.432 = 0.288
P(3) = C5(0.4)%(0.6)° o 0 1 5 3

= 1(0.4)3
= 0.064

P(z;) | 0.216 | 0.432 | 0.288 | 0.064
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b u = Yz = 0(0.216) + 1(0.432) + 2(0.288) + 3(0.064) = 1.2
o=/ (zi—p)’pi

= /(0—1.2)2(0.216) + (1 — 1.2)2(0.432) + (2 — 1.2)% x 0.288 + (3 — 1.2)2 x 0.064
= 0.8485

4 o = /> (zi — p)?pi
o = X - w)Pp

= (zi = p)?pr + (22 = )?p2 + ooovs + (20 — 1)

= (21 = 2z1p+ p®)p1 + (23 — 2wop 4 p2)p2 + oo + (27, — 2T0p + 1%)pn
= (23p1 + T3p2 + 23p3 + ... +22pn) — 2u(zipr + T2p2 + ... + TnPn)

+ 2 (p1 +p2+p3 A+ +pn)
Now p1+p2+...... +pn =1
2= alpi 20X wipi) + p*(1)
= Y a’pi = 2u(p) + p* {since Y aipi = p}

= mepz -
5 a z | 1] 23 ]4]5
P(z;) [01]02]04]02]01
b u =) wipi o =/ (i — p)?pi
=1(0.1) +2(0.2) + ...... +5(0.1) _ \/W
=01+04+124+0840.5
4 =/12(0.1) + 22(0.2) + ...... + 52(0.1) — (3.0)2
=+401+08+36+32+25-9
=v12
= 1.095
c i Plu—oc<z<p+o) ii P(u— 20 <z < p+ 20)
=P(3-1.095 < 2 < 3+ 1.095) =P3-219 <z < 3+2.19)
=Pz =2,3,4) = P(0.81 < z < 5.19)
=02+0440.2 =Plxz=1,23,40rb)
=0.8 =01402404+0240.1
=10

6 Let = be the payout values, then z = $20000, $8000, or $0

the probability distribution is = 20000 | 8000 0

P(z;) =p; | 0.0025 | 0.03 | 0.9675

The expectation is g =Y z;p; = 20000(0.0025) + 8000(0.03) + 0(0.9675)
= $290
i.e.,, the company expects to pay out $290 on average in the long run
the company should charge $290 + $100 = $390
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diel

die2 a m | 11213141516
1273456
11231456 Pmi) | 55 | 55 | 35 | 35 | 36 | 36
2223456
3|13[3]3[4|5]6 b p= ) mpi
414141414 ]5]6 =1 +2 +3(Z)+...... +6 (&
5 5 5 5 5 5 6 _ ( ) 55 )28 (45) 66 (6)
6/6|6[6|6|]6]6 =5 tast s ta Tt
_ 161
- 36
= 4.472

= /> mjp; — p?
= \/12 ) +2%(5) + o + 62 (55) — (4.4722)2

= Vv1.97165
= 1.404

8 One coin is tossed a maximum of three times, until either one tail or three heads occurs. Let = be

the number of tosses needed. z; =1, 2 or 3.
P(z =1) =P(T) = 3 = 0.50
P(z =2) =P(HT) = (3)° =1 =025
P(z = 3) = P(HHT or HHH) = (3)® + (3)* =2 =0.25
the probability distribution is and . op =D zips
= 1 B 3 =1(0.5) 4+ 2(0.25) + 3(0.25)
P(z;) | 050 | 0.25 | 0.25 =17
EXERCISE 29E
1 @ The binomial distribution applies, as tossing a coin has one of two possible outcomes (H or T)
and each toss is independent of every other toss.
b The binomial distribution applies, as this is equivalent to tossing one coin 100 times.
¢ The binomial distribution applies as we can draw out a red or a blue marble with the same
chances each time.
d The binomial distribution does not apply as the result of each draw is dependent upon the results
of previous draws.
e The binomial distribution does not apply, assuming that ten bolts are drawn without replacement.

2 Let X be the number of boys in the family.
P(X =6)
= binompdf (6, %

We do not have a repetition of independent trials.

= 0.0156

IR

6)

P(more than 4 girls)

=PX <1
= binomcdf (6, %

= 0.109

> 9

D

X =0,1,2,3,4,56 and X is Bin(6, 3).

b  PX=2
= binompdf (6, 2 55 2)
=0.234

d P(more boys than girls)
— P(X > 4)
=1-P(X<3)

=1 — binomcdf (6, 2 55 3)
=0.344
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3 X is the random variable for the number working night-shift.
X=0,1,2,3,4,5,6,7 and X is Bin (7, 0.35).

a P(X = 3) b P(X < 4)

= binompdf (7, 0.35, 3) =P(X <3)

= 0.268 = binomedf (7, 0.35, 3)
< P(at least 4 work night-shift) =+ 0.800

=P(X > 4)

=1-P(X <3)

=1-0.800

=0.200

L X is the random variable for the number of apples with a blemish.

X =0,1,2,34, ... ,25 and X is Bin (25, 0.05).
a P(X =2) b P(at least one has a blemish)
= binompdf (25, 0.05, 2) =1 — P(none of them have a blemish)
=0.231 =1-P(X =0)
=1 — binompdf (25, 0.05, 0)
=0.723
5 X is the number of faulty items.
X =0,1,23 ..., 12 and X is Bin (12, 0.06).
a P(X =0) b P(at most one is faulty)
= binompdf (12, 0.06, 0) =P(X <1)
= 0.476 = binomcdf(12, 0.06, 1)
= 0.840
< P(at least 2 are faulty) d P(less than 4 are faulty)
=P(X >2) =P(X <4)
=1-P(X<1) =1-P(X<3)
= 0.160 {from b} = binomcdf (12, 0.06, 3)
= 0.996

6 X is the random variable for the number of correct answers.
X=0,1,234,...,20 and X is Bin (20, 1)

a P(X = 20) b P(half correct)
= binompdf (20, 3, 20) = P(X = 10)
=9.54 x 1077 = binompdf(20, 3, 10)
=0.176
< P(less than half correct) d P(at least 15 correct)
=P(X <9) = P(X > 15)
= binomedf (20, 3, 9) =1-P(X <14
=0.412 = 1 — binomedf (20, 3, 14)
= 0.0207

7 X is the random variable for the number of times in a week when the bus is on time.
X=0,1,2,3,4,560r7 and X isBin (7,0.6) {late 2 in 5, on time 3 in 5}
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a P(X =7) b P(on time only on Monday)
= binompdf (7, 0.6, 7) =0.6 x (0.4)°
= 0.0280 = 0.00246
¢ P(X=6) d PX>1)
= binompdf (7, 0.6, 6) =1-P(X <3)
=0.131 = 1 — binomcdf (7, 0.6, 3)
=0.710

8 X is the random variable for the number with flu
X=0,1,2,3,...,25 and X is Bin (25, 0.3)

a PX=>2 b  P(test cancelled)
=1-P(X<1) =P(X>6)  {20% of 25 = 5}
=1 — binomedf (25, 0.3, 1) =1-P(X <5H)
= 0.998 = 1 — binomedf (25, 0.3, 5)

= 0.8065

9 X is the number of goals thrown.
X =0,1,234,..,20 and X is Bin (20, 0.94)

a P(X =20) b P(X>18)
= binompdf (20, 0.94, 20) =1-P(X <17)
= 0.290 =1 — binomcdf (20, 0.94, 17)
= 0.885

EXERCISE 29F

1 z is distributed Bin(6, p)
a If p=0.5, = isdistributed Bin(6, 0.5)

i n =mnp and g = \/n_pq
=6x05 — V/6x05x05
=3 =1.2247
ii P(z =0) P(z=1) P(z =2) P(z = 3)
=C§(0.5)°(0.5)% =CP(0.5)1(0.5)° = C5(0.5)2%(0.5)* = C5(0.5)%(0.5)°
=0.0156 = 0.0938 =0.2344 =0.3125
P(z =4) P(z =5) P(z = 6)
= C%(0.5)*(0.5)2  =C8(0.5)°(0.5)) = C§(0.5)5(0.5)°
=0.2344 = 0.0938 =0.0156
T 0 1 2 3 4 5 6

P(z;) | 0.0156 | 0.0938 | 0.2344 | 0.3125 | 0.2344 | 0.0938 | 0.0156

b probability

0.3
0.2
0.1

iii The distribution is bell-shaped. . _l |_|
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b If p=0.2, zis distributed Bin(6, 0.2)

i p=np and o = /npq
_ox02 = \V6X02x038
o = 0.980
ii Px=0) Pz =1) P(z =2) P(z = 3)
=C§(0.2)°(0.8)  =CF(0.2)'(0.8)° =C5(0.2)%(0.8) = C%(0.2)%(0.8)°
=0.2621 =0.3932 = 0.2458 =0.0819
P(x =4) P(x =5) P(x = 6)
= C%(0.2)*(0.8)> =C8(0.2)°(0.8)) = C§(0.2)5(0.8)°
=0.0154 =0.0015 =0.0001
z 0 1 2 3 4 5 6

P(z;) | 0.2621 | 0.3932 | 0.2458 | 0.0819 | 0.0154 | 0.0015 | 0.0001

4 probability ili The distribution is skewed to the right,
04 i.e.,, positively skewed.
0.3
0.2
0.1
x

0 1 2 3 4 5 6
¢ If p=0.8, =z isdistributed Bin(6, 0.8)

i p=np o = ./npq
— 008 — VEX08x02
o =0.980
ii P(z =0) P(x =1) P(z =2) P(z = 3)
= C§(0.8)°(0.2)°  =CF(0.8)1(0.2)° =C5(0.8)%(0.2)* = C%(0.8)%(0.2)°
= 0.0001 =0.0015 =0.0154 =0.0819
P(z =4) P(z =5) P(z = 6)
= C5(0.8)*(0.2)> = CF8(0.8)°(0.2)) = C§(0.8)(0.2)°
= 0.2458 = 0.3932 = 0.2621

Notice that this is the reverse of b.

T; 0 1 2 3 4 5 6
P(z;) | 0.0001 | 0.0015 [ 0.0154 | 0.0819 | 0.2458 | 0.3932 | 0.2621

04 } probability iii This distribution is the exact
0. 3 reflection of b.
) It is skewed to the left or nega-
0.2 tively skewed.
0.1
—

0 1 2 3 4 5 6 x

2 Number of tosses, n = 10

X is the number of heads obtained. .. = is distributed Bin(10, 0.5)
p =mnp o =./npq
= ;0 0.5 = VI0x 05 x 05

= 1.58
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3 a «zisdistributed Bin(3, p)

P(z =0) = C§ p°¢°® Pz =1) = C{p'¢? Pz =2) = C3p°(q)"
— C3p°(1 - p)? = 3p(1-p)* = 3p°(1-p)
= (1-p)°

Pz =3) = 035’ P’ z; 0 1 2 3
- b P(z;) | 1—p)° | 3p(1—p)® | 3p°(1—p) | P°

b p= > xipi
= 0(1—p)® +1x3p(1 —p)* +2 x 3(1 - p) + 3p°
= 3p(1 —p)* + 6p°(1 — p) + 3p°
= 3p(1 —2p+p°) +6p> — 6p° + 3p°
= 3p — 6p* + 3p°® + 6p — 6p° + 3p®
= 3p as required

(4 o? = wapl — u2

0% x (1—=p)® + 1> x3p(1—p)* + 22 x3p*(1 —p) + 3°p* — (3p)*
3p(1—p)* + 12p*(1—p) + 9°(p—1)

= (1-p) [3p(1 —p) + 12p> — 9p?]

(1—-p) [3p—3p" + 3p°]

= 3p(1—-p)
= 3pq . o0 =+/3pq as required
L X is the number of defective bolts in the sample.
X is distributed Bin(30, 0.04) p =np and o = /npq
=30x0.04 = /30X 0.04 X 0.96
=12 =1.07
5 X is the number of fatalities.
X is distributed Bin(243, 0.037) u =mnp and o = ./npq
= 243 % 0.037 = /243 % 0.037 x 0.963
=899 =2.94
6 X is the number of groups that do not arrive.
X is distributed Bin(5, 0.13) p =np and o = .,/npq
=5x0.13 =5 %013 %087
= 0.65 =0.752

EXERCISE 29G.1

1 Ly 2 a/b/c/d The mean volume (or life
Ao time, weight, diameter
b B etc) is likely to occur
015 most often with
I \ variations around the
01 mean occurring
A )l \ symmetrically as a result
0.05 A ; of random variations in
D )/C’/'r 7k 5, g ¥ the production process.
20 40 60
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3  Without With

20 30

10 40

a P(without and < 50) b P(with and < 60)
= 50% + 34.13% = 0.13% + 2.15%
= 84.1% = 2.28%
= 2.3%
C P(with and 20 < z < 60) P(without and 20 < z < 60)
= 2.15% = 2(34.13% + 13.59%)
= 95.44%
= 95.4%
d P(with and z > 60) P(without and = > 60)
= 13.59% + 34.13% + 50% = 2.15% + 0.13%
= 97.7% =2.3%
] a Plu—o<z<p+o)
=2 x0.3413
= 0.683
2.15% 0.13%
: : : b Plu<z<p+o)
u=30 u=20 H=O0 u puro u+20 u+3c = 0.341
c Plp <z <p+20) d Plp<z<p+30)
= 0.3413 + 0.1359 = 0.3413 + 0.1359 + 0.0215
= 0477 = 0.499
5
146 154 162 170 178 186 194
a P(162 < z < 170) b P(170 < = < 186) c P(178 < z < 186)
= 34.1% = 34.13% + 13.59% = 13.59%
= 47.7% = 0.136
d P(z < 162) e P(z < 154) f P(z > 162)
=1-—(0.5+0.3413) = 0.0215 + 0.0013 =1-0.159 {using d}
= 0.159 = 0.0228 = 0.841
6 a PO<z<4)
= 0.3413 + 0.1359
= 0.4772
expect 800 x 0.4772 = 382
b P(—6 <z <0) < P(—4 <z <6)
= 0.5 —0.0013 =2 x 0.3413 + 2 x 0.1359 + 0.0215
= 0.4987 = 0.9759
expect 800 x 0.4987 = 399 expect 800 x 0.9759 = 781
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a  P(z < 18000)
=1-0.5-0.3413

25y 3413%

i = 0.1587
B 43.59% | ; .
14000 16000 18000 20000 22000 24000 26000 . expect 260 x 0.1587 = 41 days
b P(z > 16 000) (4 P(18000 < = < 24000)
= 0.1359 4 0.3413 4+ 0.5 =0.3413 x 2+ 0.1359
=0.9772 = 0.8185
expect 260 x 0.9772 = 254 days .. expect 0.8185 x 260 = 213 days

EXERCISE 29G.2 Using Technology

1 a 0341 b 0.383 ¢ 0.106
2 a 0341 b 0264 ¢ 0212 d 0945 e 0579 f 0.383

EXERCISE 29H.1

1 b <
012 ' 008 -052—/0
P(z < 1.2) P(z > 0.86) P(z < —0.52)
= 0.8849 =1-—P(z <0.86) = 0.3015
= 0.885 =1-0.8051
=0.195
d e
-162 0 086 0032
P(z > —1.62) P(—0.86 < z < 0.32)
=1-P(z < -1.62) =P(2 < 0.32) — P(z < —0.86)
=1-0.0526 = 0.6255 — 0.1949
=0.947 = 0.431
2 a P(z > 0.837) b P(z < 0.0614)
=1-P(2<0.837) = normalcdf (—E99, 0.0614)
= 1 — normalcdf (—E99, 0.837) =0.524
=0.201
< P(z > —0.876) d P(—0.3862 < z < 0.2506)
=1-P(z < —0.876) = normalcdf (—0.3862, 0.2506)
= 0.809 =0.249
e P(—2.367 < z< —0.6503)
= normalcdf (—2.367, —0.6503)
= 0.249
3 a P(—0.5 < z < 0.5) b P(-1.960 < z < 1.960)
= normalcdf (—0.5, 0.5) = normalcdf (—1.96, 1.96)

= 0.383 = 0.950
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L a P(z<a) =09 b P(z > a) = 0.90
S.oa = 1.645 s 1 —=P(z<a) =090
{searching in tables} . P(z<a) =01
. a=-128-2(0.01)
a = —1.282
EXERCISE 29H.2
1 X is normal with mean 70, standard deviation 4.
a P(z > 74) b P(z < 68)
= normalcdf (74, E99, 70, 4) = normalcdf (—E99, 68, 70, 4)
= 0.159 = 0.309
C P(60.6 < z < 68.4)
= normalcdf (60.6, 68.4, 70, 4)
= 0.335
2 X is normal with mean 58.3 and standard deviation 8.96.
a P(z > 61.8) b P(z < 54.2)
= normalcdf (61.8, E99, 58.3, 8.96) = normalcdf (—E99, 54.2, 58.3, 8.96)
= 0.348 =0.324
C P(50.67 < z < 68.92)
= normalcdf (50.67, 68.92, 58.3, 8.96)
= 0.685
3 L is normal with mean 50.2 mm and standard deviation 0.93 mm.
a P(l > 50) b P(l < 51)
= normalcdf (50, E99, 50.2, 0.93) = normalcdf (—E99, 51, 50.2, 0.93)
= 0.585 = 0.805
C P(49 < 1 < 50.5)
= normalcdf (49, 50.5, 50.2, 0.93)
= 0.528
EXERCISE 29H.3
1 a P(z<k) =081 b P(z<k) =058
k= 0.87+ 2(0.01) ok = 0.20 + 5(0.01)
k = 0.878 ok =0.202

¢ P(z<k) =017

k = —0.96 + £2(0.01)
k = —0.954
2 a P(z<k) = 0384 b P(z<k) = 0878
.k = invNorm (0.384) o. k= invNorm (0.878)
k = —0.295 S k= 1165
¢ P(z<k) =01384
.k = invNorm (0.1384)
k = —1.088
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3 a P(—k < z<k) equal areas
=P(z< k) —P(z < —k)
=P(z2<k) —P(z>k) {asarecaD = areca @}
=P(z<k) - [1 - P(z < k)]
=P(z<k)—1+P(z<k)
=2P(z<k)—1
b i P(—k < z < k) = 0.238 i ) = 0.
2P(z < k)—1 = 0.238 s 2P(z < k) — 1 = 0.7004
9P(2 < k) = 1.238 o 2P(z < k) = 1.7004
P(z < k) = 0.619 5 P(2< k) = 0.8502
.k = invNorm (0.619) -. k= invNorm (0.8502)
k = 0.303 o k= 1.037

EXERCISE 291
1 Let X be the length (in cm) of a bolt.
Then X is normally distributed with = 19.8 and o = 0.3.

P(19.7 < z < 20) = normaledf (19.7, 20, 19.8, 0.3)
= 0.378

2 Let X be the money collected (in $)
Then X is normally distributed with ¢ =40 and o = 6.

a  P(30.00 < z < 50.00) b P(z>50)
= normalcdf (30, 50, 40, 6) = normalcdf (50, E99, 40, 6)
= 0.904 = 0.0478
= 90.4% = 4.78%

3 Let X be the result of the Physics test.
Then X is normally distributed with ;=46 and o = 25.
We need to find k such that P(z > k) = 0.07
ie, 1—Px<k) =007
ie, Plz<k) =093

k = invNorm (0.93, 46, 25)
k = 82.894......
k = 83 {k assumed to be an integer}

i.e., lowest score would be 83 to get an A.

& Let X be the length of an eel (in cm)
Then X is normally distributed with g =41 and o = /11

a P(z > 50) b P(40 < = < 50)
= normalcdf (50, E99, 41, v/11) = normalcdf (40, 50, 41, /11)
=0.00333 = 0.615
c P(z > 45) =61.5%
= normalcdf (45, E99, 41, v/11)
=0.114 . we expect 200 x 0.114 = 23 eels

5 X is the height of a palm tree (in cm).
X is normally distributed with p = 181, o = 4.
a P(z > 175) b P(177 < z < 180)
= normalcdf (175, E99, 181, 4) = normalcdf (177, 180, 181, 4)
= 0.933 = 0.243



610  Mathematics SL, Chapter 29 — STATISTICAL DISTRIBUTIONS

6 a Letthe mean be p and standard deviation be o.

invNorm (0.15)

Then P(z > 80) = 0.1 and P(z < 30) = 0.15

< 80) = 0.9 _ -
Ezo ) P(u <30 ”) —0.15

P(‘”‘ - ”) ~ 0.9 ? 30"_
P(z < ") —0.15

( ) - 0.9 7

' . 30—
p

= invNorm (0.9)
80 — p = 1.28160 ... (1)

From (1) and (2) (80 — u) — (30 — )

1.28160 + 1.03640

50 = 2.3180
50 |
andin (1) 80— p = 1.2816 x 21.57 = 27.6
op= 524

i.;e., u =524 and o =21.6
b X is the result of the Maths Exam.
X is normally distributed with mean p and standard deviation o.
Then P(z >80)=0.1 and P(z < 30)=0.15
So, froma p =524 and o =21.6

P(z > 50) or P(z > 51) {for integer marks only}
— normaledf (50, E99, 52.4, 21.6) — normaledf (51, E99, 52.4, 21.6)
= 0.544 = 0.526
= 54.4% = 52.6%

This answer assumes ‘part marks’ can be given.

7 a Letthe mean be p and standard deviation be o and X be the diameter (in cm).

P(z < 1.94) = 0.02 and P(z > 2.06) = 0.03
P(—x_“ < 71'94_“) = 0.02 P(—x LS 72’06_“) = 0.03
o a a g
P(z < 1'94—_”) = 0.02 P(z > 2'06—_“) = 0.03
ag g
Lk fNom (0.02) e, P( 2'06_“) = 0.97
g g
1.94 —p = —2.0540 ... ) 2.060— I _ invNorm (0.97)
2.06 — p = 1.881c ... )
From (1) and (2) (2.06 — p) — (1.94 — p) = 1.8810 + 2.0540
3.9350 = 0.12
. o = 0.0305

and in (1) 1.94 — p = —2.054 x 0.0305 = —0.0626
opo=2.00

ie, p =200 and o =0.0305

b This is a binomial situation with the probability p = 0.02 + 0.03 = 0.05 of failure to operate
and n =20



Mathematics SL, Chapter 29 — STATISTICAL DISTRIBUTIONS 611

P(less than 2 will operate)
=Pz <1
= binomcdf (20, 0.05, 1)
= 0.736

8 S is distributed normally with mean 60 and standard deviation 10.

P(s > 70) = normalcdf (70, E99, 60, 10)

= 0.158

= 16%
G is distributed normally with mean 50 and standard deviation 12.
P(g > 66) = normalcdf (66, E99, 50, 12)

= 0.0912

=9%

i.e., only 9% achieved a higher grade in Geography while almost 16% achieved a higher grade in
Science. The student achieved a grade higher than 91% of the class in Geography and 84% of the
class in Science.

REVIEW SET 29A

a
1 a P(x) = x2—+1 for CLZO, 1, 2, 3 i 0 1 2 3
a | a a
a a a
N - — — =1 P(z;) =1
ow a+to+=+ 15 {as > P(z;) =1}
10a + 5a + 2a +a = 10 {x each term by 10}
18a = 10
o
b Px>1) =P(z=1,z=2o0rx=23) or Px>1) =1-Px<1)
=Pz =1) 4+ Pz =2) + P(z =3) =1-Plxz=0)
—hrita -3
4

P(0) = C3 (3)° (3)" = 0.0625 P@) = Ci(3)° (1) =025
P(1) = Cf (3)" (3)° =025 P@4) = i (3)*(2)" =0.0625
ie., . 0 1 2 3 4

P(z;) | 0.0625 | 0.25 | 0.375 | 0.25 | 0.0625

b =) xziP(x)
= 0x0.06254+1x0.25+2 x 0.375+ 3 x 0.25 +4 x 0.0625
=2
o= /> (i — p)?P(z:)
— /(=2)2(0.0625) + (—1)2(0.25) + 02(0.375) + 12(0.25) + 22(0.0625)
=1
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3 X is the number of defectives. Then X is Bin (10, 0.18). X =0, 1, 2, 3, ....., 10.

a P(X =1) b P(X =2)
= binompdf (10, 0.18, 1) = binompdf (10, 0.18, 2)
= 0.302 = 0.298

< P(X>2) =1-P(X <1)
=1 — binomcdf (10, 0.18, 1)
= 0.561

4 Let X be the number of defective toothbrushes.
X is distributed Bin(120, 0.04), n =120, p=0.04, g =0.96,

a u =np b o =.npq
= 120>0.04 = V120 04 % 0.6
=48 =2.15
5 Result | Pays a Expectedreturn =2 x $24+ 1 X $3+ £ x $6 + = x $9
L3.5 | 52 = 5(524)
2 $3 =%4
4 $6
6 $9 b For a $5 amount to play the game the club expects a $1 return/game
for 75 people, the return expected is $75.
6 a o R Expectation
1 2 =5 X824+ 5 x84+ 5 x 86+ 5 x S8+ § x$10+ § x $12
2 $4 =5 x 842
3 $6 —$7
4 $8
5 $10 b No, as $1 is expected to be lost per game in the long run.
6 $12

7 If X is the arm length random variable (in cm) then X is normally distributed with p = 64 and

o=4.
ai P6O<z<T2) ii P(X >60)
= normalcdf (60, 72, 64, 4) = normalcdf (60, E99, 64, 4)
= 0.8186 = 0.841
= 81.9% = 84.1%
b P(56 < x < 68) = normalcdf (56, 68, 64, 4)
= 0.819
8 X is the rod length (in mm) Now P(z < 25) = 0.02
X is normally distributed ) T — ,u 25 —
with mean ¢ and o =3 o P( = 0.02

)
o< E5t) o

= invNorm (0.02)

= —2.0537

25 —p = —6.161
p o= 312
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REVIEW SET 29B

1 a P(z)=k(2)"(3)"" for ©=0,1,23

0 3 k 2 1 9k
PO = k@) g P @' - [EIOTe T
1/1\2 3k 3,170 27Tk |P(x)| —= | = | = | —
P)=k(3) (1) =5 PO = B3 () =% 64| 64 | 64 | 64
k 3k 9k 27k
40k
o !
k=16
b Px>1) =1—-Px=0)
k
71_@
1.6
7176_4
=0.975

2 Let X be the payout values then = = $45000, $30000, $10000 or $0

i 0 10000 | 30000 | 45000
P(x;) | 0.98818 | 0.0088 | 0.0023 | 0.00072

expected payout over the long run

= @ips
= 0(0.988 18) + 10 000(0.0088) -+ 30 000(0.0023) + 45 000(0.000 72)
= $189.40

to cover an expected return of $250 they need to charge $189.40 + $250 = $439.40

3 X is the number of hits, then X =0, 1, 2, 3, 4 and X is Bin (4, 0.96)

a P(X =4) b P(X =0)
— binompdf (4, 0.96, 4) = binompdf (4, 0.96, 0)
= 0.849 = 0.000

4 P(X > 3) d P(X =1)
=1-P(X <2) = binompdf (4, 0.96, 1)
= 1— binomedf (4, 0.96, 2) = 0.000 246
=0.991

h X is distributed Bin(4, p)

P(z=0) = C5p°(1 - p)* P(z =3) = C5 P°(1 - p)'
= (1-p)* = 4p*(1 - p)

P(z=1) = Cip'(1—p)® P(z =4) = Cip*(1-p)°
= 4p(1—p)® =p!

P(z=2) = C3p*(1—p)®
= 6p°(1 —p)?
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= 0 1 2 3 1
P(z:) | (1—p)* | 4p(1—p)® | 6p°(1 —p)* | 4p°(1 —p) | p*

po=> Tipi
=0(1—p)* + 1x4p(1—p)® + 2x6p*(1 —p)® + 3x4p*(1 —p) + 4xp*
=4p(1 —p)® +12p*(1 — p)* + 12p°(1 — p) + 4p"
=4p(1 —3p+ 3p? — p°) + 12p%(1 — 2p + p?) + 12p° — 12p* + 4p*
= dp — 127" + 120" —Ap"+ 1207 — 240" + 120" + 127" — J2p" 1 ApT
= 4p, as required
Now o = Y aip; — (u)*
= [0x (1 —p)* +1% x4p(1 —p)® + 2% x 6p*(1 — p)* + 3% x 4p*(1 — p) + 4°p"]
—(4p)?
4p(1 —p)® + 24p*(

1-p
1

—p)? + 36p*(1 —p) + 16p* — 16p?
4p(1 —p)® + 24p°(1 —p)® + 36p°(1 —p) — 16p*(1 —p°)
4p(1 —p)® + 24p°(1 —p)® + 36p°(1 —p) — 16p*(1+p)(1—p)
(1—p) [4p(1 —p)* + 24p*(1—p) + 36p° — 16p°(1+p)]
q [4p — 8p° + 4p® + 24p” — 24p® + 36p° — 16p° — 16p |
q X 4p
= 4pq
V4pq, as required.

g

5 X is the contents of the container (in mL).
X is normally distributed with p =377 and o =4.2

a i P(X<3686) ii  P(372.8 < X < 389.6)
= normalcdf (—E99, 368.6, 377, 4.2) = normalcdf (372.8, 389.6, 377, 4.2)
= 0.0228 = 0.840
= 2.28% = 84.0%

b P(364.4 < X < 381.2)
= normaledf (364.4, 381.2, 377, 4.2)
= 0.840

6 X is the life of a battery (in weeks)
X is normally distributed with p = 33.2, 0 = 2.8
a P(X > 35)
= normalcdf (35, E99, 33.2, 2.8)
= 0.260

b We need to find k such that P(X > k) = 0.08
ie., P(X<k) =092
.k = invNorm (0.92, 33.2, 2.8)
k = 37134

So, the manufacturer can expect that no more than 8% will fail for a maximum of 37 weeks
and 1 day, i.e., 260 days.
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REVIEW SET 29C

LI 0 1 2 | 3 |4
P(z;) | 0.10 | 0.30 | 045 | 0.10 | &

a If this is a probability distribution then > p(z;) = 1
: =014+03+045+0.1+k

1-0.95

= 0.05

1
k
k
b u => zip

=0(0.1) + 1(0.3) + 2(0.45) + 3(0.1) + 4(0.05)

=0-+03+094+0.340.2

=17

o? = Yalp — ()’
=02(0.1) + 1%(0.3) + 2%(0.45) + 3%(0.1) + 4%(0.05) — (1.7)?

=03+18+09+0.8-2.89
=091 o 0 =+0.91=0.954

2 X is the number of trees which survive the first year.
X=0,1,2345 and X is Bin (5, 0.4)

a P(X =1) b P(X <1) C P(X>1)
= binompdf (5, 0.4, 1) = binomedf (5, 0.4, 1) =1-P(X=0)
= 0.259 = 0.337 =1 — binompdf (5, 0.4, 0)
= 0.922

3 Let X denote the number of cases of netballers needing knee surgery.
x is distributed Bin(487, 0.0132), n =487, p=0.0132, ¢ = 0.9868

po=np o = ./npq
= 487 % 0.0132 — /487 X 0.0132 x 0.9868
= 6.43 e

L Let X denote the mass of a Coffin Bay Oyster. X is distributed normally with a mean of 38.6 and
a standard deviation of 6.3.

a P(38.6 —a <z < 38.6+a) = 0.6826
P(38.6—a—38.6 < x — 38.6 < 38.6+a—38.6) — 06826
6.3 6.3 6.3
a a
Pl———= <z< —) = 0.6826
( 63 7 6.3)
by symmetry, P(z < —%) = w = 0.1587

invNorm (0.1587)

—0.9998 and . a=6.3 gms
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b P(z > b) = 0.8413
P(z < b) = 0.1587
z—38.6 _b—38.6
P < =01
(53— <t ) = oasw
b— 38.6
P(z< =01
ie., (z 63 ) 0.1587
% = invNorm (0.1587)

b—38.6 = 6.3 x —0.9998
b= —6.298 + 38.6
b = 32.3 gms

5 Let X denote the life of the staplers. X is distributed normally with a mean of 3.42 and standard
deviation 0.4.

P(z < 3) = normaledf (—E99, 3, 3.42, 0.4)
= 0.147

i.e., out of 2000 in the batch we would expect to have to replace 2000 x 0.147 = 294
profit = $15 x (2000 — 294) = $15 x 1706 = $25 590
6 f(z)=az’*(2—2z) for 0<z<?2

a Since f(x) is a probability distribution =~ b The mode is the most frequently occurring

function the area under the curve is 1 score, i.e., the value of  when f(z) is a
ie., f02 ar?(2 —x)dr = 1 maximum.
flz) =2 (29:2—33 )
afo (2302 :123) de =1 , 5 )
, 42 f(m)zz(élx—?)x)
2x T -1 R
16 16 . which has sign -, +t -
a(f-4)-0=1 diagram: R 3 >
a (% =1
5 is a maximum when z = 3
a==2
* the mode is %.
1.2
¢ If the median is m, then, d P06<z<12) = / 32%(2 — 2)da
0.6
m 3 1
f“ @@ -a)de = 3 —0.3915
S (22% —a®) do = 4 {using technology}
22° w“] T
_r =2
3 4 0
md mt
3 4 3
m = 1.2285

{using technology}

i.e.,, the median is approximately 1.23.
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